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FOREWORD 


Boundary-layer  conferences  usually  awake  the  interest  of  a  large  group  of  fluid 
dynamics  people.  This  is  because  boundary  layer  research  is  not  only  of  general 
scientific  interest  but  the  resulting  knowledge  is,  to  a  large  extent,  of  immediate 
use  for  practical  developments  of  airplanes,  vehicles  and  missiles.  Therefore,  the 
effort  which  is  expended  by  fluid  dynamics  researchers  is  directed,  on  the  one  hand, 
towards  a  better  understanding,  mathematical  formulation  and  accurate  prediction  of 
structure,  stability  and  transition  of  boundary  layers  and,  on  the  other  hand, 
towards  the  practical  elimination  of  adverse-  boundary  layer  effects  on  modern  vehicle 
designs. 

Since  the  first  AGARD  meeting  on  this  subject  in  April  1960  in  which  progress  and 
results  were  reported,  many  new  investigations  have  been  carried  out  by  the  "Specialists” 
in  the  NATO  countries.  "*he  Fluid  Dynamics  Panel  has  decided,  therefore,  to  hold  this 
second  symposium  on  "Recent  Developments  in  Boundary  Layer  Research”.  The  accumulated 
most  interesting  material  for  this  meeting  in  Naples  shows  the  timeliness  and  great 
desire  for  the  conference. 


H.H.Kurzweg 

Chairman 

Fluid  Dynamics  Panel 
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SUMMARY 


Tliis  AGARDograph  contains  a  collection  of  the  papers  presented  at 
the  AGARD  Specialists’  Meeting  on  "Recent  Developments  in  Boundary  Layer 
Research",  held  in  Naples,  Italy,  10-14  May  1965,  under  sponsorship  of 
the  AGARD  Fluid  Dynamics  Panel. 

The  purpose  of  the  Specialists’  Meeting  was  to  review  and  discuss 
in  depth  recent  developments  in  selected  areas  of  boundary  layer  research, 
to  present  a  good  cross-section  of  the  state-of-the-ai .,  to  point  out 
major  problems,  and  to  provide  guidance  for  future  research  and 
development. 

"  »The  collection  of  papers  emphasizes  the  areas:  Magneto-Fluid-Dynamic 
Boundary  Layers;  Turbulent  Boundary  Layers;  Stability,  Transition  and 
Stabilization;  Three-Dimensional  Boundary  Layers;  and  Interaction  Effects 
at  Hypersonic  Speeds.  Contributions  have  come  from  eight  NATO  countries. 


SOMMAIRE 


Cette  AGARDographie  rlunit  les  exposes  prdsentfe  k  la  Reunion  des 
Specialistes  de  1’  AGARD  organisrfe  a  Naples,  Italie,  du  10  au  14  Mai  196L, 
par  le  Groups  de  Travail  de  la  Oynamique  des  Fluides,  sur  le  th&me: 

"Etat  Actuel  des  Recherches  Intdressact  la  Couche  Limite”. 

Cette  reunion  avait  pour  but  de  passer  en  revue  et  de  discuter  en 
profondeur  les  progr&s  rdcents  affectant  certains  assets  dec  recherches 
en  couches  Unites,  de  presenter  un  tableau  aussl  complet  que  possible 
de  1‘dtat  d'avanceoent  dans  ce  donainc,  de  mettre  en  relief  les 
probl&aes  najeura,  et  de  donner  une  direction  aux  recherches  et 
dtfveloppeasnts  futurs. 

Lea  exposes  r assembles  ici  traitent  en  particulier  des  domaines 
auivants:  Couches  Lialtes  en  Magndto-Dynomique  des  Fluides;  Couches 
Unites  Turbulentes;  Stability  et  Stabilisation;  Couches  Limitca 
Tri-dinensionnellea;  Ef feta  d’  Interaction  aux  Vitesses  Hypersoniques. 

Ces  exposes  represent ent  les  contributions  de  huit  pays  de  I'QTAN. 
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INTRODUCTION 


The  papers  presented  In  this  and  related  AGARDographs  were  prepared  for  a  specialists’ 
s^eting  on  "Recent  Developments  in  Boundary  Layer  Research"  held  at  Naples,  Italy 
daring  the  period  10  to  14  May  1965.  The  neeting  was  organized  by  the  Fluid  Dynamics 
Panel  of  AGARD  as  one  of  a  continuing  series  concerned  with  the  scientific  and 
technological  aspects  of  fluid  dynamics. 

The  previous  AGARD  meeting  on  boundary  layers  was  held  in  London  in  1960;  the 
record  of  that  meeting  is  preserved  in  the  AGARDograph  series.  It  is  the  practice  of 
the  Fluid  Dynamics  Panel  to  review  at  its  annual  executive  session  its  program  for 
„he  cosing  several  years  and  to  take  such  steps  as  seem  required  to  develop  in  an 
orderly  fashion  that  program.  Accordingly,  at  Athens  in  August  1963,  the  panel 
decided  to  anticipate  another  boundary  layer  meeting  five  years  after  the  London 
meeting,  i.r.,  in  the  Spring  of  1965.  The  Naples  meeting  is  a  result  of  that 
anticipation. 

The  Field  Dynamics  Panel  uses  a  variety  of  procedures  in  setting  up  a  specialists’ 
meeting.  The  Naples  meeting  was  preceded  by  a  Round  Table  Discussion  in  Lisbon  in 
September  1964.  Individual  Panel  members  and  invited  specialists  presented  survey 
papers  on  10  topics  which  seemed  of  most  current  interest  to  NATO  research  workers  in 
boundary  layers.  The  purpose  of  the  Round  Table  was  to  expose  those  topics  of 
greatest  mutual  interest  and  thereby  to  select  three  or  four  topics  for  the  anticipated 
specialists’  neeting.  It  seemed  to  be  agreed  by  the  Panel  members  that  the  surveys 
were  useful  and  accomplished  their  program.  Thus  there  were  selected  the  following 
four  topics  which  led  to  the  session  structure  of  the  Naples  meeting: 

Turbulent  Boundary  Layers 
Stability,  Transition  and  Stabilization 
Three-Dimensional  Boundary  Layers 
Interaction  Effects  at  Hypersonic  Speeds  . 

The  first  three  of  these  topics  relate  to  classical  boundary  layer  phenomena;  they 
have  been  the  subject  of  investigations  since  the  early  days  of  boundary  layer  research 
and  yet  still  provide  a  variety  of  problems,  unsolved  to  some  extent.  Moreover,  in 
technicological  applications  of  boundary  layer  research  to  aeronautics  and  astronautics 
these  topics  are  of  great  significance.  The  fourth  toric  has  been  of  more  recent 
origin,  having  first  arisen  in  the  early  1950’ s  when  hypersonic  wind  tunnels  came  into 
operation.  It  appears  to  e  of  fundamental  interest  because  of  the  modifications  of 
classical  boundary  l_ycr  cone*  *.s  required  by  the  interaction  of  the  boundary  layer 
and  the  essentially  inviscid  e.  ornal  flow  and  to  be  of  technological  interest  in 
connection  with  high-speed  flight  at  high  altitudes. 

There  were  sotne  further  results  from  the  Lisbon  Round  Table  Discussion.  It  was 
established  that  the  topic  "Separated  Flows”  was  of  sufficient  interest  to  warrant  a 
specialists’  meeting  of  its  own.  Accordingly,  a  program  committee  headed  by 
Professor  J.J.Ginoux  (Belgium)  was  appointed  in  order  to  prepare  such  a  meeting  for 
the  Spring  of  1966.  In  addition,  the  survey  presented  by  Professor  W.R.  Sears 
(United  States)  at  Lisbon  on  "Magneto-Fluid-Dynamic  Boundary  Layers”  evoked  such 


lx 


interest  that  the  Program  Committee  for  the  Naples  meeting  (excluding  Professor  Sears 
himself)  considered  it  appropriate  to  request  Professor  Sears  to  give  a  more  formal 
version  thereof  to  the  wider  audience  at  Naples  as  a  general  invited  lecture. 

An  examination  of  the  program  with  its  large  number  of  papers  will  indicate  the 
high  level  of  activity  in  boundary  layer  research  in  the  NATO  countries.  When  the 
Program  Conmittee  was  organizing  the  meeting,  there  was  some  sentiment  expressed  by 
the  Panel  members  to  have  a  shorter  meeting  than  actually  resulted.  However,  the 
present  author  for  one  feels  that  with  authors  and  audience  travelling  large  distances 
for  a  meeting  and  with  a  large  number  of  submitted  papers  such  as  results  when  a 
topic  of  such  general  interest  as  boundary  layer  research  is  involved,  it  Js 
worthwhile  to  have  a  full  program  of  five  days  duration.  It  is  hoped  that  after  the 
meeting  a  consensus  will  exist  to  support  this  decision. 

The  program  of  the  Naples  meeting  may  also  serve  as  a  demonstration  in  1965  of 
the  apparently  unending  impact  which  Prandtl’s  paper  in  1905  has  had  on  a  variety  of 
fields  of  science  and  technology,  clearly  on  fluid  mechanics  but  on  the  chemical  and 
electrical  engineering  sciences,  and  on  applied  mathematics  as  well.  It  is  interesting 
to  speculate  on  the  extent  to  which  Prandtl  himself  anticipated  this  impact  and  on 
directions  that  boundary  layer  research  will  take  in  the  next  20  years.  Could  the 
developments  of  the  last  20  years,  since  the  end  of  World  War  II,  have  been  foreseen? 

In  conclusion,  the  present  author  as  Chairman  of  the  Program  Committee,  gratefully 
acknowledges  the  cooperation  and  efforts  of  the  other  members  of  the  Committee, 

Dr.  P.Carriere  (Prance),  Prof.L. G.Napolitano  (Italy),  Prof.  W.R.  Sears  (United  States), 
and  Prof.E.Truckenbrodt  (Germany).  Without  their  prompt  and  efficient  collaboration 
it  would  not  have  been  possible  to  put  together  the  program  in  the  short  time  available. 
Thanks  are  also  due  to  other  Panel  members,  Dr.W.  J.Rainbird  (Canada),  Col.B.Marschner 
(United  States),  Dr.R.N.Cox  and  Mr.P. A.Hufton  (United  Kingdom)  and  perhaps  others  for 
their  assistance.  Special  thanks  are  due  to  our  host  member  of  the  Program  Committee, 
Prof . Napolitano,  who  has  had  responsibilities  far  beyond  the  program  itself.  The 
present  author  is  also  indebted  to  the  Chairman  of  the  Fluid  Dynamics  Panel. 
Dr.H.H.Kurzweg,  for  his  review  of  our  activities  and  for  his  encouragement  and 
suggestions.  Finally,  on  behalf  of  the  Program  Committee  there  is  sincerely 
acknowledged  our  debt  to  the  Panel  Executive,  Lt.Col.S.C.Skemp,  Jr.,  on  whose 
competent  shoulders  rested  the  responsibility  of  tying  down  loose  ends,  informing 
and  cajoling  the  authors,  having  the  papers  published  in  AGARDograph  form,  and 
handling  the  almost  infinite  details  connected  with  the  mechanics  of  the  Naples 
meeting. 


Paul  A.  Libby,  Chairman  of  \.he  Program  Committee 
Professor  of  Aerospace  Engineering 
University  of  California,  San  Diego 
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THE  THREE-DIMENSIONAL  STRUCTURE  OF  THE  VISCOUS  SUBLAYER 


by 


J.  Sternberg 


The  Martin  Company, 
Baltimore,  Maryland,  U.S.A. 
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SUMMARY 


A  simplified  form  of  a  theory  for  the  fluctuations  in  the  viscous 
sublayer  of  a  turbulent  flow  was  given  in  a  previous  paper  by  the  author. 
In  this  paper,  the  analysis  is  extended  to  include  additional  terms  in 
the  equations  representing  the  convective  effect  of  the  mean  flow  on 
the  fluctuation  field.  This  makes  it  possible  to  obtain  solutions  for 
the  elementary  Fourier  components  at  different  wave  numbers  at  all  angles 
of  obliquity  to  the  flow  direction.  It  is  found  that  there  is  a  strong 
effect  of  obliquity  on  the  structure  of  the  elementary  components. 
Comparisons  with  available  experimental  data  Indicate  that  the  energy- 
containing  disturbances  are  strongly  aligned  with  the  flow  direction. 


SOMMAIRE 


Au  cours  d'un  expose  prudent,  1’  auteur  prdsentait  une  forme  simplifies 
de  thdorie  des  fluctuations  dans  la  sous-couche  visqueuse  d’ un  defilement 
turbulent.  Dans  la  communication  prdsente,  il  e'tend  son  analyse  pour 
inclure  des  termes  supplementaires  dans  les  equations  represented  l'effet 
de  convection  de  1' dcoulemcnt  moyen  sur  le  champ  de  fluctuation.  Ceci 
permet  d'obtenir  des  solutions  pour  les  parties  composantes  dldmentaires 
de  Fourier  pour  diffdrents  nombres  d’ ondes  A  tous  les  angles  d’obliquite 
par  rapport  A  la  direction  de  1’  dcoulement.  II  apparait  qu’  un  fort  effet 
d’obliquite  se  fait  sentir  sur  la  structure  des  parties  composantes 
eiementaires.  Eta  etablissant  des  comparaisons  avec  les  donndes 
expdrimen tales  dont  on  dispose,  on  s’  aper$oit  que  les  perturbations 
ddtentrices  d’  dnergle  coincident  fortement  avec  la  direction  de 
1'  dcou  lemon  t. 


3 


CONTENTS 

Page 

SUMMARY  2 

SOMMAIRE  2 

LIST  OF  FIGURES  4 

NOTATION  5 

1.  INTRODUCTION  7 

2.  EQUATIONS  OF  MOTION  9 

3.  BOUNDARY  CONDITIONS  12 

4.  THE  EFFECT  _OF  OBLIQUITY  AT  THE  OUTER  EDGE  14 

4.1  The  u3  and  «f  *  components  14 

4.2  The  pressure  field  15 

4.3  Space  correlation  measurements  16 

5.  CONCLUSIONS  .  17 

REFERENCES  19 


FIGURES 


20 


4 


LIST  OF  FIGURE8 


Fig. 1  Comparisons  with  simplified  theory 

(a)  Energy  spectra  in  the  sublayer 

(b)  Fluctuation  levels  across  the  sublayer 

Fig.  2  Assumed  form  of  Fourier  components 

Fig. 3  Two-dimensional  component  in  viscous  region 

(a)  Variation  of  disturbance  velocity 

(b)  Distribution  of  viscous  tens 

Fig. 4  Comparison  of  viscous  and  “lnviscid”  solutions 

Fig. 5  Effect  of  frequency  on  velocity  variation  in  viscous  region 

Fig. 6  Effect  of  outer  boundary  conditions  on  velocity  distribution 

Fig. 7  Velocity  components  at  edge  of  viscous  region 

Fig. 8  Experimental  data  for  wall  pressure  fluctuation  spectra 

Fig. 9  Ther.y  and  experiment  for  relative  magnitude  of  pressure  and 

velocity  fluctuations 


Page 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 


NOTATION 


x 

y 

z 


u.v.w 


q 

P 

P* 

f 

yS 

X 

k 

Uw 

e 
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coordinate  transverse  to  flow 
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fluctuation  velocity  in  the  x  ,  z  plane 

fluctuating  pressure 

complex  constant  for  Fourier  component 

frequency,  c/s 

Tmt 
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wave  number,  k  =  2ir/k 
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K  for  A3  =  1  (Eqn.  13) 

friction  velocity 

boundary  layer  thickness 

$0  =  0.69  5  for  Grant’s  boundary  layer 

turbulent  shear  stress 

phase  angle  between  u  and  v 

friction  distance  parameter,  y*  =  M^y/v 

kinematl;  viscosity,  =  p/p 

density 


6 

y 


«WX- °*z) 

Aj,A2 

Subscripts 

1 


x,z 


viscous  region  variable,  Y  =  //3/2v  y 
space  correlations  in  the  x  ,  z  direction 
constants,  Equations  12,  13 

free  stream  flow 

outer  limit  for  variable  Y 

denotes  x  and  z  directions 
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THE  THREE-DIMENSIONAL  STRUCTURE  OP  THE  VISCOUS  SUBLAYER 

J.  Sternberg 


1.  INTRODUCTION 

The  viscous  sublayer  is  defined  as  the  region  between  the  wall  and  the  fully 
turbulent  part  of  the  flow.  In  terms  of.  the  friction  distance  parameter, 

V^j/v  =  y*  %  60  ,  where  UT  is  the  friction  velocity,  y  is  the  distance  from  the 
wall  and  v  is  the  kinematic  viscosity.  Perhaps  the  best  characterization  of  the 
viscous  sublayer  is  to  describe  it  as  a  layer  in  which  there  is  dissipation  of  the 
energy-containing  eddies  by  direct  viscous  action. 

If  we  regard  a  laminar  flow  as  one  in  which  the  viscous  shear  stress  /zdU/dy  is 
greater  than  the  turbulent  shear  stress  />uv  ,  then  there  la  in  fact  a  “laminar”  flow 
next  to  the  wall,  since  at  the  wall  the  turbulent  shear  vanishes.  Measurements  show 
that  the  viscous  and  nhear  stresses  are  equal  at  y+  =  12  .  On  the  other  nand,  the 
local  turbulence  level  u'/U  ,  where  u'  is  the  root-mean  square  value  of  the 
velocity  fluctuation  in  the  flow  direction  and  U  is  the  local  mean  velocity,  rises 
to  a  maximum  value  at  the  wall.  It  is  clear  that  any  theory  of  the  viscous  sublayer 
must  account  for  the  measurements  which  show  that  the  flow  1b  highly  disturbed  all 
the  way  to  the  wall. 

Ve  hold  to  the  view  that  the  outer  flow  is  the  principal  source  of  the  energy- 
containing  disturbances  in  the  viscous  sublayer.  At  any  instant,  the  turbulent 
fluctuation  field  can  be  represented  by  a  distribution  of  disturbance  vorticity 
components  throughout  the  boundary  layer.  In  a  turbulent  boundary  layer  about  half 
the  energy  is  contained  in  eddies  whose  scale  in  the  flow  direction  is  more  than  twice 
the  boundary  layer  thickness.  Most  of  the  fluctuation  energy  near  the  wall  is  induced 
hy  the  large  scale  vorticity  distributed  further  out  in  the  boundary  layer.  Si^ce 
vorticity  travels  with  the  fluid  particles,  the  disturbance  field  near  the  wall  is  in 
effect  swept  downstream  with  the  mean  velocity  of  the  turbulent  outer  flow.  A  theory 
for  the  viscous  sublayer  based  on  this  approach  has  been  recently  proposed1. 

The  magnitude  of  this  convective  velocity  Uw  for  the  disturbances  is  important. 

Ve  have  concluded  that,  for  the  larger  scale  motions  containing  most  of  the  turbulent 
energy,  the  convective  velocity  is  greater  than  the  local  mean  velocity  in  the 
sublayer  (see  Ref.  1).  There  are  three  different  types  of  experimental  measurements 
that  support  this  position. 

(a)  The  data  of  Klebanoff*  and  others  show  that  the  energy-containing  portion  of 
the  noraalized  energy  spectra  at  different  points  in  the  fully  turbulent  part 
of  the  boundary  layer  are  reaarkably  similar.  This  implies  that  for  any 
particular  frequency  component  of  the  turbulence,  the  convective  velocity  does 


i 
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not  vary  significantly  with  position  in  the  boundary  layer.  Otherwise 
turbulence  scales,  of  the  order  of  many  boundary  layer  thicknesses,  would  have 
to  vary  in  a  special  way  across  the  boundary  layer. 


(b)  Measurements  of -longitudinal  correlations *• 3  show  a  systematic  divergence  from 
autocorrelation  calculations  (using  the  local  mean  velocity  U  for  Uw)  at 
large  separations.  Close  to  the  wall  the  large  scale  motions  appear  to  toe 
travelling  with  a  velocity  substantially  greater  than  the  local  mean  velocity. 

In  particular,  analysis1  of  the  data  of  Favre,  at  y+  =  35  in  the  outer  part 
of  the  sublayer,  indicated  that  Uf  was  approximately  equal  to  0.78Uj  ,  where 
Uj  is  the  free  stream  velocity. 

(c)  Space-time  correlation  measurements  of  the  wall  pressure"'8  Indicate  that  the 
pressure  pattern  is  convected  downstream  with  a  mean  speed  of  about  0.821^  . 

The  convective  velocity  decreases  as  the  frequency  increases,  but  in  the 
frequency  range  of  interest  it  is  greater  than  the  mean  velocities  in  the 
sublayer. 

For  the  purposes  of  the  analysis,  we  have  chosen  to  set  Uw/Uj  =  0.80  for  the 
energy-containing  eddies.  In  the  case  of  Xlebanoff  s  boundary  layer  frequencies 
between  C  <  f  $  300  c/s  account  for  80S  of  the  u7  fluctuation  energy.  A  frequency 
of  300  c/s  corresponds  to  an  eddy  scale  L  =  Uw/f  %  S/2  .  We  then  limit  the  condition 
U„  =  0.8U  tc  frequencies  from  0  to  300  c/s.  In  fact  theie  is  no  single  value  of 
the  convective  velocity.  Rowever,  the  solutions  do  not  depend  strongly  on  the  specific 
choice  of  Uv  as  long  as  Uv  is  significantly  greater  than  the  local  mean  velocity  U . 

The  purpose  of  the  theory1  was  to  represent  the  fluctuation  field  between  the  wall 
and  the  fttlly  turbulent  part  of  the  flow.  The  mean  flow  in  the  viscous  sublayer  and 
the  turbulent  field  outside  the  sublayer  were  assumed  to  be  known  from  experiment. 

A  simplified  form  of  the  linearized  equations  of  motion  for  the  fluctuations  in  a 
turbulent  flow  was  used  to  describe  the  turbulent  field  between  the  wall  and  the  fully 
turbulent  part  of  the  flow.  The  sublayer  is  the  region  where  the  viscous  terms  in  the 
equation  of  motion  are  significant.  The  fluctuation  field  was  made  up  of  a  superposition 
of  FUurler  components  where  the  maplltude  of  each  frequency  component  outside  the 
sublayer  was  taken  from  experiment.  It  was  found  that  the  physical  extent  of  the 
viscous  region  depends  on  the  frequency  of  the  turbulent  component,  varying  inversely 
with  vT .  Low  frequency  components  feel  the  wall  much  further  out  than  high  frequency 
components.  This  leads  to  a  substantial  change  in  the  spectral  distributions  through 
the  sublayer.  Deep  in  the  sublayer,  the  large  scale  motions  make  a  much  smaller 
contribution  to  the  fluctuation  field  than  outside  the  sublayer.  Comparisons  were 
made  with  the  extensive  hot-wire  measurements  of  Klebanoff*  and  Laufer4.  Figures  1(a) 
and  1(b)  are  taken  from  Reference  1,  Tta  calculated  total  extent  of  the  sublayer  and 
the  qualitative  change  of  the  spectra  deep  Inside  the  sublayer  are  in  rough  accord 
with  the  experiments.  The  thickness  of  the  sublayer  arises  naturally  in  the  theory. 

On  the  other  hand  the  variation  of  u'  in  the  outer  part  of  the  sublayer  is  not 
accounted  for  by  the  theory.  It  is  interesting  to  note  that  although  there  is  no 
theoretical  distinction  between  an  Inner  "laminar’*  layer  and  a  “transition”  zone,  the 
rapid  changes  do  primarily  occur  in  the  inner  fraction  of  the  sublayer.  Other  aspects 
of  the  fluctuation  field  were  explored  in  Reference  1,  but  the  use  o *  the  simplified 
equations  limited  the  possible  scope  of  th«  theory. 


■  ...  .9 

In  this  paper,  the  analysis  is  extended  by  retaining  the  previously  neglected  ~~  .. 

linear  terms  which  represent  the  convective  effect  of  the  mean  flow  on  the  fluctuation 
field.  Of  particular  importance  we  are  now  able  to  consider  disturbances  at  high 
obliquity  to  the  flow  direction.  The  manipulation  of  the  equations  is  straightforward, 
but  difficulties  arise  in  fixing  the  outer  boundary  condition  for  elementary 
components.  Fundamental  questions  are  involved  and  are  discussed  in  the  section  on 
Boundary  Conditions.  To  a  considerable  extent  the  difficulty  reflects  the  limitations 
of  the  linear  representation  for  a  turbulent  field.  In  view  of  the  rather  ambiguous 
nature  of  the  outer  boundary  conditions,  consideration  will  be  restricted  to  those 
aspects  of  the  sublayer  structure  that  do  not  appear  to  be  sensitive  to  a  change  in 
the  outer  boundary  conditions.  In  particular,  attention  will  be  focussed  on  the 
question  of  the  distribution  of  disturbance  energy  with  obliquity  in  the  sublayer. 
Townsend7* *  and  Grant9  have  studied  the  structure  of  the  large  scale  motions  in  shear 
flows  by  comparing  correlation  measurements  with  what  would  be  expected  from  the 
presence  of  hypothetical  simple  eddy  structures.  As  Townsend  notes,  this  procedure 
is  neither  simple  nor  unique  and  is  fairly  subjective.  In  this  paper,  we  will  examine 
the  question  of  disturbance  orientation  anew  using  Fourier  components  which  satisfy 
the  dynamic  equations  near  the  wall. 


Z.  EQUATIONS  OF  MOTION 


The  equations  of  motion  for  the  fluctuation  in  a  turbulent  field  can  be  considerably 
simplified  close  to  the  wall  in  a  mean  flow  where  the  mean  velocity  U  =  U(y)  only, 
and  V  =  W  =  0  ,  where  U,  V  and  W  are  the  three  components  of  the  mean  motion. 

If  d.  v  ,  and  w  are  the  disturbance  velocity  3,  the  components  of  the  total 
velocity  are  U  +  u,  v  ,  and  w  ,  and  the  pressure  is  P  +  p  .  After  linearization, 
the  equations  become 


3u 

it 


+ 


u 


dU 

dy 


1  Bp  B*u 

p  Bx  By2 


(1) 


3v 

it 


+ 


1  Bp  B2v 

p  By  By2 


(2) 


3w 

it 


+ 


1  Bp  32w 
p  oz  +  By2 


(3) 


and  the  continuity  equation 


3u  Bv  3w 
Bx  By  +  3z 


(4) 


Kell  away  from  the  wall,  the  viscous  terms  are  negligible  for  the  large  scale 
turbulent  motions.  In  the  immediate  vicinity  of  the  wall,  the  velocity  gradients  are 
greatly  increased  and  the  viscous  terms  may  be  of  the  same  order  as  the  other  terms. 


The  form  of  an  elementary  oblique  component  of  wave  numbers  k  is  shown  in 
Figure  2.  The  total  disturbance  velocity  in  the  x,  z  plane  is  q  ,  periodic  in  the 
k  direction  with  a  wave  length  X  .  Along  any  line  perpendicular  to  the  k  direction 


the  phase,  and  hence  q  ,  Is  constant.  In  general  q  Is  not  in  the  k  direction 
but  has  a  component  normal  to  k  .  Then  the  wave  length  in  the  x  direction  is 

=  X./cos  9  . 

In  an  experiment,  the  one-dimensional  spectrum  is  measured.  Thus  the 
w7  disturbance  at  a  particular  frequency  or  wave  number  kx  is  made 
from  oblique  components  that  satisfy  the  condition 

k  =  kx/cos£  . 

This  oblique  component  is  carried  downstream  with  the  velocity  Uw 
direction.  Introducing  complex  potation  with  =  2irf  ,  i;x  =  Zv/)^  , 
the  disturbance  velocities  can  be  represented  as 

u  =  Re{h(y)  exp[i(kxx  +  kzz  -  >St)]} 

.  w  =  Re{k(y)  exp[i(kxx  +  kzz  -  /3t)]} 

v  =  Re{g (y)  exp[i(kxx  +  kzz  -  /3t)]} 
and  p  =  Re{p(y)  exp[i(kxx  +  kzz  -/3t)]}  . 

The  functions  h(y),  k(y),  g(y),  and  p(y)  are  complex.  We  proceed  by  substituting 

these  expressions  for  u,  v.  w  ,  and  p  in  the  equations  of  motion  and  the  continuity 

equation  (Eqns.  1-4).  But  first  a  simplification  will  be  made. 

The  vertical  velocity  v  is  much  smeller  than  q  close  to  the  wall.  It  follows 
that  Bp/Bk  »  Bp/3y  so  that  the  pressure  p  is  almost  invariant  with  y  close  to 
the  wall.  Therefore,  we  set 

Bp  Bp 

—  =  —  tan  6  =  constant,  and  p(y)  =  pe  a  complex  constant  . 

Bz  Bx 

* 

It  is  then  not  necessary  to  solve  Equation  (2),  but  instead  tne  velocity  v  can  be 
found  from  the  continuity  equation.  With  Bp/Bx  and  Bp/Bz  constant  and  Bp/By  ~  0  , 
there  will  be  three  equations  for  the  three  unknowns  u,  v  ,  and  w  . 

In  fact,  the  condition  Bp/By  %  0  is  not  valid  as  8  -*  90°  .  Without  this 
simplification,  a  higher  order  set  of  equations  must  be  used  and  it  is  much  more 
trouble  to  obtain  solutions.  Solutions  to  the  more  complicated  equations  with 
P  =  P(y)  were  obtained  at  a  representative  frequency  and  showed  good  agreement  with 
the  simpler  equations  up  to  9  -  85°  .  M 

The  complication  in  solving  these  equations  is  due  to  the  presence  of  v  in 
Equation  (1).  This  provides  a  coupling  between  Equations  (1)  and  (3)  and  upsets  the 
symmetry  of  the  equations.  Nevertheless,  the  problem  can  be  reduced  to  the  solution 
of  two  ordinary  uncoupled  differential  equations. 

If  we  substitute  the  complex  expressions  for  u,  v  ,  and  w  in  Equations  (1)  and 
(3),  we  obtain 


total  uJ  or 
up  of  contributions 


in  the  x 
and  kz  =  2-nfr^  . 


11 


.1 


»  dO  k, 

-i/fc(y>  +  ik  Uh(y)  +  g(y)  r  ♦  1  —  Pg  =  vli'fy)  (5) 

*  dy  P 

-ifr(y)  +  lksUk(y)  =  vk'(y)  .  (6) 

Ike  spatial  derivatives  Bu/?x  .  Bw/Bz  can  be  obtained  fay  inspection  of  Figure  2.  or 
frca  the  n  and  «  expressions  and  are 

do  Bw  . 

—  =  ik_u  .  —  =  ik_wtan  6  . 

flv  ^  n  if  * 


Then,  substituting  in  the  continuity  equation,  we  have 


h(y)  =  g'fy)  -  tan0k<y). 


Differentiating  with  respect  tc  y  .  this  becoees 


h“(y)  =  —  g"(y)  -  k*(y)tan0  .  (8) 

kx 

Ve  substitute  the  expressions  for  h(y)  and  h'(y)  in  Equation  (5).  Noting  that  the 
disturbance  velocity  Uw  =  /3AZ .  Equation  (5)  can  be  written  as 

dd  k  iv 

flj,  -  0)g'  +  g  -  +  1  -i  p- - g*'  =  -l£k (y)  tan0  +  ikTUk{y)  tan  9  -  vk"(y)  tan  6  . 

dr  P  kj  *. 


But  fran  Equation  (6).  the  right  -hand  side  of  Equation  (9) 


=  -i  —  Pptan*#  =  constant. 

Thus  we  can  write  Equations  (5)  and  (6)  as 

dU  k  ivJ" 

(OL  -  U)g'  +  g  —  +  i  —  pJ?  +  tan2Cj  =  - 

**  P  kx 

(U„  -  U)k(y)  -  —  tan  £  =  --  k"  . 

P  \ 

The  function  h(y)  is  found  fro»  the  continuity  equation. 

Equations  (10)  and  (11)  can  be  Bade  dimensionless  by  introducing 


t  =  Sfrftv  y  .  G  =  g/Uw  .  K  =  k/U, 


\ 
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Then  we  have 


U 

1 - 

U_ 


dG  d(U/U„) 

—  +  G  1  '■  — 
dY  dY 


+  A,  =  - 


i  d3G 


2  dY3 


1  - 


U. 


i  d2K 

K  +  A,  = - 5  . 

2  2  dY2 


The  ratio  of  the  constants  is 


A,  '  i\^/2v 


A1;.  ;  |  kx 

The  velocity  distribution  functions  are  then 


sin  Q  cos#  , 


h(y) 

k(y) 

e(y) 

where  K 


i  ^U,[G'  -  Ksin^Aj 
kx  w  1 

//3/2u 

i - U.fKsin#  cos#]  A. 

If  "  4 


UwCAi 


iWp/2v  sin  #  cos  6  . 


(12) 

(13) 


The  coefficients  (1  -  U/Uw)  and  d(U/Uw)/dY  have  been  calculated  for  Klebanoff  s 
boundary  layer.  The  numerical  solutions  to  these  equations  have  been  obtained  using 
the  digital  computers  of  the  Ballistic  Research  Laboratory. 


3.  BOUNDARY  CONDITIONS 

Several  difficulties  immediately  arise  in  the  determination  of  the  boundary 
conditions  for  the  elementary  Fourier  components.  .  .  _ 

In  the  simplified  theory,  Equations  (12)  and  (13)  become 


dG 

i  d3G 

—  +  A, 
dY  1 

=  ■ 

(15) 

2  dY3 

K  +  A2 

i  d*K 

*"  A  • 

(16) 

2  dY2 

Each  of  the  disturbance  velocities  u  and  w  can  be  represented  as  the  sum  of  an 
inviscld  and  a  viscous  component.  The  irviscid  component  is  constant  both  inside 
and  outside  the  viscous  region.  The  viscous  component  then  represents  the  effect  of 
the  wall  friction. 
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First,  tor  illustration,  we  will  consider  a  two-dimensional  disturbance,  6  -  0°  , 
and  arbitrarily  set  At  =  1  .  Since  u  =  v  =  0  at  y  =  0,we  have  G'  CO)  =  G(0)  =  0 
at  y  -  0  .  The  third  boundary  condition  can  be  stated  as  G"  -  0  as  Y  -♦  ®  . 
Actually,  the  solution  already  satisfies  the  third  condition 'for  Y  <  5  independently 
of  f  (Fig.3(a)).  The  variation  of  the  viscous  term  |g'”I  is  shown  in  Figure  3(b). 

The  viscous  action  is  effectively  confined  to  the  region  0  <  Y  <  5  . 


When  the  complete  linearized  equations  are  used,  all  "inviscid"  disturbances  are 
significantly  altered  by  the  mean  flow  and  vary  both  inside  che  outside  the  principal 
viscous  region.  At  the  same  time,  the  viscous  region  is  smeared  out.  There  is  now 
some  viscous  action  for  Y  >  5  due  to  the  continued  variation  of  the  "inviscid" 
component  which  the  viscous  solution  tends  to  smooth  out. 

The  complete  equations  admit  solutions  which  diverge  exponentially  at  large  values 
of  the  independent  variable  with  a  rapid  increase  of  the  viscous  term.  The  solution 
with  the  desired  viscous  behavior  (i.  e.  d3G/dY3  small  at  large  Y)  for  a 
two-dimensional  disturbance  at  a  representative  frequency  f  =  70  ,  is  also  shown  in 
Figures' 3(a)  and  3(b).  While  the  distribution  of  |G'"|  is  somewhat  altered  by  the 
additional  terms  in  the  equations,  the  extent  of  the  main  viscous  region  is  much  the 
suae.  On  the  other  hand,  there  is  a  large  variation  of  |G'l  in  the  outer  part  of 
the  viscous  region.  This  is  an  important  effect  of  the  convective  terms. 


New  features  appear  when  we  allow  oblique  disturbances,  6  i-  0° 
consider  solutions  to  the  "inviscid"  equations 


Suppose  we 


and 


dG  d(U/tU 

(1  -  U/U.)  —  +  - G  +  A,  =  0 

w  dY  <IY  1 

(1  -  U/U„)K  +  A?  =  0  with  G(0)  =  0 

G'(0)  =  -Aj  ,  and  K(0)  =  -A2  . 


The  inviscid  variations  of  u2  and  w2  given  hy  these  solutions  are  compared  with 
the  viscous  variations  given  by  Equations  (12)  and  (13)  in  Figure  4.  We  somewhat 
arbitrarily  set  Y  =  4.J  as  the  outer  edge  of  the  viscous  region.  (In  the  simplified 
theory,  at  Y  =  4.4  ,  u2  is  within  1%  of  the  u2  level  outside  the  viscous  region.) 
The  disturbance  velocity  variations  in  the  viscous  region  Y  <  4. 4  are  due  as  much 
to  the  effect  of  the  mean  flow  on  the  disturbance  as  to  the  effect  of  viscosity  on 
the  disturbance.  However,  only  part  of  the  viscous  action  can  be  attributed  to  the 
wall  friction.  The  "inviscid”  disturbance  velocity  variations  due  to  the  mean  flow 
can  be  quite  large  and  also  induce  compensatory  viscous  action.  At  an  obliquity  of 
8  =  80°  .  the  wall  friction  itself  appears  to  be  a  minor  factor.  These  features 
become  even  more  pronounced  at  still  lower  frequencies.  Actually  at  high  obliquity 
and  low  frequency  the  viscous  terms  in  Equations  (1,3)  become  small  compared  to  the 
velocity  tcrus. 


Figures  3  and  4  would  indicate  that  the  edge  of  the  region  of  viscous  action  can 
still  be  taken  as  Y  %  5  .  However,  it  is  clear  that  the  behavior  of  these  solutions 
at  the  edge  of  the  viscous  region  differs  from  the  behavior  of  the  turbulent  field  at 
the  edge  of  the  sublayer  (see  Fig.  1(b)).  Calculations  for  a  range  of  frequencies  at 
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9  =  80°  are  shown  in  Figure  5.  Experimentally,  u2  and  w2  vary  very  slowly  at  the 
edge  of  the  sublayer,  but  this  is  certainly  not  the  case  for  these  linear  solutions. 

There  is  an  even  more  important  difficulty  with  the  outer  boundary  conditions  for 
the  linear  solutions.  Basic  to  the  approach  of  the  theory,  is  the  use  of  elementary 
Fourier  components  to  connect  a  known  turbulence  field  to  the  wall.  A  characteristic 
property  of  the  turbulence  in  a  shear  flow  is  the  correlation  coefficient  uv/u'v'  of 
the  turbulence.  Townsend7  has  shown  that  a  homogeneous  turbulence  subjected  to  a 
prolonged  uniform  strain  approaches  an  equilibrium  anisotropic  structure  and  that  an 
analogous  equilibrium  structure  would  be  expected  in  an  ordinary  shear  flow.  The 
equilibrium  structure  depends  on  a  balance  between  the  effect  of  the  sustained 
shearing  action  of  the  mean  flow  and  some  sort  of  nonlinear  energy  transfer  between 
the  fluctuating  components.  Now  there  is  a  direct  connection  between  the  correlation 
coefficient  and  the  anisotropy  of  the  turbulence10.  Thus  we  cannot  expect  the 
correct  value  of  the  correlation  coefficient  to  arise  naturally  from  a  linear  theory. 
Instead,  the  experimental  value  would  have  to  be  put  in  as  part  of  the  outer  boundary 
condition.  Unfortunately  solutions  where  u  and  v  are  forced  to  have  the 
experimental  phase  angles  at  Y  =  4.4,  exhibit  a  rising  rather  than  a  vanishing 
viscous  action  near  the  end  point.  In  effect,  viscous  action  is  being  used  to  alter 
the  phase  angle  between  u  and  v  instead  of  nonlinear  inertia  terms.  However,  it 
is  of  considerable  interest  to  note  that  these  solutions  indicate  that  the  phase  angle 
between  u  and  v  at  the  edge  of  the  viscous  region  has  a  strong  effect  on  the 
velocity  distribution  in  the  viscous  region. 

This  is  illustrated  in  Figure  6  for  a  two-dimensional  disturbance  (9  =  0°).  Two 
conditions  are  applied  at  the  edge  of  the  viscous  region. 

(a)  du2/dy  =  0 

(b)  uv/u'v'  =  cos 6  where  6  is  the  phase  angle  between  u  and  v  . 

Klebanoffs  measurements  indicate  cos  6  -  -0.54  outside  the  sublayer1  for  f  =  70  . 

The  velocity  distribution  in  the  outer  part  of  the  viscous  region  varies  markedly  with 
the  phase  angle  although  the  outer  boundary  condition  does  not  have  much  effect  on  the 
solutions  for  0  <  Y  <  2  .  Quite  possibly  the  experimental  increase  in  u;  after 
entering  the  sublayer  is  related  to  the  behavior  exhibited  by  these  solutions. 

In  summary,  it  appears  that  the  linear  theory  is  not  capable  of  giving  the  correct 
transition  at  the  outer  edge  of  the  sublayer.  That  is  not  to  say  that  a  useful 
approximation  cannot  be  achieved  by  a  suitable  choice  of  boundary  conditions.  However, 
we  will  now  confine  our  attention  to  those  prominent  features  of  the  fluctuation  field 
that  are  insensitive  to  the  outer  boundary  conditions.  For  this  purpose,  we  will  use 
solutions  for  which  the  viscous  effect  becomes  small  at  large  Y  . 


4.  THE  EFFECT  OF  OBLIQUITY  AT  THE  CUTER  EDGE 
4.1  The  u  and  «  components 

"T 

The  velocity  components  u  and  w*  are  computed  from  the  solutions  to  Equations 
(12)  and  (13)  where 
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u2  =  ±[h(y)h*(y>]  . 

7  ~  i[k(y)k*(y)] 

and  the  asterisk  denotes  the  complex  conjugate. 

The  ratio  u2/q2  at  Y  =  AA  m  a  function  of  6  and  for  a  range  of  frequencies 
is  shown  in  Figure  7,  where  q2  =  u2  +  w2  . 

The  most  striking  feature  of  these  curve*  i ■?  the  fact  that  u2/q2  -*  1  at  both 
9  -  0°  .  and  6  -  90°  .  This  result  is  a  consequence  of  the  fact  that  A2  =  0  at 
6  =  0°  and  90°  .  If  the  disturbance  velocity  q  were  in  the  k  direction,  normal 
to  the  constant  phase  line,  then  the  ratio  u*/q2  =  cos *9  .  Instead  the  effect  of 
the  mean  flow  is  tg_reduce  the  w  fluctuation  as  8  -  90°  .  It  is  also  apparent  that 
the  variation  of  u2/q2  with  obliquity  is  weakly  dependent  on  the  frequency  over  the 
frequency  range  of  interest. 

The  relative  magnitude  of  the  total  u2  and  w2  at  the  sublayer  edge  will  then 
depend  on  the  distribution  of  disturbance  energy  with  both  frequency  and  obliquity. 

If  we  assume  that  the  disturbance  energy  at  each  wave  number  k  is  uniformly 

distributed  with  8  ,  then  the  relative  area  above_and  below  the  mean  curve  for  _ 

u2/q2  gives  the  relative  magnitude  of  u^  _and  w2  .  Under  this  assumption  ir  %  w2 
whereas  experimentally  Klebanoff  finds  w2/u2  %  0.5  at  the  edge  of  the  sublayer. 
According  to  Figure  7,  the  experimentally  observed  ratio  implies  seme  concentration  of 
disturbances  at  either  low  or  high  obliquity.  Consideration  of  the  wall  pressure 
field  in  the  next  section  indicates  that  the  large  scale  disturbances  are  concentrated 
at  high  obliquity. 


4.2  The  pressure  field 

The  boundary  layer  wall  pressure  measurements  of  Willmarth4  and  Bull5  transformed 
to  the  experimental  conditions  of  Klebanoff  are  compared  in  Figure  8.  There  is  good 
agreement  for  f  >  50  (/?5*/Uj  >0.2  ,  where  8*  is  the  boundary  layer  displacement 
thickness).  Willmarth  attributes  his  rising  spectra  at  low  frequencies  to  extraneous 
large  scale  free  stream  disturbances  rather  than  to  the  turbulence  in  the  boundary 
layer.  We  might  then  conclude  that  in  the  absence  of  free  stream  disturbances,  the 
pressure  spectrum  should  decrease  at  low  frequencies.  Support  for  this  position  has 
been  attributed  to  free  flight  measurements  of  Hodgson.  Nevertheless,  since  we  don’t 
know  whether  extraneous  disturbances  were  present  in  Klebanoff  s  experiments,  some 
caution  has  to  be  exercised  in  using  the  spectra  in  Figure  8  for  Klebanoff  s 
experimental  conditions  below  f  =  50  .  The  elementary  solutions  give  the  relative 
magnitude  of  the  wall  pressure  field  and  the  velocity  components  out  in  the  flow 
where 


|G*'(0)1? 

-  R sin25|2 


(17) 


The  relative  magnitude  of  the  pressure 
obliquity  because  of  the  factor  008*5 


fluctuation  falls  off  very  rapidly  at  Mgh 


2 

As  we  have  already  discussed,  q 


u  as 


8  -  90°  ,  so  (p!/p2)/u2  -•  0  as  8  -  90°  . 
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If  we  choose  y+  %  60  for  the  edge  of  the  sublayer  (i.e.  y/S  =  *.02  for  Klebanoff), 
the  corresponding  values  of  Y  are 


Y  = 

2.3 

at 

f  =  10 

Y  = 

S.  2 

at 

f  =  50  . 

Evaluating  u2  at  these  end  point*,  the  ratio  (pVp2)u2  as  a  function  of  Q  is 
shown_in  Figure  9,  At  each  frequency  the  experimental  ratio  can  be  calculated,  using 
the  u2  spectrum  just  outside  the  sublayer.  These  values  are  marked  on  the  curves. 
Clearly,  agreement  between  theory  and  experiments  requires  disturbances  concentrated 
at  large  obliquity.  Any  significant  disturbance  energy  near  6  -  0  would  lead  to 
wide  disagreement  between  theory  and  experiment. 

Of  course,  the  intercepts  shown  in  Figure  9  are  influenced  to  some  extent  by  the 
selection  of  the  end  point  for  the  calculation  of  u2  .  But  p2/p2  falls  off  so 
rapidly  at  high  obliquity  that  an  enormous  change  in  u7  ,  far  beyond  what  appears 
possible,  woulg_.be  necessary  to  niter  this  result  in  any  significant  way.  If  we  use 
the  value  of  u2  at  the  edge  of  the  viscous  region  then  the  ratio  (p/p2)/\P 
increases  with  increasing  frequency.  This  is  illustrated  in  Figure  9  where  we  have 
added  a  curve  at  f  =  300  which  can  be  compared  with  the  curve  for  f  =  50 
(i.e,  Yg  s  5.2  for  both  frequencies). 

Actually  it  is  doubtful_th&t  the  linear  theory  gives  a  satisfactory  value  for  p2 
where  the  ratio  (j2/p2)/ u2  is  very  small.  Under  these  circumstances,  the  pressure 
terms  in  the  momentum  equations  are  given  by  the  snail  difference  between  large 
velocity  terms.  The  neglected  nonlinear  terms  in  the  equations  of  motion  will  then 
have  a  much  stronger  influence  on  the  calculation  of  the  pressure  field  than  on  the 
calculation  of  the  velocity  field.  This  probably  means  that  the  linear  theory  is  not 
accurate  at  low  frequencies  and  high  obliquity,  so  that  little  weight  should  be  given 
to  .specific  values  of  obliquity  at  which  theory  and  experiment  coincide. 

4.3  Space  correlation  measurements 

Grant*  has  measured  the  nine  components  of  the  double  velocity  correlation  in  a 
boundary  layer.  One  set  of  measurements  was  taken  close  to  the  wall  in  the  outer 
region  of  the  sublayer  y+  =  30,  60  .  These  correlations  should  rslect  the  strongly 
aligned  character  of  the  disturbances  and  at  the  same  time  be  consistent  with  the 
properties  of  the  elementary  solutions.  A  fairly  direct  comparison  with  the  u  and 
w  velocity  correlations  in  the  x  and  z  direction s_can  be  made.  This  is  because 
the  elementary  solutions  indicate  that  the  ratio  w2/u2  at  the  edge  of  the  sublayer 
is  primarily  a  function  of  obliquity  and  only  has  a  weak  dependence  on  the  frequency. 
Grant's  results  for  the  u  and  w  correlations  in  the  x  and  z  directions  are 
reproduced  in  Figure  10.  (80  =  0.698  ,  r  the  wire  separation.) 

These  correlations  indicate  that  the  large  scale  components  are  at  high  obliquity. 
Th«  covariance  Rn  for  u  ,  has  a  large  correlation  distance  in  the  x  direction, 
but  a  amuch  smaller  correlation  distance  in  the  z  direction.  Furthermore,  the  R3] 
correlation  distance  for  w  in  the  x  direction  is  also  considerably  smaller  than 
for  Rn  in  the  x  direction.  Therefore  according  to  these  correlations  the  large 
scale  disturbances  have  a  very  Mall  ratio,  w/u  .  This  is  consistent  with  Figure  10 
where  w2/u2  -.0  as  6  -  90°  . 
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Now  the  normalized  w2  spectrum  at  the  edge  of  the  sublayer  can  be  computed  from 
the  RJ3  correlation  in  the  x  direction  where 

pw*(kx)  =  R,3<r.0.0)coskxrdr  . 

This  can  be  converted  to  a  frequency  spectrum  using  the  assumption  that 
Uw  =  O.SUj  ,  The  u2  spectra  in  different  boundary  layers  can  be  roughly  correlated 
using  fU/S  as  the  dimensionless  frequency  and  (U/S)F(f)  as  the  spectral  function. 

In  this  way  we  have  estimated  the  u2  spectrum  appropriate  to  Grant’s  boundary  layer. 
Assuming  that  the  integrated  value  of  w2/u2  %  0.5  as  for  Klebanoff,  we  arrive  at 
the  u*  and  w2  spectra  shown  in  Figure  11  where  the  u2  spectrum  has  been 
normalized. 

A  few  points  of  comparison  can  be  made  with  Klebanoff  s  u2  spectrum  at  the  edge 
of  the  sublayer.  For  Grant’s  boundary  layer  an  eddy  scale  L  (1/2)8  corresponds 
to  f  =  200  c/s  where  the  frequency  range  0  <  f  <  200  includes  92%  of  the  u2 
energy.  Based  on  the  previous  discussion,  we  believe  that  Uw  =  0. 8Uj  is  a  reasonable 
approximation  for  f  <  200  c/s  .  As  anticipated,  w2/u2  is  very  small  at  low 
frequencies. 

The  fluctuation  velocity  w2  =  u2  at  f  -_265  c/s  ,  where  0  <  f  <  265  c/s 
includes  95%  of  the  u2  energy,  and  40%  of  w2  energy.  According_to  Figure  10  this 
cross  over  point  is  still  at  a  fairly  high  obliquity.  Host  of  the  w2  energy  .is 
found  at  high  frequencies  and  lower  obliquities.  The  comparative  extent  of  the  R33 
covariance  in  the  x  and  z  direction  appears  to  support  this  conclusion. 

It  appears  then,  that  the  pattern  of  the  velocity  covariances  is  consistent  with  a 
strong  alignment  of  the  energy  containing  disturbances  in  the  flow  direction. 

The  pressure  velocity  space  correlation  should  also  have  a  strong  dependence  on 
obliquity  according  to  these  solutions.  The  calculated  variation  of  the  correlation 
coefficient  pu/p'u'  with  0  at  f  =  70  ,  close  to  the  wall,  is  shown  in  Figure  12. 

It  is  important  to  limit  the  calculation  to  the  inner  portion  of  the  viscous  region 
since  the  outer  boundary  condition  affects  the  p  ,  u  correlation  in  the  outer  part 
of  the  viscous  region.  Near  0  -  65°  ,  the  correlation  coefficient  changes  sign. 

Negative  pressure -velocity  correlations  near  the  wall  have  been  observed  by 
Kawamura11.  Spectral  measurements  indicated  increasingly  negative  correlation 
coefficients  with  decreasing  frequency.  However  more  detailed  measurements  in  the 
sublayer  would  provide  a  better  basis  for  comparison  with  the  calculations. 


5.  CONCLUSIONS 

The  structure  of  the  turbulence  field  outside  the  sublayer  leaves  its  footprint 
inside  the  sublayer  and  on  the  wall.  This  can  be  readily  seen  by  examining  the 
properties  of  the  elementary  Fourier  components  at  different  wave  numbers  and  angles 
of  obliquity.  The  rclativo  magnitude  of  fluctuating  quantities  depends  on  the 
obliquity  of  the  disturbance.  At  high  obliquity,  the  convective  action  of  the  mean 
flow  reduces  the  w2  fluctuation  associated  with  a  Fourier  component.  As  a  result 


as  6  -»_90°  ,  w2  -•  0  and  the  ratio  w2/u2  -  0  .  Also,  the  latio  of  the  pressure 
field  p2  in  the  sublayer  to  the  velocity  fluctuation  at  the  edge  of  the  sublayer 
decreases  drastically  at  high  obliquity.  By  6  -  80°  ,  this  ratio  has  already 
dropped  two  orders  of  magnitude  below  the  value  of  the  ratio  at  6  -  0°  . 

As  6  90c  ,  p2  ->  0  .  .  A  detailed  comparison  of  these  theoretical  results  with 

available  experimental  measurements  indicates  that  the  energy-containing  eddies  in 
the  sublayer  are  strongly  aligned  with  the  flow  direction. 

Correlations  of  fluctuating  quantities  also  depend  on  the  obliquity.  A  particularly 
strong  case  is  the  variation  of  the  correlation  between  p  and  u  .  The  correlation 
coefficient  pu/p'u'  changes  sign  near  d  -  65°  going  from  near  +1  to  near  -1. 
Additional  measurements  in  the  sublayer  are  needed  to  compare  with  these  calculations. 

There  appear  to  be  inherent  limitations  to  the  linear  representation. 

Experimentally,  the  variation  of  u2  and  w2  is  §mall  just  outside  the  sublayer. 
Further,  we  regard  the  correlation  coefficient  uv/uV  as  a  fundamental  property  of 
a  fully  turbulent  flow.  Solutions  with  almost  vanishing  viscous  action  outside  the 
sublayer,  do  not  satisfy  either  of  these  conditions  at  the  edge  of  the  viscous  region. 
On  the  other  hand,  the  solutions  in  the  inner  part  of  the  viscous  region  and  the  more 
dramatic  effects  of  obliquity  appear  to  be  insensitive  to  the  particular  outer 
boundary  conditions  that  are  used. 

Our  view  that  the  principal  source  of  the  energy-containing  disturbances  in  the 
sublayer  is  the  outer  flew  does  not  preclude  the  presence  of  other  disturbances  in 
the  sublayer.  The  local  flow  of  energy  from  the  mean  flow  to  the  turbulence  will 
modify  the  fluctuation  field.  Also  Kline  et  al12  have  observed  apparently  self-excited 
longitudinal  flow  structures  in  the  "laminar”  sublayer.  y+  <  12  .  However,  the 
spacing  of  these  disturbances  is  of  the  order  of  the  sublayer  thickness  and  it  seems 
to  us  unlikely  that  they  make  any  significant  contributions  to  the  energy-containing 
motions  except  very  close  to  the  wall. 
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SUMMARY 


Theories  to  predict  the  rate  of  heat  transfer  and  temperature 
distribution  arc  reviewed.  On  the  basis  of  these  considerations, 
available  experimental  data  are  compared  and  turbulent  Prandtl  numbers  . 
are  calculated  from  the  experimental  survey  data.  As  far  as  turbulent 
boundary  layers  with  zero  heat  transfer  arc  concerned,  the  temperature 
distributions  are  in  good  agreement  with  predictions  from  Crocco*  e  relation, 
and  the  integral  of  total  energy  is  satisfied  with  a  reasonable  degree  of 
accuracy.  The  turbulent  Prandtl  numbers  are  found  in  agreement  with 
observations  at  subsonic  and  incompressible  flow  tests.  When  boundary 
layers  with  heat  transfer  are  considered,  remarkable  differences  are 
observed  between  boundary  layer-  on  nozzle  walls  and  on  a  flat  plate. 

The  turbulent  Prandtl  numbers  indicate  extremely  low  turbulent  heat 
transport  rates  in  proximity  of  the  wall  when  compared  with  the  momentum 
transport.  No  evidence  can  be  furnished  that  the  Crocco  relation  provides 
a  satisfactory  approximation  to  the  temperature  distribution  in  supersonic 
turbulent  boundary  layers  with  heat  transfer. 


SOMMAIRE 


L'  auteur  passe  on  revue  les  theories  sur  lesquelles  sont  bashes  les 
predictions  de  taux  de  transfert  de  la  chaleur  et  de  repartition  des 
.temperatures.  II  compare  ensuito  les  donndes  experimentales  exlstantes 
et  calcule  les  nombres  de  Prandtl  pour  los  couches  turbulentes  k  partir 
des  rdsultats  de  1’ etude  experlmentale.  Pour  les  couches  limltos 
turbulentes  &  transfert  do  chaleur  nulle,  les  repartitions  de  temperature 
correspondent  bien  aux  predictions  basees  sur  la  relation  de  Crocco.  et 
1*  integral o  do  renergie  totale  bendflcie  d'un  degrd  d' exactitude 
ralsonnable.  Les  nombres  de  Prandtl  pour  les  couches  turbulentes  se 
rdvlslent  concorder  avec  los  observations  effoctudes  au  cours  d’  essais  en 
dcoulcment  subsonique  et  incompressible.  Lorsque  V  on  considers  des 
couches  limitos  avoc  transfert  de  chaleur,  on  observe  des  differences 
remarquables  entre  les  couches  limxtes  sur  les  parois  de  la  tuyere  et  sur 
une  plaque  de  surface  plane.  Les  nombres  de  Prandtl  pour  les  couches 
turbulentes  indiquont  des  taux  de  transfert  de  chaleur  cxtr6mcmcnt  faibles 
au  voisinaae  de  la  naroi,  en  compaiaicon  d'i  transfert  de  quantltd  do 
mouvement.  On  ne  peut  prouver  qua  la  relation  eo  Crocco  fournit  une 
‘ftpproximatiofl"  satiafai'sa'nCe'"?OWuia  repartition  des  temperatures  dons  les 
couches  } is* ter.  turbulence* ‘rupersotilques.  a.ec"t»iansfcrt  de  chaleur. 
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NOTATION 


constants  of  integration.  Equation  (2.18) 
local  skin  friction  coefficient.  Equation  (2.2) 

Bpcclflc  heat  at  constant  pressure 
total  enthalpy,  h.  =  c_T  +  U*/2 

a  p 

Mach  numbor 
Prandtl  nunher 

heat  flux  perpendicular  to  wall  (rote  of  heat  transfer) 

turbulent  heat  flux 

radius  of  body  of  revolution 

recovery  factor.  Equation  (2.5) 

Stanton  number  (heat  transfer  coefficient).  Equation  (2.1) 
temperature 

equilibrium  wall  temperature  (zero  heat  transfer),  Equation  (2.5) 

stagnation  temperature  (total  temperature),  Ta  =  T  +  U*/2cp 

moan  velocity  parallel  to  the  surface  (x*diroctlon) 

mean  velocity  perpendicular  to  the  surface  (y-direction) 

«  • 

cartesian  coordinates,  x  =  distance  from  leading  edge  of  plate, 

y  =  distanco  from  surfaco 

ratio  of  specific  heats 

total  boundary  layer  thicknoaa 

displacement  thickness,  Equation  (2.9) 

momentum  thickness,  Equation  (3.10) 

total  enthalpy  loss  thicknoaa,  Equation  (2.11) 


vlsronity 
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"t  tirbc 5 ec. t  rr*r,dtl  Earner.  Eqcttioe  C4. 1 
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HEAT  TRANSFER  AND  TEMPERATURE  DISTRIBUTION  IN  TURBULENT 
BOUNDARY  LAYERS  AT  SUPERSONIC  AND  HYPERSONIC  FLOW 

J.C.  Rotta 


l.  INTRODUCTION 

The  knowledge  of  the  boundary  layer  velocity  and  temperature  distribution  is 
required  in  order  to  determine  the  skin  friction  and  the  rate  of  heat  transfer. 

Widely  different  assumptions  with  regard  to  the  velocity  profiles  of  supersonic 
turbulent  boundary  layers  have  been  introduced  with  the  various  theories,  while  the 
estimation  of  the  temperature  distribution  rests  almost  exceptionally  on  the  relation 
to  the  velocity  distribution,  as  is  given  by  Crocco’ s  solution  of  the  energy  equation. 
This  relation  has  been  accepted  without  major  criticism  by  many  investigators.  However, 
recent  investigations,  made  by  Peterson1  and  Spalding  and  Chi2,  have  shown  again  that 
the  prediction  of  skin  friction  in  boundary  layers  with  heat  transfer  is  afflicted 
with  a  considerable  degree  of  uncertainty. 

On  the  other  hand,  measurements  of  velocity  and  temperature  profiles  in  turbulent 
boundary  layers  on  cooled  surfaces  at  supersonic  speeds  require  a  high  effort  and  are 
time  consuming  and  expensive.  These  are  probably  the  reasons  why  relatively  few 
experimental  boundary  layer  investigations,  which  include  temperature  surveys,  are 
reported  in  the  literature.  Unfortunately,  some  discrepancies  have  been  observed 
among  the  available  data  and  in  comparison  with’ theories.  A.  Walz3,  for  instance, 
compared  experimental  temperature  profiles  with  those  calculated  by  the  Crocco 
relation  and  found  conflicting  differences.  Previous  comparisons  made  by  this 
author** 5  with  his  theory  suffer  from  shortcomings  of  the  measurements. 

It  appears  thus  useful  to  inspect  again  the  available  information.  Simple 
theoretical  relationships  for  heat  transfer  and  temperature  distribution  are  reviewed 
and  available  experimental  data  are  considered  on  the  basis  of  these  theories. 

Particular  attention  is  paid  to  the  temperature  distributions  in  relation  to  the 
velocity  distributions.  No  considerations  about  the  velocity  profiles  (velocity  as 
a  function  of  wall  distance)  will  be  made  here.  Only  flows  are  treated,  for  which 
the  law  of  ideal  gases  is  valid. 


42 


Z.  THEORY 

2.1  Beat  transfer  coefficient 

then  the  local  rate  cf  heat  transfer  Is  non-diae-isionally  expressed  by  the 
heat  transfer  coefficient  or  Star. too  nitnher 


St 


(2.1) 


and  the  sail  shearing  stress  is  expressed  by  the  local  skin  friction  coeffic.cnt 


cf  = 


PtPlf’2 


then  fr«*  Reynolds'  analogy  felloes 


St  =  Cj/2 


{2.2) 


(2-3) 


•hiefc  bolds  dea  the  nolecaier  and  tarbclttt  PrsndU  sob her  in  eqaal  to  ceitj  (see 
H.  Sdilicfeting*).  A.P.  Cbltnia1  proposed  for  tnrculent  boundary  layers  in 
facaapressible  floe 


2St 


1 

375  * 


(2.4) 

The  tesperabare  recotery  factor  i*  tfce  relative:  i-.r  the  etpilihrisz  temperature 

(2.5) 


/  y  -  i  ' 
Te  =  l1  * 


is  asnailj  cal  eclated  fraa  r  ~  Vpr  - 

Equations  (2.3)  and  (2-4)  are  based  oa  the  asscaptim  of  constant  pressure  flo* 
az*2  constant  veil  temperature.  7(  . 

Using  Keaton's  friction  lax  and  Foorler' s  lar  of  heat  ccnefcictica.  the  following 
relation  is  obtained. 


2St 

cf 


tyCCT/cyl, 

Pr(Te  -  T,)(=t'/=r}w 


(2.6) 


riiicb  applies  quite  generally  to  any  flow  on  smooth  ^crfaces.  aeon  the  condition  cf 
bo  slip  holds. 


Bnotfccr  relationship  betaeen  best  trarsfer  and  skin  friction.  which  is  called  after 
K.B.  Cohen*  Taedified  Reynolds  analogy”,  can  be  derived  ny  coeoiaatian  of  :tc  Karsan1  s 
cower 'ub  equation  and  the  integrated  d'fferential  equation  of  total  energy.  For 
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axlsynnetric  flow  (boundary  layer  on  the  outer  surface  of  the  body),  the  momentum 
equation  reads 


1  dU„ 


+  S./S.)  _ 

1  2  U*  dx 


1  d  pm  +  1  dR- 
pm  dx  R  dx_ 


(2.7) 


and  the  integrated  total  energy  equation  (total  enthalpy  integral)  is 


where 


dSh 

a  ,  C 

1 

Q. 

s2 

1 

A.  _ 

dPuo 

1 

dR 

_ + 

1  dha<D 

«W 

■■  T  0. 

dx  h 

_um  dx 

Pm 

*dx" 

R 

dx 

hB«  dX  . 

PaArJ'  s<d 

(2.8) 


displacement  thickness 


momentum  loss  thickness 


energy  loss  thickness 
(enthalpy  convection 
thickness) 


(2.9) 


(2.10) 


(2.11) 


Usually  the  flow  is  isoenergetic  outside  the  boundary  layer,  such  that  the  last 
term  in  the  squared  brackets  of  Equation  (2.8)  can  be  neglected.  If  one  introduces 


d\  -  fh\  (2.12 

dx  \8?/  dx  7  dx 

into  Equation  (2.8)  and  eliminates  dS?/dx  and  qw  using  Equations  (2.7)  and  (2.1) 
respectively,  the  following  relation  is  then  obtained  (modified  Reynolds  analogy). 


2St  Te 
cf 


8h  28,  d(8h/S?)  2Sh 


1  dUa 


dx 


--'"Wcif 


(2.13) 


ftor  a  boundary  layer,  which  develops  in  a  constant  pressure  field  on  a  surface 
or  constant  temperature  Tw  .  it  is  expected  that  both  velocity  and  temperature 
profiles  settle  to  self-preserving  shapes  and  consequently,  the  ratio  8h/8,  assumes 
a  constant  value.  In  this  case,  the  modified  Reynolds  analogy  of  Equation  (2.13) 
reduces  to  the  simple  form  » 


ffl  =  Sh  T«<p  (2.14 

^  Te  "  T-  ■ 

The  relations  Equations  (2.3)  and  (2.4)  are  designed  to  predict  the  heat  transfer 
coefficient  in  a  given  flow.  Equations  (2.6),  (2.13),  and  (2.14),  however,  can  be 
applied  only  if  the  temperature  distribution  is  known  otherwise.  These  relations 
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can  be  used  also  to  prove  certain  properties  of  experimentally  determined  temperature 
and  velocity  distribut*‘ons.  They  will  te  used  in  this  sense  in  the  subsequent  section. 


2.2  Temperature  distribution  after  Crocco 

Crocco’ s  relation  for  the  temperature  distribution  is  widely  applied  in  laminar 
as  well  as  turbulent  boundary  layer  theory,  and  it  is  genera  believed  that  it  gives 
a  good  approximation  to  the  actual  temperature  distribution,  ihe  necessary 
suppositions  are  the  sare  as  underlie  the  relations  Equations  (2.3),  (2.4),  and  the 
reduced  form  Equation  (2.14)  of  the  kMified  Reynolds  analogy,  namely  constant 
pressure  and  constant  wall  tesperatun.  ?B  .  In  addition  it  is  required  that  the 
molecular  and  the  turbulent  Praiidtl  number  equal  nearly  unity.  If  the  Prandtl  numbers 
are  exactly  unity,  the  local  temperature  can  be  expressed  as  a  function  of  local  flow 
velocity  and  from  the  boundary  layer  equations  one  obtains 

dJT  1 

—  +  ~  =  0  .  (2.151 

<Sr  c 

p 

Opou  twofold  integration  this  relation  yields 

U* 

T  = - +  C,U  +  C,  (2.16) 

2c  1  2 

P 

where  Ct  and  C?  constants  of  integration.  Usually  the  constants  of  integration 
are  determined  *r<m  the  boundary  conditions 

T  =  \  at  U  -  0  ;  T  =  at  0  =  0,,,. 

Furthermore,  the  first  term  on  the  right  hand  side  of  Equation  (2.16)  is  multiplied 
by  the  recovery  factor  r  in  order  to  compensate  for  the  effect  of  the  Prandtl 
aunbers  when  differing  fren  unity,  thus  Equation  (2.16)  can  finally  be  written 


T  T„  -  T  U  y-1  .  /  U  \2 

—  -  -*  ♦  -* - 5. - r - Jtai  :  —  ;  . 

To,  T^,  T0  Ua  2  \Vj  . 


(2.17) 


This  is  the  relation  for  the  temperature  distribution  acst  often  used  in  boundary 
layer  calculations.  There  are,  however,  sone  other  possibilities  to  detem,':.e  the 
constants  of  intagratior  of  Equation  (2.16).  The  temperature  distribution  calculated 
from  Equation  i2. 17)  will  be  denoted  as  case  1  hereafter. 


As  the  strand  possibility  (case  2)  tee  Boundary  condition  T  =  T,.  at  =  Ux  is 
dropped  and  instead  of  this,  the  constant  C,  is  chosen  as  to  bring  the  slope  of  the 
temperature  distribution  at  the  surface  in  agreeaent  with  given  values  of  the  rate 
of  heat  transfer  and  wall  shearing  stress 


C 


i 


2St.  Te  -  T, 

Cf  ^00 


(2.18) 
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If  in  addition  the  first  term  on  tho  right  hand  side  of  Equation  (2.16)  la 
multiplied  by  Pr  ,  an  exact  solution  for  the  temporaturo  distribution  within  the 
sublayer  is  obtained,  which  is  conditional  only  upon  constancy  of  the  shearing  stress 
in  that  region.  This  condition  is,  however,  fulfilled  with  a  reasonable  degree  of 
accuracy  in  the  sublayer.  This  relation  con  thus  be  used  to  predict  the  temperature 
distribution  near  the  surface,  when  the  rate  of  heat  transfer  and  skin  fraction  aro 
known. 

A  similar  temperature  distribution  results  (case  3),  if  tho  constant  C,  is 
determined  from  the  requirement  that  the  calculated  temperature  distribution  meets 
some  experimental  survey  data  nearest  to  the  wall.  This  distribution  may  thus  give 
a  physically  correct  extrapolation  of  the  experimental  data  to  the  wall,  provided,  of 
course,  that  the  measurements  are  extended  into  tho  sublayer.  Prom  the  slope  of  this 
curve  nt  llr.  o,  the  value  of  the  ratio  of  2St/cf  can  be  calculated,  using 
Equation  (2.18). 

Finally,  in  case  4,  tho  boundary  condition  T  =  Tm  at  U  =  I)*  is  satisfied,  but 
T  =  Tw  at  U  =  0  is  dropped.  The  remaining  free  constant  can  then  be  determined  in 
such  a  way  that  the  calculated  temporaturo  distribution  agrees  with  experimental 
survey  data  of  the  outer  part  of  the  layer.  The  idea  underlying  this  procedure  is 
that  the  condition  of  constant  pressure  is  fulfilled  in  the  neighbourhood  of  the 
survey  station,  and  that  partially  self-preserving  boundary  layer  profiles  exist  In 
tho  outer  part,  but  the  pressure  and  also  Tw  may  change  further  upstream.  The 
solution  may  be  interpreted  also  as  a  solution  of  Equation  (2.17)  with  an  apparent 
surface  temperaturo  Tw#  differing  from  the  actual  surface  temperature  Tw  .  The 
conditions  of  the  four  versions  of  the  Crocco  solution  are  compiled  in  Table  I. 


3.  COMPARISONS  OF  EXPERIMENTAL  II  AT  A  WITH  THE  THEORY 
3.!  Experimental  data 

The  givon  relations  are  applied  to  available  experiments.  The  data  considered  here 
are  the  experimental  results  of  R.K,  Lobb,  E.M.  Winkler,  J,  Persh’*  10,  E.M.  Winkler, 
M.H.  Oin 1  '•  ,J.  f.k.  Ill  1 1  * 1  **,  and  O.J.  Nothwang15.  In  all  these  tests,  the  Mach 
number  distributions  have  been  determined  from  the  Pitot  pressure  surveys  using  the 
Rayleigh  formula,  and  the  total  temporaturo  distributions  have  been  measured  with 
total  temperature  probes, 

Tho  measurements  of  Reference  [9],  [lO]  have  been  performed  in  the  turbulent 
boundary  layer  on  tho  plane  watorcoolcd  nozzle  wall  of  the  NOL  12  x  12  cm  Hypersonic 
Tunnel.  The  free  stream  Mach  numbers  ranged  from  5.0  to  8.2.  In  addition  to  the 
surveys,  the  temperature  gradient  in  the  nozzle  wall  perpondicular  t.o  the  wotted 
surface  has  been  measured,  from  which  the  rate  of  heat  transfer  could  be  determined. 

The  measurements  of  References  [ll],  [  12]  have  been  made  on  a  liquid  cooled  flat  plate, 
which  was  installed  in  the  same  NOL  Hypersonic  Tunnel,  in  which  the  aforementioned 
tests  were  carried  out.  The  Mnch  number  is  about  5.2.  Boundary  layer  surveys  were 
taken  at  four  different  distances  x  from  tho  lending  edgo  of  the  plate  for  three 
different,  conditions  of  heat  transfer.  As  with  the  measurements  described  before,  heat 
transfer  rates  have  been  determined  from  measured  wall  temperature  gradients. 


F. K.  Hil)13.  investigated  the  turbulent  boundary  layer  on  the  wall  of  a  conical 
nozzle  with  bO  m  exit  diameter.  Nitrogen  gas  was  csed  as  flow  aediun,  while  the 
•entioned  NOL  measurements  were  conducted  in  air  flow.  Only  for  one  boundary  layer 
profile,  Bcesured  near  the  nozzle  exit  at  a  noainal  Uach  ntaber  of  S.C7,  were  the 
given  data  sufficiently  complete  to  be  ^sed  for  the  purpose  intended  in  this  report. 

The  ratio  of  specific  heats  is  assused  y  -  1.4  for  both  air  and  nitrogen.  The 
Prandtl  number  was  put  Pr  =  0.72  .  although  molecular  nitrogen  has  a  somewhat  lower 
Prandtl  number. 

G. J.  Nothwang15  conducted  measurements  in  the  bour.daiy  layer  with  zero  heat  transfer 
oo  a  flat  steel  plate,  which  was  placed  in  the  air  streaa  oi  ilc'h  number  ila,,  =  3.03 
through  an  8  r  8- inch  supersonic  nozzle. 

3.2  Heat  transfer  data 

There  are  three  different  ways  to  determine  the  heat  transfer  coefficient  froa  the 
Measurements.  namely  determination  froa  (i)  the  heat  transfer  measurements.  (ii)  the 
survey  data  of  the  sublayer  (using  the  solution  case  3  of  Tfeble  I),  and  (iii)  the 
Modified  Reynolds  analogy.  Equation  (2.14).  The  latter  relation  is  evaluated,  after 
the  aoaentua  and  energy  loss  thickness  were  calculated  fm  the  experimental  survey 
data.  The  density  ratio  follows  froa  the  perfect  gas  law  and  constancy  of  pressure 
through  the  layer 


For  an  ideal  gas,  which  is  assumed  froa  now  on,  the  enthalpy  values  nay  be 
replaced  by  the  corresponding  tcaperatures.  The  results  are  compiled  In  Tabic  II  and 
III,  and  way  be  coepared  with  each  other  and  with  the  results  using  Colburn’ s  version 
of  Reynolds  analogy. 

The  rates  of  beat  transfer,  determined  froa  the  survey  data  of  the  sublayer 
(coluan  b  in  Table  II  and  III)  should  be  in  agreement  with  the  results  of  heat  transfer 
aeasureaeats  (coluan  a).  But  narked  discrepancies  are  observed.  With  the  nozzle  wall 
boundary  layers.  *uch  lower  rates  of  heat  transfer  ere  obtained  froa  the  wall  slopes 
of  the  surveys.  With  two  of  the  test  series  even  negative  values  resulted,  which  are 
very  unlikely  to  occur  actually.  In  contrast  with  this,  the  heat  transfer  rates 
determined  from  the  wall  slope  are  in  most  of  the  cases  of  the  flat  plate  czperiments 
appreciably  higher  than  those  obtaineG  from  the  wall  temperature  measurements,  as 
follows  froa  Table  II.  These  observations  raise  soE-e  doubts  with  respect  to  the 
accuracy  of  the  experiments. 

On  the  other  hand,  the  measured  heat  transfer  rates  (column  a)  are  in  good 
agreement  with  the  values  predicted  from  Colburn’s  version  of  Reynolds  analogy 
vcolumn  d).  They  are  on  the  average  3  p.c.  higher  for  the  flat  plate  boundary  layers, 
whereas  the  measured  heat  transfer  rates  of  the  nozzle  wall  layers  arc  on  the  average 
2  p.c.  below  those  resulting  froa  Colburn’s  Reynolds  analogy. 

From  u  theoretical  point  of  view,  the  interest  exists,  in  the  first  place,  in 
boundary  layers  on  a  flat  plate  with  copc.ant  pressure  and  constant  surface  temperature, 
for  which  self-preserving  velocity  ana  temperature  profiles  are  sugt  ested  from 
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theoretical  arguments.  if  this  condition  is  fulfilled,  the  rate  of  heat  transfer 
calculated  frm  the  slope  at  the  «all  (case  3  of  Tabic  I,  rust  agree  with  that  fro« 
the  notified  Reynolds  analogy  F.quctioe  (2. 14).  The  arguzents  for  the  existence  of 
self-preserving  profiles  are  strong  enough  that,  in  the  case  of  discrepances,  the 
erperlaenis  are  suspected  ratter  than  the  theory.  The  equality  of  tfce  tao  values  i*. 
however.  a  strohg  criterion,  because  it  requires  very  accurate  results  for  the  whole 
profile.  Tbe  heat  transfer  data,  as  detercined  fine  the  sublayer  surrey  data,  are 
plotted  versus  the  ratio  (3j.Ts_)  •'(*  T  )  no  Figure  1.  It  is  seen  that  the  said 
criterion  is  verified  with  reasonable  accuracy  only  by  a  few  of  the  flat  plate  profiles. 
The  nozzle  sail  boundary  layer  profiles  do  cot  coapiy  rith  this  condition. 

3.3  Bomadurr  layers  with  zero  heat  transfer 

Cicn  th?  tesEperature  distributives  calculated  from  the  relations  of  Table  I  are 
cospared  with  the  experimental  results,  it  should  be  kept  in  Bind  that  the  experiBeatal 
data  crosist  of  tao  independent  sets  of  Eeasarcxents.  viz.  the  Pitot  surveys,  frot: 
which  the  itach  tuaber  distributions  are  determined,  and  the  stagnation  teapera aire 
surreys.  It  appeared  suitable  for  this  reason  to  plot  the  local  stagnation  teeperatnre 
ratio  Ts/7s0  versus  the  local  Mach  narber  ratio  Ma/«a_*  .  The  aeasureaect,  conducted 
by  G.J.  Sothrmg'5  in  the  turoalent  layer  on  a  flat  plat*_  at  lta_  -  ?  is  shown  in 
Figure  2.  The  experinental  data  are  slightly  above  the  curve  calculated  freo 
Equation  (2.171,  which  appears  to  b*-  reasonable.  The  value  of  the  energy  loss 
thickness  is  indeed  not  exactly  zero,  as  is  required  by  the  total  energy  integral. 
It  has  a  slightly  negative  value,  viz.  (S^T  _)/(5jTs)  =  -  0.043  .  The  NCR.  aeasurenents 
include  only  one  case,  in  which  the  heat  transfer  to  the  wall  was  zero.  This  rase, 
labelled  as  Kc.  1  in  Table  III.  shows  excellent  agreement  with  the  Crocce  solution, 
cava  1.  Its  value  of  (5hTs_)/(S 3T%)  given  in  Table  III  column  c,  is  small  enough  to 
be  considered  in  fair  agreement  with  tfce  requirement.  Other  experimental  (e. g.  a  test 
by  ^»ivac  quoted  in  Ref.  ilSj)  and  theoretical  (see  Ref.  117])  studies  confira  that 
the  actual  teeperature  distribution  dees  not  differ  greatly  frm  the  Crocco  relation, 
cesc  I.  and  that  the  energy-  integral  is  fairly  well  satisfied. 

3.4  Boundary  layers  with  heat  transfer  on  a  flat  plate 

Proa  the  test  arrangement,  described  in  Reference  [ll]  it  is  to  be  expected  that 
the  flow  resusbles  very  much  that  of  a  turbulent  boundary  layer  on  a  semi-infinite 
flat  plate  in  a  uniform  supersonic  stream.  The  measurements  represented  on  Figure  3 
ana  4  shoe  excellent  agreement  with  the  Crocco  solution,  case  1,  in  the  outer  part  of 
the  layer.  At  smaller  distances  from  the  wall,  systematic  deviations  from  Crocco’ s 
solution,  case  1,  in  the  direction  to  higher  temperatures  occur  with  all  measurements. 
The  curves  calculated  from  case  3  of  Table  I  do  not  join  the  survey  data  smoothly, 
thus  they  do  not  provide  an  appropriate  extrapolation  of  the  survey  data  towards  the 
wall.  It  must,  however,  be  admitted  that  the  measurements  are  extended  not  very  deep 
into  the  sublayer.  The  curves,  case  2.  which  are  based  on  the  experimental  rate  of 
heat  transfer,  cannot  be  reconciled  with  the  survey  data  in  proximity  of  the  wall. 

Tbe  discrepancies  between  survey  data  near  the  wall  and  the  heat  transfer 
measurements  can  hardly  be  explained  with  errors  in  the  effective  probe  positions, 


•  Trie  available  space  allows  to  reproduce  only  a  few  examples  of  the  cited  measurements  hare. 
More  comparisons  «’■*  given  in  Reference  [ifl]. 
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since  relative  shifts  in  probe  positions  up  to  0.5  mm  are  required  in  order  to  remove 
the  discrepancies.  Hie  probes  used  for  Pitot  pressure  nnd  local  stagnation  temperature 
were  of  similar  geometry  and  had  half-heights  between  0.1  to  0.13  r.im,  thus  they  give 
little  rise  to  suppose  substantial  errors  in  the  effective  probe  positions. 

3.5  Roundary  layers  will,  heat  transfer  on  a  nozzle  wail 

■flic  boundary  layers  on  a  cooled  nozzle  wall  arc  obviously  not  representative  of 
boundary  layers  with  heat  transfer  on  a  flat  plate.  The  measured  temperature 
distributions,  represented  on  Figure  5.  exhibit  systematic  deviations  from  the  Crocco 
solution  cose  1,  which  increase  with  the  rate  of  heat  transfer,  i.e.  the  ratio 
(Te  -  Tw)/Te  .  Furthermore,  the  rates  of  heat  transfer,  determined  from  the  modified 
Reynolds  analogy,  [Equation  (2.14)  and  those  determined  from  the  sublayer  survey  data 
(case  3  of  Table  1)  show  differences  which  also  increase  with  (Te  -  Tw)/Te  .  as  is 
seen  from  Table  III  and  Figure  1.  These  deviations  are  not  incompatible  with  each 
other,  nicy  indicate  that  they  must  be  caused  essentially  by  the  upstream  history  of 
the  boundary  layer  on  the  nozzle  wall.  The  most  likely  explanation  for  the  observed 
behaviour  of  the  temperature  distributions  will  be  that  the  thickness  of  the  velocity 
boundary  layer  grows  slowly  under  the  influence  of  the  falling  pressure  in  the  nozzle, 
the  heat  transfer,  however,  is  high,  such  that  great  energy  loss  thicknesses  and 
small  momentum  thicknesses  are  expected  at  the  same  time.  This  development,  typical 
for  the  boundary  layer  on  a  supersonic  nozzle  wall,  is  confirmed  by  Hill’s 
experiment,  the  results  of  which  are  shown  on  Figure  6. 

It  is  perhaps  interesting  to  notice  that  the  Crocco  solution,  case  4  of  Table  I, 
represents  a  fair  approximation  to  measured  temperature  distribution  of  the  outer 
part  of  the  layer  in  most  of  the  cases.  11»e  corresponding  apparent  wall  temperatures 
Twa  are,  however,  considerably  lower  than  the  measured  wall  temperatures.  In  order 
to  approximate  the  outer  part  of  Hill's  measurements,  oven  a  negative  value  of  the 
apparent  surface  temperature  T  is  required,  which  has,  of  course,  no  real  physical 

•Ya 

meaning. 

The  temperature  distributions  calculated  from  the  Crocco  solution,  case  3  of 
Tablo  I,  Join  the  experimental  survey  data  quite  smoothly  within  tho  sublayer  region 
(which  extends  to  about  Ma/Ma^  =  0,25),  thus  providing  a  good  extrapolation  of  the 
survey  data  towards  the  wall.  They  show,  however,  much  lower  rates  of  heat  transfer 
than  obtained  from  tho  heat  transfer  measurements.  In  general,  the  survey  data 
cannot  be  reconciled  with  the  heat  transfer  rates  determined  from  wall  temperature 
measurements. 

Tho  flattened  Pitot  tube,  used  for  tho  surveys  of  Roforcnco  (lO),  had  a  half-height 
of  0.125  mm  nnd  tho  flattened  stagnation  temperature  probe  had  a  half-height  of 
0.48  mm,  such  that  a  shift  of  a  few  tenths  of  n  millimeter  in  the  effective  positions 
of  temperature  probe  relative  to  those  of  tho  Pitot  probe  cannot  be  excluded.  At  some 
of  tho  boundary  layers,  actually  relative  shifts  of  0.2  to  0,3  mm  are  sufficient  to 
remove  tho  discrepancies  between  survey  data  nnd  the  distribution  calculated  fron 
enso  2  of  Table  I.  In  other  cases,  however,  greater  shifts  are  necessary.  For  the 
measurement  at  Ma01  =8.2  (not  shown  hero)  a  shift  of  0.8  to  1  mm  is  required  to 
bring  tho  survey  data  of  tho  sublayer  in  agreement  with  the  calculated  curve  of 
case  2.  It  thus  appears  doubtful  that  errors  in  probe  positioning  alone  are 
responsible  for  tho  observed  differences.  Tbo  most  striking  phenomenon  is  that  the 
discrepancies  are  in  the  opposito  direction  to  those  of  tho  flat  plate  boundary 
layers,  No  pi uuni hi c  explanation  can  he  suggested. 
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4.  TURBULENT  PRANDTI.  Xt'VBERK 

In  order  to  supplement  the  comparisons 
Prsndtl  number  as  defined  by 


has  been  determined  for  so^e  of  the  surveys.  This  cagnitude,  which  is  the  ratio  of 
the  coefficients  for  turbulent  p^eentun  and  heat  exchange,  gives  some  insight  into 
the  tu'bulcnt  airing  processes. 

The  distributions  of  shearing  stress  and  heat  flux  can  be  calculated  with  the 
assumption  cf  self-preserving  velocity  and  temperature  profiles  from  the  equations 
for  continuity,  soaectus  and  total  energy  ox  Bean  flew  quantities.  After  some 
algebraic  calculations,  the  following  relations  are  obtained: 


and  the  preceding  discussion,  the  turbulent 


Tt  c>7/3y 
qt  3u/3y  ’ 


(4.1) 


t  =  -  (u  fpu  dy '  -  Jr  pU*  dy'  }  +  c  . 

2S?  \  *o  *o  /  ! 

-  =  -  It  cp  (*•  I'  *'  -  J’  pUT«  *')  -  "r  * 


(4.2) 


from  which  the  shearing  stress  and  heat  flux  can  be  calculated  by  simple  quadr  ures. 
The  constants  of  integration,  Cj  and  c2  ,  are  to  be  determined  from  the  boundary 
conditions  r  =  0  .  q  =  0  for  y  =  8  .  The  portions  produced  by  the  turbulent 
nixing  process  are  determined  from 


% 


H  3t 
Pr  p  3y 


(4.3) 


Only  boundary  layers  on  the  flat  plate  have  been  considered.  As  the  only  exception 
the  nozzle  wall  boundary  'layer  with  zero  heat  transfer  of  Reference  [lO]  is  included. 
On  Figure  7  the  distributions  of  the  turbulent  Prandtl  number  for  the  boundary  layers 
with  zero  heat  transfer  are  plotted  as  a  function  of  y/S  ,  and  on  Figure  3  the  cr 
values  for  the  boundary  layer  on  the  flat  plate  at  Ma^  =5.2  and  (Tg  -  Tw)/Te  'Ur  0.35 
are  given.  Although  a  smoothing  procedure  was  applied  to  the  experimental  data  before 
the  calculations  were  carried  out,  the  results  show  a  considerable  scatter.  The 
distribution  of  crt  after  H.  Ludwieg16,  which  had  been  obtained  from  the  equilibrium 
temperature  distributions  in  turbulent  pipe  flow  at  high  subsonic  speeds,  is  indicated 
bj  a  dashed  curve,  where  the  pipe  radius  is  replaced  by  the  boundary  layer 
thickness  S  . 


For  the  boundary  layers  with  zero  heat  transfer,  ct  is  on  the  average  below  unity, 
however  n,  is  greater  than  from  Ludw:  eg’ s  results  in  the  outer  part  of  the  layer. 
Nearer  to  the  wall  the  flat  plate  measurements  yield  lower  turbulent  Pranatl  numbers 
than  Ludwieg’ s  experiments.  Hie  results  of  the  nozzle  wall  layer  arc  -  on  the  average 
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nnd  in  particular  close  to  the  wall  -  higher  than  the  flat  plate  rosultc.  This  may 
Perhaps  be  caused  by  neglecting  the  slight  pressure  gradient  in  the  analysis.  The 
rapid  increase  of  cr(  above  unity  in  the  vicinity  of  the  wall  has  probably  no  real 
meaning.  All  in  all  the  agreement  with  Ludwieg’ s  results  is  quite  good. 

The  turbulent  Prandtl  numbers  of  the  flat  plate  boundary  layers  with  heat  transfer 
are  in  most  cases  lower  than  unity  in  the  outer  region  of  the  layer,  but  show  a  very 
pronounced  tendency  to  rise  towards  the  wall.  At  the  middle  of  the  layer  o'  exceeds 
already  unity  and  assumes  extraordinarily  high  values  in  proximity  of  the  wall,  thus 
indicating  an  extremely  low  heat  transport  compared  with  the  momentum  transport.  This 
is  in  gross  contradiction  to  our  previous  experience  from  turbulent  flow  at  subsonic 
speeds.  The  author  is  not  aware  of  any  other  case  of  turbulent  flow,  where  c 
exceeds  the  value  of  unity.  In  view  of  the  other  deficiencies  in  the  experimental 
data,  which  have  been  mentioned  above,  the  result  will  be  considered  with  some 
reservation,  as  long  ns  it  is  not  confirmed  by  other  experiments. 

Hie  turbulent  Prandtl  numbers  for  x  =  216  mm  arc  remarkably  higher  thnn  those  for 
the  downstream  stations.  It  might  be  suspected  that  fully  turbulent  flow  is  not 
established  at  x  r  216  mm.  But  this  is  not  confirmed  by  the  boundary  layers  with 
lower  heat  transfer. 


5.  CONCLUSIONS 

The  most  important  results  of  the  above  investigations  may  bo  summarized  ns  follows: 

1.  The  measured  temperature  distributions  in  turbulent  boundary  layers  with  zero 
heat  transfer  satisfy  the  requirement  of  vanishing  enorgy  loss  thickness  with 
sufficient  accuracy.  The  Crocco  relution  provides  a  good  approximation  to  the 
actual  temperature  distribution.  The  turbulent  Prandtl  numbers  are  in  fair 
agreement  with  observations  at  subsonic  speeds. 

2.  The  available  temperature  distributions  of  flat  plate  boundary  layers',  with  heat 
trnnsfer  arc  found  only  in  moderate  or  poor  agreement  with  the  modified  Reynolds 
analogy.  The  measured  temperature  distributions  displuy  unexpected  deviations 
from  the  Crocco  solution.  The  turbulent  Prandtl  numbers  are  greater  than  unity 
through  the  inner  half  of  the  layer,  nnd  extremely  low  turbulent  heat  transport 
rates  are  Indicated  near  the  wall. 

3.  Tho  tempornturc  distributions  of  boundary  layers  on  nozzle  walls  are  not 
representative  of  those  on  flat  plates.  Obviously  tho  temperature  distributions 
on  nozzle  walls  are  severely  affected  by  the  upstream  history.  The  measured 
temperature  dint vibutiouR  differ  greatly  from  the  Crocco  relation.  This  is  an 
Indication  that  Crocco’ a  relation  cannot  be  applied  to  boundary  layers  with 
pressure  gradients, 

4.  For  the  boundary  layers  with  hent  transfer  (on  both  nozzle  wall  and  flat  plato) 
remarkable  discrepancies  me  observed  between  measured  hent  transfer  rates  ami 
the  heat,  transfer,  determined  from  the  sublayer  survey  data.  The  measured  heat 
transfer  rates  are  found,  however,  in  agreement  with  Colburn’ a  version  of 
Reynolds  analogy, 

I 


51 


5.  There  is  no  evidence  that  the  Crocco  relation  provides  a  satisfactory 

approximation  to  the  temperature  distribution  in  supersonic  turbulent  boundary 
layers  with  heat  transfer. 

The  considerations  revealed  a  numoer  of  gaps  in  our  knowledge.  In  addition, 
obvious  shortcomings  of  the  available  experimental  results  shed  doubts  on  the 
reliability  of  the  conclusions  drawn.  In  order  to  obtain  a  more  complete  and  firm 
picture  of  the  mechanism  of  turbulent  h>.*at  transfer,  further  measurements  of  temperature 
distributions  over  a  range  of  Mach  numbers  and  wall  temperatures  are  needed. 
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TABLE  II 

Heat  trt-.isfer  data  of  turbulent  boundary  layers  on  a  flat  plate  determined  from 

Reference  11 


X 

mm 

Ma 

Ol) 

T  -T 
e  w 

T 

e 

a 

2  St(T 

e 

cfT 

b 

-  T  ) 
w' 

w 

c 

d 

Fig. 

216 

5.21 

0.  126 

0.  184 

0.260 

0.619 

0.  173 

■ 

216 

5.  14 

0.044 

- 

-0.089 

0.829 

0.051 

m 

292,  5 

5.20 

0.084 

0. 109 

0.079 

0.434 

0.  108 

■ 

368,  5 

5.26 

0.062 

0.084 

0.  123 

0.  569 

0.  Ill 

m 

445 

5.29 

0.078 

0.103 

0.018 

0.214 

0.  100 

1 

216 

4.98 

0.183 

0.287 

0.436 

0.  371 

0.256 

216 

5.  18 

0.  189 

- 

- 

0.625 

0.284 

292.5 

5.20 

0. 179 

0.2  57 

0.  646 

0.485 

0.268 

3 

368.  5 

5.24 

0.  156 

0.237 

0.  356 

0.413 

0.222 

445 

5.24 

0.  163 

0.245 

0.  260 

0.  351 

0..236 

216 

5.  17 

0.331 

0,603 

1.01 

0.  711 

0.  60  ’ 

292.  5 

5.  16 

0.  360 

0.  710 

1.44 

0.645 

0.  690 

292.  5 

5.  10 

0.370 

- 

- 

0.  626 

0.  722 

4 

368.  5 

5.20 

0.  384 

- 

- 

0.  632 

0.684 

368.  5 

5.  11 

0.357 

0.806 

1.  53 

0.  750 

0.  767 

O 

5.12 

0.  340 

0.  657 

0.  83 

0.  542 

0.  639 

a  heat  transfer  measurements 

b  from  wall  slope  of  temperature  profile,  case  3  of  Table  1 
c  modifier!  Hey  no  Ids  analogy,  Eq.  {2.  14) 
d  Reynolds'  analogy  after  C  o  lb  u  r  n  ,  Kqs.  (2.  4)  and  (2.  5) 
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TABLE  III 

Heat  transfer  data  of  turbulent  boundary  layers  on  a  nozzle  wall  determined  from 

References  10  and  13 


No. 

Ma 

00 

H 

A 

Fig. 

T 

e 

1 

4.  93 

- 

- 

0.  119 

-  0.016 

2 

5.01 

0.224 

0.  344 

0.  140 

0.  729 

0.348 

3 

5.03 

0.374 

0.  754 

0.430 

1.  35 

0.  728 

4 

5.06 

0.420 

- 

0, 447 

1.  56 

0.  879 

5 

5.  75 

0.  108 

0.  147 

-  0. 168 

0.474 

0.  147 

6 

5.79 

0.238 

0.386 

-  0.063 

0.  900 

0.384 

5 

n 

5.  82 

0.379 

0.  732 

0.  400 

1.  51 

0.748 

8 

6.  83 

0.  326 

0.  579 

0.  728 

1.  14 

0.  591 

9 

6.  78 

0.438 

0.  966 

0.845 

1.62 

0.  956 

10 

6.  83 

0.  444 

0.  958 

0.  505 

1.89 

0.  977 

11 

6.  78 

0.  499 

1. 18 

0.  684 

2.04 

1.23 

12 

7.  67 

0.  488 

- 

0.  553 

2.  20 

1.17 

13 

8,  13 

0.495 

1.  13 

0.  331 

2.  51 

1.20 

H 

9.07 

0,  438 

- 

0.  296 

2  82 

1.  12 

6 

a  heat  transfer  measurements 

b  fiuin  wall  slope  of  temperature  profile,  case  3  of  Table  I 
c  modified  K  cy  n  o  l d  s  analogy,  lap  (2,  14) 
d  Reynolds'  cnatorv  after  Colburn,  Kqs.  (2,  4  )  and  (2.  5) 
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Fig. 1  Dimensionless  heat  transfer  rates,  as  determined  from  sublayer  survey  data, 

versus  the  thickness  ratio  (ShT  )/(S  T  ) 


itagnation  temperature  in  the  turbulent  boundary  layer  on  a  flat  plate 
with  zero  hee.t  transfer,  Ma„  =  3,03  ,  Reference  [  15] 


cl _ L _ I _ i _ I _ l _ I _ i  I  _ I 

0  H 1  02  0,1  m  05  06  0,7  0,0  MajMaJp 

Local  stagnation  temperature  toe  turbulent  boundary  layer  on  a  coded  flat 
plate.  Maa  -  5.1  ,  'Tg  -  Tw)/Te  --  0. 35  ,  Reference  [ll] 


Croc co  Rotation,  Table  I 
Case  1  |  Case  2  |  Case  3 
2St(T  -T  ) 


Local  stagnation  temperature  in  the  turbulent  boundary  layer  on  a  conical 
nozzle  wall.  Ma^,  =  9.07  .  (T  -  T  )/T  =  0.438  ,  Reference  [l3] 
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SGMMAIRE 


Analyse  des  couches  limites  turbulentes  k  des  temperatures 
suffisamment  &lev4es  pour  peraettre  la  dissociation. 

Dans  une  premiere  partie  la  reparation  des  enthalpies  et  la 
concentration  4  1*  interieur  de  la  couche  limite  d' une  plaque  plane  sent 
etudiees  au  moyen  d’ une  combinaison  des  equations  locales  de  la  couche 
limite  dans  1’  hypothkse  d’ un  gaz  parfait  puis  pour  un  gaz  rdel  fig6 
ou  k  1’  equilibre.  On  en  deduit  le  rapport  du  transfert  de  chaleur 
au  frottement  de  la  paroi. 

Dans  la  seconde  partie  de  1*  etude  les  resultats  obtenus  sont 
utilises  pour  le  calcul  du  transfert  de  chaleur  sur  des  avant-corps 
arrondis  en  faisant  appel  k  1*  integration  de  1’ equation  globale  de 
1’  £nergie. 


SUMMARY 


This  paper  is  devoted  to  the  analysis  of  turbulent  boundary -layers 
at  temperatures  sufficiently  high  for  dissociation  to  occur. 

In  the  first  part  the  enthalpy  distributions  and  the  concentration 
in  a  flat  plate  boundary-layer  are  studied  by  means  of  a  combination  of 
the  local  bound  ary -layer  equations  in  the  cases  of  the  perfect  gas  and 
of  l.he  real  gas  either  frozen  or  at  equilibrium.  The  ratio  of  the. heat 
flux  to  the  wall  friction  is  thus  deduced. 

Die  results  obtained  are  used  in  the  second  part  to  calculate  the 
heat  transfer  on  rounded  fore-bodies  by  integration  of  the  global 
energy  equation. 
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x,  y 


u,  v 

uc 

w 

P 

T 

P 

h 

h. 


vpf 
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k,  X 
D.  Dt 
nombra 


coordonndes  longitudinale  et  normale 
rayon  transversal  de  la  paroi 
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courant  de  revolution  j  =  1 

t 
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diffusion  et  diffusion  turbulente 
de  Prandtl,  de  Lewis,  de  Schmidt,  Inminaires,  mixtes,  turbulents: 

n  _  PDCn 
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P  = 

El 


k 

(m  +  OC, 


2l 


k  +  X 


P  -  £CPf 

4  X 
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n  _  P( P  +  Dt>Cnf 
\  +  X 

£  =  PhE*.' 

*  v 
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flux  massiqae  de  diffusion 

taux  aassique  de  formation  chimiqua  des  atonies 


coefficient  de  frot.tement 
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tib 

coefficient  de  flux  de  chclcur  - - E - 

Whp  -  1,f) 


iacteur  d'nnalogie 


r  factor  de  recuperation  (hf  -  he)/(hie  -  he) 

S,  Sz,  A,  epaiaseur,  de  deplaceraent,  de  quantite  de  uiouvement,  d’ dnergie 


t  St  R 
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rs 
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P 
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etomes,  A,  molecules 
ecoulement  amont  non  perturb^ 
conditions  d’arr0t 
exterienr  k  la  couche  limite 
conditions  i  la  parol 
incompressibl  e 
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QUELQUES  RL'SULTATS  SUR  LES  CARACTERISTIQUES 
THERM  HUES  DES  COUCHES  LIM1TES 
TURBULENTES  A  TEMPERATURE  ELEVEE 

R.  Michel  et  P.  Mentrd 


INTRODUCTION 

Le  probldme  des  transferts  de  chaleur  en  regime  turbulent,  peut  se  trouver  posd 
(Tune  fa$on  tres  critique  dans  certains  cas  de  vol  hypersonique,  comme  par  exemple, 
celui  de  la  rentrde  d‘un  engin  spatial  dans  1’ atmosphere  terrestre;  1’ experience 
montre  en  effet  qu’une  transition  prdmaturde  peut  donner  lieu  a  une  couche  limite 
turbulente  a  une  faible  distance  en  aval  du  point  d’  arrdt  des  avant-corps  arrondis. 

On  se  propose  ici,  afin  d’aboutir  k  une  estimation  raisonnable  des  transferts  de 
chaleur  qui  sont  alors  enregistrds  a  la  paroi,  d’ effectuer  une  analyse  des  propridtds 
therm iques  des  couches  limites  turbulentes  a  tempdrature  dlevde.  Une  attention 
spdeiale  doit  §tre  prdtde  aux  effets  de  gaz  rdel,  le  cas  envisagd  dtant  celai  de  la 
dissociation  ' ’ un  gaz  diatomique. 

Dtoe  premiere  phase  de  1’ dtude  est  consacrde  a  1' analyse  des  propridtds  d’une 
couche  limite  turbulente  en  dcoulement  uniforme;  on  y  propose  un  traiteraenl  sdpard 
du  probldme  thermique  et  du  probldme  dynamique. 

lioyennant  l’hypothdse  d’ existence  de  relations  exprimant  dans  la  couche  limite 
V  enthalpie  et  la  concentration  en  function  de  la  vitesse,  une  combinaison  des 
Equations  locales  est  d’ abord  effectude;  elle  conduit  a  1’  dtablissement  d’dquations 
diffdrentielles  ordinaires  dont  la  rdsolution  doit  fournir  les  relations  cherchdes; 
la  solution  fait  appel  a  1*  hypothdse  d’une  distribution  du  frottement  interne 
distinguant  une  loi  laminalre  et  une  loi  turbulente  de  paroi,  et  une  rdgion 
turbulente  externe  dans  laquelle  le  frottement  dvolue  pmr  rejoindre  la  valour  nulle 
de  l'dcoulement  extdrieur.  Les  resultats  concernent,  pour  le  gaz  parfait,  puis  pour 
un  gaz  rdcl  fige  et  a  l’equilibre,  les  profils  d’ enthalpie  et  de  concentration;  des 
relations  cxplicites  sont  proposdes,  qui  font  intervenir  des  fonctions  tabuldes  de  la 
vitesse.  Cn  en  ddduit  dans  les  trois  cas  le  rapport  du  transfer!  de  chaleur  au 
frottement  de  la  paroi. 

La  ddtenrination  du  frottement  dc  paroi  est  basdc  sur  le  concept  d’ enthalpie  de 
rdfdrence;  la  rdfdrence  proposde  est  la  vnleur  moyenne  par  rapport  a  la  vitesse, 
d’une  fonctiu:  combinde  de  1’ enthalpie  et  de  la  concentration. 

Dans  le  cas  d’  un  gradient  de  pression,  la  calcul  du  transfert  de  chaleur  A  la  paroi 
fait  appel  k  1' intdgratton  de  rdquetion  globale  d"  l’dnergie,  I.'  application  cn  est 
effectude  k  un  avant  corps  hdmisphericjue  pour  lequel  sont  prdscn.es  en  gr-  parfait 
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los  rdsultats  relatifs  k  diffdrentes  positions  de  la  transition.  En  gaz  rdel,  le 
transfert  de  chaleur  est  calculd  pour  un  gaz  k  l’dquil^bre  et  pour  un  gaz  fjg4;  on 
met  en  relief  dans  lc  second  cas  1’ influence  du  pouvoir  catalytique  de  la  paroi. 


1.  EQUATIONS  ET  DEFINITIONS  GENEHALES 


1.1  Hypotheses 

On  se  propose  d' examiner  la  forme  que  prennent  les  dquations  de  la  couche  limit? 
pour  un  gaz  en  eours  de  dissociation,  1’  application  prdvue  dtant  la  dissociation  de 
l'air,  considdre  en  premiere  approximation  comme  un  gaz  formd  d’ atomes  et  de 
moldcules  dont  les  propridtds  sont  les  propridtds  moyennes  de  l’oxygdne  et  de  1’ azote, 
compte  tenu  de  lours  concentrations.  Les  hypotheses  les  plus  frdquentes  et  qui  sont 
retenues  ici  sort  les  suivantes: 

les  effets  du  rayonnement  sont  ndgligeables, 
l’dcoulement  moyen  est  stationnaire, 

I’dpaisseur  de  la  couche  limite  est  faible  devant  les  rayons  de  courbure  de  la 
paroi , 

la  diffusion  thermique  dtant  ndgligde.  on  se  limite  au  cas  d’une  diffusion  binaire, 

on  se  limite  aux  cas  du  courant  plan  et  du  courant  de  revolution, 

la  difference  entrc  l’enthalpie  spdcifique  des  atomes  et  celle  des  molecules  est 
supposee  constante  et  dgale  &  la  chaleur  de  formation  h£  . 

1.2  Equations  Locales  de  la  Couche  Limite 

Le  systeme  des  quatre  Equations  locales  de  la  couche  limite,  valable  en  larcinaire, 
et  en  turbulent  pour  les  caracteristiques  moyennes  est  le  suivant: 


Equation  des  quantitds  de  mouvement: 

3u  Bu 

pu  —  +  pv 

Bx  By 

B7  dp 

By  dx 

(la) 

Equation  de  1’dnergie: 

Bhi  Bh. 

p“  isr 4  ^  * 

3 

=  --  (ur  -  <p ) 

By 

(lb) 

Equation  de  continuity  du  melange: 

3(pur^)  B(pvr^) 
Bx  By 

=  0 

(lc) 

Equation  dc  conservation  des  atomes: 

pu  —  +  pv  — ~ 
ox  By 

it 

*• 

>■ 

(Id) 

CA  ost  la  concentration  massique  des  atomes;  wA  est  le  taux  massique  de  formation 
chimiqtie  des  atomes  par  unit 4  do  volume;  r ,  <t>  et  QA  sont  le  frottement,  le  flux  de 
chaleur,  le  flux  tie  diffusion  massique,  par  unitd  de  surfree  au  sein  de  la  couche 
limite.  On  les  txprime  on  fonction  des  gradients  de  la  vitesse,  de  la  temperature 
et  do  la  concentration,  en  faisant  intervenir  dans  le  cas  turbulent  les  coefficients 
apparent*  de  viscosity,  do  conduct ibi  1  ltd  et  de  diffusion  e,  X  et  Dt  ; 


T  = 


73 


<; 


i 


(M  +  c)  —  ,  4>  -  -<\  +  X)  —  ^  QAh^  ,  Qa  =  ~p( D  +  Dt)  .  (2) 

Les  conditions  aux  limttes  concement  A  la  frontidre  extdrieure  ds  la  couche 
limite  u,  h  et  CA  qui  doivont  rejoindre  les  valeurs  ue,  he,  CAe  -  supposes 
connues. 


A  la  paroi,  la  temperature  prend  une  valeur  Tp  supposde  connue.  La  concentration 
et  la  diffusion  dependent  du  pouvoir  catalytique  de  la  paroi;  deux  cas  extremes  sont 
generalement  consideres: 


une  paroi  non  catalytique,  constitutde  d’ un  material',  ne  dcanant  lieu  A  aucun 
phdnomdne  de  catalyse,  donne  la  condition  d’un  flux  de  diffusion  nul  A  la  paroi: 

(3cA/3y)p  =  o 

une  paroi  totalement  catalytique  donne  lieu  a  une  catalyse  amenant  le  gaz  au 
voisinage  de  la  paroj.  &  requilibre;  on  a  pour  une  paroi  froide 


Deux  cas  extremes  sont  egaleraent  considerds  en  ce  qui  concerne  1’  dtat  du  gaz  dans 
la  couche  limite: 

gaz  h  I'equilibre:  les  vitesses  de  rdaction  chimique  sont  partout  tres  grandes 
devant  la  vitesse  de  diffusion;  les  concentrations  se  ddterminent  en  fonction  des 
enthalpies  par  la  loi  d’  action  de  masse; 

gaz  fige:  les  vitesses  de  rdaction  chimique  sont  au  contnire  faibles  devant  la 
vitesse  de  diffusion  et  le  terme  *A  de  1’  dquation  de  conservation  des  atomes 
est  ndgligd; 

dans  le  cas  gdndral,  le  terme  de  cindtique  chimique  wA  ddpend  d’ une  faqon  trds 
complexe  des  tempdratures  et  des  concentrations;  la  grande  difficultd  est  que  sa 
.  prdsence  interdit  pratiquement  toute  solution  de  similitude,  mdme  approchee. 


2.  ETUDE  DES  COUCHES  LIMITES  SANS  GRADIENT  DF  PRESSION 

2.1  Principe  et  Plan  de  1’ Etude  Ehvisagdc 

Le  principe  d’ dtude  qu’ on  envisage  d’appliquer  pour  aboutir  aux  caractdristiquos 
prircipales  de  la  couche  limite  consiste  a  dissocier  le  probldme  dynamique  du  probldme 
thermique,  et  a  en  ddterminer  sdpardment  les  solutions. 

Une  premidre  ddmarche,  va  nous  conduire  A  combiner  les  dquations  locales  de  la 
cuuche  limite  de  faqon  A  aboutir  a  une  loi  d’dvolution  de  1’ enthalpic  et  la 
concentration  en  fonction  de  la  vitesse  dans  la  couche  limite.  Utilisdc  avec  succds 
pour  la  plaque  plane  laminaire  en  gaz  parfait,  eette  technique  sera  d‘  abord  dtendue 
i  la  plaque  plane  turbulent?  eu  gaz  parfait;  un  trailement  tout  a  fait  analogue 
pourra  ensuite  Ctre  nppliqud  au  gaz  figd  et  au  gaz  A  l'dquilibre.  Un  rdsultat 
pratique  essentiel  sera  dans  les  trois  cas  la  determination  du  rapport  du  transfert 
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de  chaleur  au  frottement  de  la  parol;  11  s’ obtiendra  trds  simplement  &  partir  des 
ddrivdes  &  la  parol  de  1* enthalpie  et  de  la  concentration  par  rapport  d  la  vitesse. 

Une  seconde  demarche  serait  en  laminaire  de  traitor  1’ Equation  locale  de  quantity 
de  mouvement  de  faijcn  d  determiner  revolution  du  frottcment  de  parol  en  fonction  des 
donndes  qui  sont  essentiellement  le  nombre  de  Mach  extdrieur  et  la  temperature  de 
parol.  Bn  turbulent,  une  telle  Evolution  ne  pourra  6tre  dtablie,  qu1 d  partir  de 
relations  empiriques,  has des  sur  le  concept  d' enthalpie  de  rdfdrence. 


2.2  Recherche  de  Relations  h(u)  et  CA(u) 


2.2.0  L’ intdrdt  de  ces  relations  apparaft  immddiatement  lorsqu’on  exprime  en 
derivation  par  rapport  d  u  les  rapports  <t>/r  et  Qa/t  du  flux  de  chaleur  et  du  flux 
de  diffusion  au  frottement;  introduisant  pour  commoditd  les  nombre  caractdristiaues 
mixtes  de  Prandtl,  de  Lewis  et  de  Schmidt,  PB,  C  et  Sm  =  P  /£  ,  on  obtient  pour 
une  abscisse  fixde: 


<t> 

T 


Bh  n 

*  *  -  1>h* 


J.^A 

P  Bu 

m 


(3) 


Ecrite  d  la  paroi,  la  relation  pour  <£/t  permettra  par  exemple  de  determiner  les 
conditions  relatives  au  flux  de  chaleur  nul  de  la  paroi  athermane: 


K 


a  -£> 


Be 


Bu 


(4) 


La  relation  donnera  encore  le  rapport  <f>  /r  d  la  paroi;  il  sera  commode  pour 
un  nombre  de  Lewis  deal  a  1’  unitd  et  spdcialement  en  gaz  parfait  d’ en  ddduire  le 
facteur  d’analogie: 

.  -T-i— 

pP<hf  -  vWp 

2.  2. i  Etablisscmen i  des  Equations  Differentielles  Necessaires 

On  envisage  d’etablir  des  relations  entre  la  concentration  et  1’ enthalpie  en 
fonction  de  la  vitesse,  ce  qui  impose  de  discuter  d'  sbord  des  conditions  sous 
lesquclles  ces  relations  peuvent  effectivement  exister. 


Au  sens  strict,  il  ne  pourra  exister  de  relations  h(u)  et  CA(u)  inddpendsntes 
de  1’ abscisse  que  s’ U  existe  des  profiles  u/up,  h^h8,  CA/CAe  ,  eux  memes 
inddpendarts  de  1’ abscisse  e’est-a-dire  semblables.  Compte  tenu  des  connaissances 
actuellos,  on  ne  pent,  done  esperer  en  turbulent  que  des  solutions  approchdes, 
comparables  aux  solutions  de  similitude  locale  dtablies  dans  certains  cas  pour  le 
laminaip'.  En  lamina) rc  comme  er.  turbulent,  il  convient  de  plus  que  la  distribution 
de  la  vitesse  extdrieuro  so  prete  &  l’topothdse  envisapde.  Les  relations  pour 
h  et  CA  ne  scront  ici  rocherchdes  que  dans  le  ens  d’  une  vitesse  extdrieure  uni  forme 
(plaque  plane). 


75 


L' existence  de  relations  h(u)  et  CA(u)  n’  est  cnfin  possible  quo  si  la 
concentration  et  l’enthalpie  de  paroi  sont.  constantes;  cette  condition  no  peut  6trc 
satisfaite  pour  une  paroi  semi-catalytiqne,  cas  dans  lequel  il  n’ est  encore  possible 
d’ envisager  que  des  solutions  approchdes.  La  complexity  du  terme  de  cinetique 
chimiquc,  limite  enfin  1’ application  aux  cas  de  l’dquilibre  et  du  figeage  qui  seront 
seuls  examines, 


On  se  propose  done  d’dtablir  pour  la  plaque  plane  des  dquations  diffdrentielles 
obtenues  en  combir.ant  les  (Equations  locales,  ceci  gr&ce  4  1’ utilisation  des  nombres 
Pm  et  T/j,  ,  dans  le  cas  gdndral  larainaire  ou  turbulent.  Apr4s  division  respectivement 
par  9u/3y,  Bhj/'dy,  0CA/3y  ,  les  dquations  locales  (la)  (lb)  (lc)  s’ dcrivent  pour  la 
plaque  plane: 


(5a) 


puU-*k«)  5  <UT-* 

/v  \  *a 


(5b) 

(5c) 


mn,  mhl,  mCA  sont  les  pentes  des  lignes  de  niveau  de  u(x,y),  h^x.y),  CA(x,y)  ; 
nous  adnettons  qu’ il  existe  deux  relations  hj(u)  et  CA(u)  ;  il  en  rdsulte  que 

mu  =  “hi  =  mCA  • 

Compte  tenu  des  expressions  (3)  pour  </>/t  et  Qa/t  ,  la  combinaison  de  (5a)  et 
(5b),  et  celle  tie  (5a)  et  (5c)  conduit  aux  deux  Equations  . 


1’ accent  signifiant  une  ddrivation  par  rapport  a  w  =  u/ue  . 

Il  s’ agit  bien  14  d’  Equations  diffdrentielles  pour  l’enthalpie  et  la  concentration 
en  fonction  de  la  vitesse;  y  interviennent  comme  inconnues  auxiliaires,  la 
distribution  du  frottement,  et  celles  du  nombre  de  Prandtl  et  du  nombre  de  Lewis 
nlxtes. 


*.2.2  Cas  ok  J3  =  1  .  Relation  Enthalpie  -  Vitesse  en  Gaz  Parfait 

2,2.2. 1  Solution  Gfneralc;  Rappel  des  Resultats  du  Laminaire 

Il  est  commode,  pour  discuter  les  hypotheses  qu’ on  va  devoir  introduire  sur  la 
distribution  du  frottement,  aussi  bien  que  pour  dtublir  un  mode  gdndral  do  rdsolution 
utilisd  ensuitc  en  gux  rdel,  d’ examiner  d’ abord  lc  cas  d’ un  nombre  de  Lewis  mixte 
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dgal  &  1' unite.  L’  filiation  diffdrentielle  pour  1’  enthalpie  prend  alors  exactement  la 
forme  de  I*  Equation  etablie  et  lVso’ue  par  Crocco1  et  van  Driest2  dans  le  cas  de  la 
plaque  plane  laminaire  en  gaz  >arfait.  Conservant  le  nombre  de  Prandtl  mixte,  on 
suivra  le  nSme  ddveloppcnienL. 


Pour  =  1  .  1’ Equation  (6a)  s’ ecrit: 


0 


(7) 


Equation  diffdrentielle  line- ire  f’u  second  ordre  dont  i  integration  est  effectuee  & 
partir  de  la  paroi  (w  =  u/uc  -•  0)  od  1'  enthalpie  hp  est  donnde,  t'/t  dtant  tout 
d’ abord  suppose  connu: 


la  double  integration  fait  intervenir  les  expressions: 


la  distribution  d’ entdalpie  s’obtient  d’ abord  sous  la  forme: 

fh’\ 

h  =  hp  V/PI“U-J 

ecrite  A  la  fronti£re  (h  -  h  ),  la  relation  donne  la  pente  &  1*  origine: 


hp  “  ~f-  >he  "  hp  +  ue  Je) 
e 

pour  uric  distribution  fixe.'  de  ?  ct  de  r/r_  ,  on  en  deduit  la  facteur  de 

51  P 

recuperation  et  la  factor  d’analogie: 


r  -  2Je  (9a) 


s  -  1/Ie  (9b) 


la  fonrr  finale  de  la  relation  enthalpie-vitessr  est  alors: 


:  hp  +  (he  "  V'"1  +  u^f7U  •  '*  =  —  :  £)ri  -  —  Je  -  J 


(10) 
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La  distribution  d'enthalpie  ost  ainsi  obtenue  k  partir  do  fonctions  I,  J,  6l,  6 
qui  seront  ddtcrmindes  on  fonction  de  la  vitesse  rdduite  w  ,  dds  que  serort  connues 
les  distributions  du  norabre  de  Prandtl  ct  du  frottement. 

Ces  fonctions  ont  dtd  calculdes  en  laminaire  par  van  Driest,  pour  diffdrentes 
valeurs  d’un  nombre  de  Prandtl  supposd  constant  dans  la  couche  iimite.  Lb  propridld 
utilisde  est  que  la  distribution  de  T/rp  en  fonction  de  u/ue  est  trds  peu 
influencde  par  la  compressibilitd;  celle  donnde  en  incompressible  par  la  solution 
de  Blasius  est  reteaie  pour  calculer  les  fonctions  I,  J,  8l,  qui  sont  ainsi 

des  fonctions  de  w  et  de  P  calculdes  et  tabuldes2.  On  les  utilisera  dans  la  suite. 

2.  2. 2. 2  Schema  Utilisi  pour  lu  Distribution  de  r  et  en  Turbulent 

La  difficu.td  dvidente  du  problirae  turbulent  est  de  connaftre  d’ une  faqon  m£me 
approchde  la  distribution  du  frottement  et  du  nombre  de  Prandtl  dans  la  couche  Iimite. 

Les  rdsultats  expdrimentaux  de  1'  incompressible  apportent  des  renseignements  sur 
leur  canportercent  au  voisinage  de  la  paroi.  On  admet  tres  gdndraleinent  le  frottement 
constant  et  le  nombre  de  Prandtl  dgal  k  la  valeur  laminaire  dans  le  film  laminaire. 

Le  frottement  demeure  encore  sensiblement  constant  dans  la  rdgion  turbulente  de  paroi, 
PB  dtant  le  plus  souvent  supposd  constant  et  dgal  a  une  certaine  valeur  turbulente 
Pt  • 


L’  incertitude  la  plus  grave  porte  sur  la  rdgion  turbulente  exteme,  et  sur  la 
fa$on  dont  le  frottement  rejoint  une  yaleur  nulle  k  l’extdrieur  de  la  couche  Iimite; 
l’hypothdse  faite  par  certains3 »*,  d’un  nombre  de  Prandtl  turbulent  dgal  a  l’unitd, 
dlude  en  fait  la  question,  en  rendant  la  solution  inddpendant.e  do  la  distribution  du 
frotteuent  comme  le  montre  clairement  la  solution  gendrale. 

on  se  propose  ici,  pour  aboutir  &  la  relation  h(u)  de  la  plaque  plane  turbulente 
d1  utiliser  un  schdma  amdliord,  donnant  une  dvolution  vraisemblable  du  frottement 
turbulent  dans  la  rdgion  exteme,  et  permettant  d’ utiliser  un  nombre  de  Prandtl 
turbulent  uiffdrent  de  l’unitd.  Ce  schdma  distingue  (Fig.  1)  dans  la  couche  Iimite 
turbulente,  trois  regions  dont  les  caracte'ristiques  sont  les  suivantes; 

film  laminaire . . .  0  <  w  <  wL  .....  Pa  =  P  .  r  constant 

rdgion  turbulente  de  paroi  ....  w,  <  w  <  w. .  P„  =  P.  .  r  constant 

Li  0  Cl  t 

rdgion  turbulente  exteme .  w„  <  i  <  1  .  P  =  P.  . t  variable  et  a  0. 

o  m  t  p 

Pour  ddterainer  les  frontidres  de  ces  domaines,  il  n’est  d’ autre  recours  que  de 
faire  appel  a  des  connaissances  expdrimentales  provenant.  essentiell cmcnt  ae 
1’ incompressible.  L’ idde  qui  va  nous  guider  pour  les  dtendre  au  cas  compressible  est 
basde  sur  1’ observation  expdriraentale  que  la  forme  gdnerale  des  profils  de  vitosses 
turbulents  est  peu  influenede  par  la  comprpssibilUd;  on  dtendra  done  les  rdsultats 
de  1’  incompressible  en  utilisant  des  paramdtres  lids  a  la  forme  du  profil  des  vitesses 
eu  particuiidrcaent  le  paramdtre  de  forme  . 

En  cc  qui  concerne  ainsi  la  vitesse  k  la  front! ire  du  film  laminaire,  les 
rdsultats  de  1’ incompressible  montrent  qu'ellc  est  fonction  du  coefficient  de 
frottement,  dont  ddpenri  dgalement  pour  la  plaque  plane  le  paramdtre  de  forme.  On  a, 
d' aprds  Clauser5  ct  Rotta4: 
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wL  =  11,5  /Cf/2  Hj  =  1/1  ~  6, 1  t/cj/2  . 

Ces  deux  relations  seront  combindes  pour  admettre  d’ une  faqon  gdndralr: 

wL  =  1,884(1^  -  1)/Hj 

Hj  dtant  le  paramdtre  de  forme  “incompressible”  de  la  couche  limite. 

Pour  traiter  la  couche  extcrno,  on  utiliscra  un  schema  qui  consiste,  en 
ndgligeant  en  premiere  approximation  le  film  laminaire  et  la  loi  turbulent  de  paroi, 

&  admettre  que  la  couche  limite  turbulente  exteme  est  composde  d’une  rdgion  4 
viscosltd  e  constante,  pour  laquelle  la  Vitesse  en  y  =  0  est  finie  et  prdcisdment 
dgale  4  la  limite  w0  ddf'uie  ci-dessus. 

A  cette  condition  lisu.te  pr&s,  et  dans  l’hypothdse  de  profils  de  vitesse 
semblables.  on  trouve  facilement  que  1’ Equation  du  mouvcment  peut  fitre  mise  sous  une 
forme  identique  4  celle  de  Blasius  ou  4  celle  de  Crocco  pour  la  couche  limite 
laminaire  de  la  plaque  plane.  Clauser  donne  ainsi  les  profils  de  vitesse 
correspondent  4  diffdreutes  valours  de  w0  5.  Reprenant  les  solutions  des  Equations 
dcrites  sous  la  forme  de  Crocco,  nous  ayons  calculd  pour  diffdrents  w0  les 
distributions  du  frottement  T/rp  en  fonction  de  w  -  u/ue  ;  trois  exemples  sont 
donnds  Figure  1. 

Clauser  avait  observe  que  les  profils  de  vitesse  obtenus  4  diffdrentes  valeurs  de 
*0  s’dcartaient  peu  du  profil  de  Blasius  lorsqu'on  les  reprdsentait  4  1’ aide  de  la 
variable  V  =  (w  -  wQ)/(l  -  wQ)  ;  portdes  Figure  1  en  fonction  de  V  ,  les 
distributions  du  frottement  (c’  est-a-di»e  de  e  du/dy  )  different  quelque  peu  de  la 
distribution  de  frottement  laminaire.  Or.  ndgligera  cet  dcart  pour  admettre  dans  ce 
qui  suit,  que  la  distribution  du  frottement  dans  la  couche  limite  turbulente  exteme 
est  donnde  par  la  solution  laminaire,  lorsqu’on  rcprdsente  la  variation  de  r/rp 
en  fonction  ae  V  . 


On  utilisera  enfin  pour  determiner  *0  ,  les  rdsultats  expdrimentaux  relatifs 
4  la  fonction  de  dissipation,  laquelle  fait  intorvenir  1’  intdgrale  du  frottement  par 
rapport  4  la  vitesse.  Avec  notre  schema  on  trouve  facilnuent  que 


Pi 


Jo 


T 

T 

P 


dw 


♦  a  -  V 


dV 


w0  +  0,786(1  -  w0)  . 


L'  expdriencc  montre  d’ autre  part  que  1’ intdcralc  prdeddente  est  une  fonction  du 
param^tre  de  fonue  pour  laquelle  sont  disponibles  en  incompressible  d’ asscz  nombreux 
rdssultats.  On  choisira  d’utiiiser  ici  la  fonction  de  dissipation  proposec  par  Tnni7 
sur  la  base  des  profils  d’  dquilibre  de  Clauser  et  de  la  loi  de  frottement  de  Ludwieg 
el  Tillnann. 

Lit  variation  des  vi tosses  nux  front Idris  des  rdgions  considerees  en  fonction  du 
pararuM re  de  forme,  est  ainsi  ropresenteo  Figure  1.  La  valour  !l (  r  l  correspond  4 
un  roefficicnt  do  frottement  nnl,  done  4  un  nombre  de  Reynolds  inl'lni;  la  vitesse 
4  la  trout idre  du  film  laminaire  y  est  nullc  alors  quo  est  dpol  4  1’unitd; 
est  une  fount  ior  croissante  dc  Hj  alors  que  *0  diwinuc  quand  Hj  eugmentc; 
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la  vitesse  i  la  frontifcre  du  film  laminaire  rejoint  ainsi  w0  pour  un  pararo^tre  de 
fonne  de  1,35,  valeur  qui  reprdsente  la  limite  sup^rieure  d’ application  du  schdma 
proposd  (il  lai -correspond  en  incompressible  un  nombre  de  Reynolds  de  l’ordre  de  10*). 

Aux  valeurs  supdrieures  de  Hj  ,  il  semble  qu'  on  doive  utiliser  un  schema  &  deux 
regions,  l’une  dtant  le  film  laminaire,  1’ autre  la  region  turbulente  4  frottement 
variable  et  nombre  de  Prandtl  Pt  ;  il  est  sugg^rd  afin  de  satisfaire  A  revolution 
expdrimentale  de  la  fonction  de  dissipation  de  cnoisir  pour  leur  fronti&re  la 
vitesse  s0  , 

2.2.  2. 3  Relation  Enthalpie-Vitesse  pour  la  Plaque  Plane  Turbulente 

L’  introduction  des  hypotheses  prdeddentes  sur  r  et  sur  P  dans  la  solution 
gdndrale  donnde  par  les  formules  (9)  et  (10)  conduit  pour  la  relation  enthalpie- 
vitesse  de  la  plaque  plane  turbulente  aux  rdsultats  suivants: 

dans  le  film  laminaire,  1‘enthalpie  est  une  fonction  du  second  degrd  de  la  vitesse 

pour  laquelle  les  fonctions  I  et  J  ont  la  forme 

I  =  Pw  J  =  P—  (11a) 

2 

dans  la  region  turbulente  de  paroi,  1*  enthalpie  est  encore  une  fonction  du  secor.d 

degrd  pour  laquelle: 

1  =  P»L  +  Pt(w  -  wL)  J  =  P  ^  +  Pt 

dans  la  region  turbulente  exteme,  les  fonctions  I  et  J  ont  les  formes: 

i  =  P.J,  +  Pt(*0  -  wL>  +  :i  -  »0)  Kv.Pt) 
w*  w2 

J  =  (P  -  Pt)  ~  +  Pt  -j  +  w0(l  -  w0)  I(V.Pt)  +  (1  -  w0)2J(V,Pt)  (11c) 

I(V.Pt)  et  J(V,Pt)  dtant  pour  la  variable  V  =  (w  -  w0)/(!  -  w0)  les  fonctions  de 
la  solution  laminaire  prises  &  un  nombre  de  Prandtl  dgal  au  nombre  de  Prandtl 
turbulent  Pfc  . 

Le  rdsultat  ddpend  ainsi  de  la  valeur  du  param&tre  de  forme  du  profil  des  vitesses, 
et  de  celle  d' un  nombre  de  Prandtl  turbulent  supposd  constant,  mais  qui  peut  Otre 
chcisi  au  mieux  des  connaissances  expdrimentales.  Les  rdsultats  expdrimentaux 
rclatifs  au  nombre  de  Prandtl  turbulent  lui-mfme  sont  mmheureusement  encore 
actuel lement  des  plus  incertains;  on  dispose  par  centre  de  rdsultats  plus  sflrs  pour 
le  facteur  de  rdcupdration  de  la  paroi  athcraane  dont  aucune  variation  uystdmatique 
avee  le  nombre  dc  Reynold-,  et  le  nombre  de  Mach  n’ est  ddcelde  par  1'  experience. 

L' Evolution  du  facteur  de  rdcupdration  r  -  2JC  correspondnnt  au  traitercent  proposd 
ici,  est  prdsentde  pigure  2  pour  trols  valours  de  Pfc  ;  il  est  clair  qu’ un  nombre  de 
Prandtl  de  1’ ordre  do  0,90  no  donne  lieu  dan-  le  donaine  considdrd  qu’ a  une  variation 
ndgligeable  du  facteur  de  rdcupdration.  In  timbre  de  Prandtl  dc  0,89  donne  exact omen t 
a&se  valeur  de  r  aux  deux  Unites  Hj  =  !  -m.  Hj  =  ),3t>  du  donaine  considdrd,  le 
facteur  de  recuperation  conservnnt  tr^s  sensib: esient  cette  valeur  quand  lc  paruradtre 
de  forme  varie.  Ce  rdsultat  a  dtd  jugd  suffisaMT  't  prcche  des  rdsulints 
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expdrimentnux  disponibles  pour  qu’  un  norabrc  de  Prandtl  turbulent  de  0,89  suit  retenu 
dans  la  solution. 

Sont  dgalement  reprdsentdes  Figure  2  les  variations  du  factcur  d1 analogie 
a  =  1/Ie  pour  les  nombres  de  Prandtl  =  1  et  Pt  =  0,89  . 

En  rdsumd,  il  est  done  proposd  d’  utiliser  pour  la  relation  entre  l’enthalpie  et  la 
vitesse  U’ une  touche  limite  turbulente  de  plaque  plane  une  formule  identique  a  celle 
de  la  couche  limite  luminaire. 

h  =  hp  +  (hp  -  hg)^1  +  u*0n 

01  et  611  rdsultant  des  fornuiles  dtablies  prdcddeimnent  pour  les  fonctions  I  et  J 
avec  un  nombre  de  Prandtl  turbulent  de  0,89. 


Les  fonctions  1(V)  et  J(V)  ndeessaires  sont  donndes  Table  1,  le  nembre  de  Prandtl 
dtant  pris  dgal  4  0,725.  Les  fonctions  et  sont  e'galement  tabuldes  pour  3 

valeurs  du  paramdtre  de  forme,  auxquelles  correspondraient  dans  un  profil  de  vitesse 
en  puissance  les  valeurs  9,  7  et  5,7  de  l’exposant  n  -  2/H{  -  1  . 

Une  comparaison  des  distributions  de  l’enthalpie  d’arrdt  obtenues  avec  le 
traitement  proposd,  et  des  rdsultats  expdrimentaux  de  Northwang  et  Kistler  regroupds 
par  Coles8  est  enfin  reprdsentde  Figure  3  pour  la  paroi  athermane. 


2.2.3  Cas  ou  i  1  .  Relations  en  Gaz  Reel 


2 .2.3.1  R(  ul tats  pour  le  Gaz  Fige 

La  disparition  du  terme  de  cindtique  caimique  apporte  pour  le  gaz  figd  une 
simplification  qui  rend  possible  une  rdsolution  immddiate  du  systdme  des  equations 
gdndrales  (6a)  et  (6b).  On  observe  alors  que  l'dquation  (6a)  prend  exactement  la 
forme  (7)  ecrite  pour  le  cas  du  gaz  pai  fait,  lorsqu’  on  y  fait  apparaftre  la  nouvelie 
variable, 

H  =  »>-h^cA  =  hA2 

h  est  sirapleraent  V  enthalpie  des  moldrules,  sensiblement  proportionnelle  a  la 
tempdrature. 


Le  systdme  des  equations  (6a)  et  (6b)  devient  ains<: 


h'\  r'  h' 


p*  J  +  ~  J  <-  "  P*>  +  ue  =  0 


'CA 

w 


r '  1  -  s_  , 

+ - 5  C!  =  o 

r  S  A 


(12a) 

(12b) 


On  rctiendra  dans  lour  integration  les  distributions  du  frettement  et  du  nombre  de 
Prandtl  du  srl.e'nm  dtabli  lirdcedcmment. 
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La  distribution  de  1’ enthalpie  des  molecules  cst  ainsi 


h  =  hp  +  (hp  -  h,,)!?1  +  u|0n 


(13a) 


9 1  et  6111  ^tant  exactemcnt  les  fonctions  introduites  pour  le  gaz  par  fait  et  donn^es 
Table  1. 


La  distribution  des  conccntra; Ions  fait  intervenir  l’intdgrale 


r* 


K  = 


dr\ 

(Sm  -  1)  -  dw  ; 


VTP 


7 


h  = 


dw 


expression  identique  a  l’intdgrale  I  (Formule  8)  le  nombre  de  Prandtl  Pm  s’y 
trouvant  remplacd  simplement  par  le  nombre  de  Schmidt  .  On  obtient  ainsi: 

CA  =  CAe  +  <CAe  “  W6'"  avec  6™  =  K,/Ke 

les  ddrivdes  a  1’  origine  sont  respectivement: 


(13b) 


P 

h  >  =  -E  (he  -  hp  +  u*  Je)  ; 


CAp  =  -f  (CAe  "  CAp> 
e 


le  rapport  du  flux  de  chaleur  au  frottement  a  la  paroi  est  donnd  par: 

I 


&  1 

-  u  -P  =  — 

e  T  I 

P  e  L 


he  "  hp  +  K  Je  +  WCAe  ‘  CAp>  ~ 


(14) 


Le  rdsultat  ddpend  encore  du  paramdtre  de  forme,  du  nombre  de  Prandtl  turbulent 
pour  lequel  on  prendra  toujours  Pfc  =  0,  S9  ,  et  d’  un  nombre  de  Lewis  turbulent 
supposd  constant  nais  dont  la  valeur  peut  encore  §tre  chois ie  au  mieux  des 
connaissances  expdrinentales.  Comma  pour  le  nombre  de  Prandtl,  ces  connaissances 
sont  des  plus  incertaines,  1’  opinion  prdvalant  gdndralement  que  le  nombre  de  Lewis 
turbulent  est  voisin  de  l’unitd,  Un  nombre  de  Lewis  luminaire  £  -  1,1  et  un  nombre 
de  Lewis  turbulent  £t  =  1  ont  dtd  choisis  dans  les  applications  prdsentees. 

On  trouvera  dans  cette  hypothdse,  les  valeurs  des  fonctions  6 111  necessaires  & 
la  determination  des  distributions  de  la  concentration  (Table  1). 

On  observera  que  la  condition  concemant  la  de'rivde  de  la  concentration  a  la  paroi 
conduit  pour  la  paroi  non  catalytique  A  unc  concentration  constante  dans  toute  la 
couche  limit o  et  dgale  a  la  concentration  extdrieurer  L’annulatxon  du  terme 
CAe  -  CAp  ,  entrafnera  une  diminution  importante  de  <f>p/rp  ,  et  en  fin  de  compto  du 
flux  de  chaleur,  par  rapport  au  cas  de  la  paroi  catalytique. 

Pour  la  paroi  catalytique  froide  (CAp  =  0)  on  aura  simplement: 

Vc».  =  • 
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2. 2.3. 2  Restil  tats  pour  le  Gaz  a  I'Equilibre 

Pour  le  gaz  A  rdquilibr.,  le  problAme  est  de  r<$soudre  1* Equation  diff^rentielle 
(Ga)  dans  laquelle  la  concentration  est  une  fonction  de  l'enthalpie  donnAe  par  la  loi 
d’ action  •  masse  du  gaz  considAr^;  cette  resolution  devra  faire  appel  dans  le  cas 
gendral  a  des  techniques  nujH?ricncs  qui  seront  appliquecs  pour  des  conditions  aux 
Unites  A  preclser. 

Cependant,  une  solution  explicite  peut  fore  obtenue  avec  les  schemas  adcptes  pour 
les  distributions  de  t  et  de  lorsque  le  nouibre  de  Lewis  turbulent  est  suppose 
dgal  A  1*  unite.  Introdi'1®"'’*  a  Tors  la  variable 

S'  =  h  +  (.CB  -  1 )  h o  CA  (15) 


on  trouve  en  effet  que  1’ equation  (6a)  prend  encore,  et  dans  les  trois  domaines, 
la  forme: 

( BT'V  t>  n ' 

-  o 


la  solution  est  encore:  (pour  un  nombre  de  Lewis  laminaire  voisin  de  1) 

S'  =  S"p  +  (ffe  -  hp)#1  +  u^11  (16) 

et  6 11  etant  toujours  les  fonctions  de  la  Table  1. 

le  rapport  du  flux  de  chaleur  au  frottement  A  la  paroi  est  donne  par: 

hn  1  ^ 

f  r  •  «") 

p  p  e 

On  observers  que  la  variable  S'  se  confond  avec  V  enthalpie  a  la  frontifere 
exterieure  et  dans  la  partie  turbulente  de  la  couche  limite.  311  e  se  confond  encore 
avec  l’enthalpie  a  la  paroi  dans  le  cas  d’une  parci  froide  (CAp  =  0).  Le  film 
iaminaire  except^,  la  distribution  de  1’  enthalpie  est  done  la  meme  qu’  en  gaz  parfait. 

II  est  encore  interessant  pour  se  comparer  au  cas  du  figeage,  d’  exprimer  c£p/7p 
en  fonction  de  l’enthalpie  des  molecules  h  ;  on  obtiendra  ais&nent  pour  une 
paroi  froide, 

-  u„  ts.  =  _  [h  -  hn  +  uf  jJ  +  h?  -- 


alors  que  pour  le  gas  fige,  avec  une  paroi  cataljtique 


~  K  +  u?  J J  +  h° 

rp  h  P  Ke 


Les  fonctions  1  et  K  ct  lours  valeurs  extfoieures  e'tant  assez  pen  difffoentes,  on 
trouvora  der.  transferts  de  chaleur  du  ir,Sme  ordre  a  1’  equil  ibre  et  en  gaz  fig^  a 
paroi  cataljtique. 
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2,3  Concept  d' Enthalpie  de  Rdfdrence  -  Frottement  et 
Transfcrt  de  Chaleur  4  la  Parol 

2.3.1  Coefficient  de  Frottement 

Les  relations  qui  prdcident  donnant  dans  les  diffdrents  cas  le  rapport  du  flux  de 
chalcur  au  frottement  de  paroi,  il  reste  4  determiner  les  lois  quj  rdgissent 
revolution  du  coefficient  de  frottement  avec  le  noinbre  de  Reynolds  et  avec  la 
vitesse  de  l’dcoulement  extdi  ieur  et  la  temperature  de  la  paroi.  On  appliquera  dans 
ce  but  le  concept  d’enthalpie  de  rdfdrence,  d’aprds  lequel  on  peut  utiliser  en 
compressible  la  ioi  devolution  du  coefficient  de  frottement  avec  le  nombre  de 
Reynolds  de  l'abscisse,  de  1’  dcoulement  incompressible,  4  condition  de  prendre  pour 
la  masse  volumique  et  la  viscositd  des  valeurs  de  rdfdrence  p*  et  p*  correspondant 
4  une  certaine  enthalpie  h*  4  choisir  4  partir  des  conditions  aux  limites. 

Appliquri  A  la  plaque  plane  laminaire,  le  concept  conduit  aux  rdsultats: 


cf 

ii 

II 

0,332  f 

0,2205  3 

P*LL* 

P  -  f2  =  - 

2 

^eue 

(St 

Wz 

PePe 

(18a) 


Appliqud  A  la  plaque  plane  turbulente,  en  choisissant  pour  1’ incompressible  la 
relation  en  puissance  proposde9,  il  donne: 


Cj  _  0.0184  f  0,0086  g  -(I/B  p*  fp*^ls 

2  " 

V^e 

on  aboutit  ainsi  en  gaz  parfait  4  des  rdsultats  renarquablcment  en  accord  avec  les 
solutions  exactes  en  laminaire,  avec  1’ experience  en  turbulent. 


\i/« 


g  = 


Pc  \M 


— T  UBD) 


2.3.2  Justification  et  Estimation  de  l  ’Enthalpie  de  Reference  en  Laminaire 

Bien  que  la  notion  d’enthalpie  de  ’■dfdrence  ait  e'te  introduite  4  l’origine  c, 
fa$on  empirique,  une  justification  et  une  estimation  t>eorique  pec vent  en  dtre 
donnees  pour  la  plaque  plane  laminaire. 

Ota  a  raontrd  en  effet10  qu’ une  solution  approche'e  a  pu  constant  de  1’ Equation  de 
Cvcoco  conduisait  au  m§me  rdsultat: 

£l  -  °.332  /pV*V/2 
2 


Ittposant  A  cette  solution  approchde  de  satisfaire  a  1’ Equation  globule  des 
quantitds  de  raouvem-nt,  on  trouve  alors  que  la  valeur  moyenne  du  produit  pp  est 
donnde  par  1*  intdgrale: 


p*p* 


[  pp(  1  -  w)w 


r/r 


dw 


/' 

\ 


04 


Faisant.  cnfin  l’hypothfcse  d’ une  Evolution  lindaire  de  p/t  cn  fonction  de  h  on 
determine  1’ enthalpie  de  rdfdrence  qui  s’ exprlme  finalemcnt  en  fonction  des 
conditions  aux  limitcs  par  la  relation  lindaire: 

.,2 


h*  -  h 


=  a(hp  -  he)  +  b 


a  el  b  dtant  des  coefficients  numdriques  faisant  intervenir  des  intdgrales  oik 
figurent  les  fonctions  51  et  511  de  la  distribution  d’ enthalpie;  iis  dependent  de 
la  valeur  choisie  pour  le  nombre  de  Prandtl  et  sont  donnes10.  On  a  montrd  que  cette 


solution  approchdc  donne  pour 
Crocco  et  van  Driest. 


des  rdsultats  pratiquement  confondus  avec  ceux  de 


Une  autre  determination,  propose'e  par  Monaghan11,  consiste  d  prendre  la  valeur 
moyerme  de  1’ enthalpie  par  rapport  a  la  vitesse  dans  la  couche  limite;  1’ enthalpie 
de  rdfdrence  a  toujours  la  mfcme  forme,  avec  des  coefficients  a  et  b  quelque  peu 
diffdrents;  elle  conduit  encore  a  des  coefficients  de  frcttement  trds  proches  de 
ceux  de  la  solution  exacte;  cette  coincidence  est  encore  un  argument  que  nous 
invoquerons  pour  le  choix  de  1’  enthalpie  de  rdfdrence  en  turbulent. 


2.3.3  Enthalpie  de  Reference  en  Turbulent 

Faute  de  disposer  d’  ur.e  Equation  locale  qui  permette  comme  celle  de  Crocco  de 
comparer  les  frottements  du  compressible  et  de  1* incompressible,  on  admettra  done  en 
turbulent  que  1*  enthalpie  de  rdfdrence  est  donnee  en  gaz  parfait  par  la  valeur  . 
moyenne  de  1’  enthalpie;  son  expression  sera: 


h*  -  he  =  a(hp  -  he)  +  b 


a  =  f  <1  -  51)  . 
Jo 

b  =  f1  2511  .  dw 
Jo 


a  et  b  sont  maintenant  des  fonctions  des  conditions  aux  limites  introduites  pour 
6 1  et  .  e'est-d-dire  de  wQ ,  wL  ou  encore  de  Hj  ,  le  tableau  ci-dessous  en 

precise  les  valeurs  pour  P  -  0,725  et  =0,59  : 


n 

5 

5,71 

7 

9 

11 

Hl 

1,4 

1.35 

1,286 

1,222 

1,182 

a 

0,  535 

0,  535 

0,533 

0,  529 

0,526 

b 

0.  139 

0,  139 

0,  139 

0,139 

0,139 

a  et  b  varient  tres  peu  avec  la  forme  du  profil  des  vltesscs;  ils  sont  trds  proches 
des  valeur  a  -  0.540  ei  b  ;  0,137  obtenues  pour  1’ enthalpie  nioyenne  en  laminaire 
au  nombre  de  Framitl  -  0,725  consider*!, 

Dans  le  cas  du  paz  rdol,  la  variable  intervenant  dans  1’ Equation  de  1’  energie 
n’ost  plus  1’ enthalpie,  mais  uu '  comb inni son  tT  de  1’ enthalpie  et  de  In  concentration 


i 


i. 


1 

:  i 
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(on  ddmontre  facilement  que  dans  l’hypothfcse  =  1  ,  la  variable  ft  peut  6tre 

dgalement  utilisde  pour  le  gaz  figd,  la  solution  dtant  alors  en  S'  ,  identique  k  celle 
de  1’ ^quilibre).  Les  fonctions  f  et  g  faisant  intervenir  dgalement  par  p*  et  p* 
une  combinaison  de  la  concentration  et  de  la  temperature,  il  est  suggdrd  d’appliquer 
le  concept  de  reference  a  la  variable  fr ;  p*,  p*,  f  et  g  seront  ainsi  determines  & 
une  valeur  de  reference  B*  donnee  tr&s  exactement  par  la  mdme  formule  qu'en  gaz 
parfait, 

S»  -  fre  =  .(?„- f.)  +  b«2 

a  et  b  etant  les  coefficients  du  tableau,  donnes  precedemment. 

2.3 A  Transfer  de  Chaleur  a  la  Paroi 

11  est  iinmddiat,  k  partir  des  expressions  obtenues  dans  les  differents  cas  pour 
<^,/Tp  et  de  celles  qui  donnent  le  coefficient  de  frottement  en  fonction  du  nombre  de 
Reynolds,  de  determiner  les  relations  qui  expriment  le  transfert  de  chaleur  4  la 
parol. 

Et  fonction  du  nombre  de  Reynolds  de  l’abscisse  on  obtient: 

A 


^euehie 


(-  ui' 

™  .vec  A  =  0.0184  f  — ^ 

\nieV 


(20) 


II  sera  utile  egalement  de  disposer  d’une  relation  exprimant  le  flux  de  chaleur  en 
fonction  du  nombre  de  Reynolds  de  1*  epaisseur  d'  t-n,ergie.  Introduisant  1’ expression 
precedente  dans  liquation  globale  de  l’energie,  <£p  =  -pe\iehledh/dx  ,  on  obtient 
aprfcs  integration: 


~<t>p  =  B 

^euehie  " 


/_  uaV'5 

avec  B  =  0, 0086  g  - E 

V6i«V 


(21) 


11  sera  commode  en  gaz  parfait  de  faire  intervenir  le  facteur  d’ analogie  en 
exprimant  notamment  le  coefficient  B  sous  la  forme: 


B  =  0,0086  g  s 


bf-hp 


V  6  /  S 


*ie 


2.4  Exemple  d’ Application  Numdrique  du  Traitement  Propose 

On  a  effects?,  k  titre  de  premiere  application  numdrique,  le  calcul  des 
caractdristiques  d’une  couche  liralte  supposee  turbulcnte,  se  ddveloppant  depuis 
l’origine,  k  l’intrados  d' unc  plaque  a  bord  d’ attaquo  arrondi  prdcddd  d’une  onde  de 
choc  noraale  ddtachde,  et  plncde  sous  une  incidence  de  15°.  L’ altitude  etant  fixde 
k  60  km,  on  a  fait  vnrlor  la  vitesse  de  vol  U0  jusqu’a  des  valours  nssez  dlcvdcs 
pour  que  soit  en  cours  localcment,  k  la  front iere  de  la  couche  limite  une 
dissociation  avance'e.  La  pro&sion  sur  la  lace  infdricnre  a  dtd  ddtenniude  par  la 
loi  ncwtonienne. 


i 
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La  temperature  de  parol  a  dtd  prise  dgale  &  1,000°K.  On  a  fait  1'hypothfese  d' un 
param<kre  de  forme  Hj  de  1,286  (n  =  7). 

Les  rdsultats  obtenus,  dont  des  exeraples  sont  donnds  Figure  4  eoncernent  les 
profils  d'enlhalpie  de  concentration  et  de  temperature  et  revolution  avec  la  vitesse 
de  vol  du  transfert  de  chaleur  a  la  paroi, 

Les  hypotheses  utilisdes  pour  appliquer  &  l'air,  le  traitement  etabli  pour  un  gaz 
diatomique  ont  et4  les  suivantes: 

1’ dcoulement  extdrieur  etant  suppose  k  l’equilibre,  la  concentration  a  dtd 
ddtermlnde  a  partir  des  concentrations  en  atomes  de  l’oxygfcne  et  de  1*  azote; 
celles-ci  ont  it d  relides  au  facteur  de  compressibilite  Z  de  l’air  a  l’equilibre 
dans  l'hypothfese  d'une  dissociation  de  1*  oxygdne  d’ dtendant  de  Z  -  1  d  Z  =  1,2 
et  d’une  dissociation  de  1’ azote  couvrant  le  dotnaine  1,2  <  Z  <  2  . 

I’enthalpie  de  formation  des  atomes  a  dt i  obtenus  en  ponddrant  les  valeurs 
relatives  4  1’ azote  et  a  l'oxygdne,  compte  tenu  de  leurs  concentrations  dans 
1’  dcoulement  extdrieur. 

k  l'dquilibre,  on  a  ndglige  la  difference  entre  l’enthalpie  et  la  variable 
dans  le  film  laminaire. 

la  visoositd  a  dtd  exprimde  en  fonction  de  la  temperature  par  la  loi  de  Sutherland. 

La  Figure  4  montre  que  le  cas  de  rdquilibre  et  celui  du  figeage  avec  paroi 
catalytique  conduisent  a  des  profils  d’ enthalpie  et  de  concentration  relativement  peu 
diffdrents,  rdsultat  lid  a  des  conditions  aux  limites  identiques.  Par  contre,  le  cas 
du  figeage  avec  paroi  non  catalytique,  pour  lequel  la  concentration  est  constante  et 
dgale  k  CAe  donne  lieu,  pour  des  temperatures  identiques,  k  des  enthalpies  trds 
nettement  supdrieures  a  celles  de  la  paroi  catalytique. 

La  mdme  difference  essentielle  est  enregistrde  pour  le  flux  de  chaleur  a  la  paroi; 
des  valeurs  nettement  plus  faibles  sont  obtenues  comme  il  dtait  attendu  dans  le  cas 
de  la  paroi  non  catalytique. 


3.  TRANSFERT  DE  CHALEUR  TURBULENT  DANS  UN 
GRADIENT  DE  PRESSION 

3.1  Jldthode  Approchdc  de  Resolution  do  1’  Equation  GlobaJe  de  1’  Energie 

On  a  ddja  etabli  en  gaz  parfait  une  mdthode  de  caicul  approchd  du  transfert  de 
chaleur  il  In  paroi,  valable  dans  des  gradients  de  pression  moderds  et  plus 
spdcialenrciit  dans  des  gradients  ndgatifs,  mdthode  appliqude  au  caicul  des  transferts 
de  chaleur  turbulents  aut  our  d’  un  avant  corps  arrondi1*.  On  dtendra  simplement  celte 
technique  au  cas  du  gaz  rdel  en  utilisant  les  rdsultats  obtenus  prdcddcmnient  pour  la 
plaque  plane. 

La  mdthode  est  basde  sur  1’ integration  de  1’ equation  globale  de  l’dnergie, 
considdrdc  comme  une  equation  difl'drenticlle  pour  l’dpaisscur  d' dncrgle: 
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^euehie 


dA  d  .  ,  , 

— -  +  A  —  Hog  (purJ)J  . 
dx  dx  e  e  e 


(23) 


L'iiypothdse  faite  cst  que  les  profils  de  vltesse  et  de  temperature  s’^cartent 
assez  peu  de  ceux  d’ une  plaque  plane,  pour  qu' on  pulsse  utiliser  dans  1’ equation 
globale,  1’ expression  etablic  pour  la  plaque  plane  entre  le  flux  de  chaleur  et  le 
nombre  de  Reynolds  de  1’ dpaisseur  d’ energie,  soit: 


Vehie 


AV75 


avec 


B 


0,0086  g 


(-jh&r 

vsv 


(21) 


0  /t  etant  donne  scion  le  cps  considere  par  la  Formule  (9b),  (14)  ou  (17)  et  g 
subtenant  i  partir  du  concent  d’ enthalpie  de  reference. 


Intdgrde  &  partir  d“  un  point  y  l  ou  A  est  supposee  connue,  1’ equation  donne 
d'abord  l'epaisseur  d’ energie  sous  la  forme 


<ApeuerJ) 


Hi  _  (ApgUgr^) 


«/s 


(*X 


en  x 


l 


+  — 
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Bp£Mg/5ue  r<5J/5  dx 


(24) 


On  en  ddduit  j , lined  iateroent  le  flux  de  chaleur  en  utilisant  &  nouveau  1’ hypothfese*1. 
On  obtient  notamment,  lorsque  l’origine  de  la  couche  limite  turbulente  coincide  avec 
celle  deo  abscisses: 


%  _  BpeMe/5uerJ/5 

fXB^/5u  r^'*  dxl1'6 
5  Jo  e  e 


(25) 


3.2  Application  au  Transfer  de  Chaleur  d’ un  Avant-Corps  Ilemispherique 


3.2.1  Cas  du  Gaz  Parfait.  Influence  de  la  Transition 

Ls  ndthode  integral e  avait  ete  appliquee  en  gaz  parfait  k  un  avant-corps 
-bdiiiisphdrique,  l’origine  de  la  couche  limite  turbulente  etant  supposee  colncider  avec 
le  point  d’arrfit12.  Nous  apportons  quelques  rdsultats  complementairos,  en  tenant 
compte  d’ un  developpement  laminaire  prdee'dant  une  transition  pour  laquelle  sont 
choisles  plusieurs  positions.  Les  conditions,  priicise'es  Figure  5,  correspondent  au 
cas  pour  lequel  avait  dte  effectu^es13  une  £tude  theorique  en  couche  limite  laminaire 
et  des  mesures  au  tube  £i  choc. 

L’hypothdse  faite  est  celle  d'une  transition  ponctuellc,  au  cours  de  laquelle  est 
pourtant  assume  la  eontinuite  de  l’dpaisseur  d'dnergic;  l’dpaisseur  d’ e'nergie 
turbulente  est  ainsi  caiculde  a  partir  de  la  valour  obten.ic  en  laminaire  an  point  de 
transition  supposd;  il  lui  correspond  une  origir  e  fictive  ot)  ello  cst  nullo  et  le 
flux  de  chaleur  infini.  Le  transfert  de  chaleur  se  dddui.sant  en  laminaire  et  en 
turbulent  de  l’dpaisseur  d' dnergie  par  des  lois  diffdrcnles,  subit  une  discontinuity 
au  point  de  transition. 
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On  a  repr<5sc»t<$  Figure  5  lea  rlsultats  rclntifs  4  un  rayon  du  nez  do  0,2  b; 
le  nombre  do  Reynolds  Rj  fonnl  avec  les  conditions  du  point  d*  nrrfit  Itant  alors 
3.10*.  Le  flux  de  chaleur  est  rapportl  au  flux  lnrninaire  du  point  d*  arrfit,  calculi 
par  la  formula  de  Fay  et  Riddell*.  Le  calcul  confirmo  que  le  flux  do  chaleur 
turbulent  passe  par  un  maximum  qui  pout  largement  ddpasser  le  flux  laminairc  du  point 
d'  arrfit;  on  observera  que  la  valour  do  ce  maximum  ddpend  sensibloment  do  la  position 
do  la  transition  ct  qu'  tine  transition  produite  &  quolquo  distance,  donno  lieu  l  dcs 
transferts  de  chaleur  plus  importnnts  qu'une  transition  4  1' origin©. 

3.2.2  Cas  dn  Gai  Reel 

La  mlthode  lntlgralc  a  ltd  appliqulo  au  mfimo  corps  ct  pour  los  mfimes  conditions  de 
temperature  ct  de  pression  du  point  d’  arrfit,  la  couche  limito  Itant  supposle 
turbulcnte  depuis  l’origine. 

Les  hypothftsos  du  calcul  ont  6t4  les  mfimoa  quo  cellos  utillslos  en  2,4  pour  la 
plaque  plnne  cn  incidence,  le  paramfitre  de  formo  Itant  encore  supposl  Igal  4  1,286 
(n  =  7)  ct  le  gaz  4  la  frontifire  de  la  couche  limito  considlrl  comme  4  l'lquilibre. 

Les  profils  h(u),  T(u)  ct  CA(u)  sont  donnls  Figure  6  on  deux  abscisses 
respect ivement  voisincs  du  point  d*  arrfit  et  do  l'lpaule.  On  y  a  Igalement  reprlscntl 
revolution  du  tronsfert  do  chaleur  4  la  paroi  pour  une  cou-he  limite  4  l'lquilibre 
et  pour  une  coucho  limito  figle.  Les  conclusions  4  tirer  do  l’exaraen  de  ces  rlsultats 
sont  identlqucs  4  colics  relatives  aux  calculs  effoctuls  prlcldcmment  pour  la  plaque; 
on  note  tou Jours  une  diminution  trfcs  iraportante  du  flux  de  chaleur  4  la  parol,  dons 
le  cas  "non  catalytiquo”. 


4.  CONCLUSIONS 

On  a  montrl  qu’ il  est  possible,  4  partir  d’ une  hypoth&se  d* oxistenco  do  relations 
entre  1*  cnt’ialpie,  la  concentration  et  la  vitosso,  d' aboutlr  pour  la  plaque  plane 
turbulcnte  4  dcs  formes  cxplicites  pour  los  distributions  de  1* onthalpio  et  do  la 
concentration  dans  la  coucho  limito  ct  pour  le  rapport  du  flux  do  chaleur  au 
frottoment  do  la  paroi;  des  fonctions  tabulles  do  la  vitosso  ponnettent  do 
determiner  cos  distributions  pour  un  gaz  parfait  et  pour  un  gaz  dintomiquo  on  cours 
do  dissociation  dans  le  cas  do  l’lquilibro  ot  dans  celul  du  figonge;  limitl  lei  aux 
parols  totalcment  catalytique  ot  non  catalytiquo,  lo  traitemont  doit  pouvoir  fltre 
appliqud  aux  cas  intormldiaires,  4  titro  de  solution  npprochle  do  similitude  locale. 


On  pout  ostimor  lo  trnnsfort  do  chaleur  on  prdsenco  ri' un  gradient  de  pression  par 
integration  de  1*  liquation  glohalo  do  l'lnorglo  cn  y  utilisant  la  rolation  Itnhlle 
pour  lu  plaque  plane  entre  lo  coefficient  do  flux  do  chaleur  ct  lo  nombre  do  Reynolds 
do  rlpnlsscur  d‘ Inerr.to.  L' application  4  un  avant-corps  hlmisphlriquo  a  montrl  les 
effots  du  gaz  rdel  ct  special omen t  colui  du  pouvoir  catalytiquo  de  la  paroi. 


11  rente  pour  am»<l  iorcr  la  mdthodo,  4  examiner  1’  influence  des  gradients  do 
pression  sur  los  relations  onthalpio,  conccntratlon-vitosse  ot  sur  lo  rapport  du  flux 


•  On  nolern  tpii'  A/'ll 
'^V.R  ^'dependant 


rut  prtiportlnnnol  4  vn  luminaire,  4  R*^*  en  turbulent, 

do  K  rn  lwnlnalre,  est  propnrtlonnel  4  R1^4  on  turbulent. 
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de  chaleur  au  frottement.  Une  premiere  approche  cffectu^e  pour  le  gaz  parfait12 
est  k  poursuivre  en  gaz  rdel. 
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SUMMARY 


The  measurements,  taken  on  the  sidewall  of  the  R. A. E.  8  ft  x  8  ft 
Wind  Tunnel,  consist  of  surface  shearing  stress  using  a  large  force 
balance  together  with  velocity  and  temperature  distributions  through  the 
boundary  layer.  The  maximum  effective  length  Reynolds  numbers  obtained 
are  2.  2  x  IP8  at  M  =  0.  2  and  1. 1  x  10 6  at  M  =  2.  2  .  The  results 
agree  moderately  well  with  the  empirical  correlation  proposed  by  Spalding 
and  Chi.  The  variation  of  skin  friction  with  Reynolds  number  is  however 
less. than  given  by  most  of  the  accepted  formulae. 


SOMMAIRE 


Les  mesures,  effectudes  sur  la  paroi  lat^rale  de  la  soufflerie  de 
8  ft  x  8  ft  du  Royal  Aircraft  Establishment,  portaient  sur  les  efforts 
de  cisaillement  des  surfaces.  On  a  utilisd  uue  balance  &  forces  de 
grandes  dimensions  et  les  repartitions  des  vitesses  et  des  temperatures 
dans  la  couche  limite.  Les  nombres  de  Reynolds  de  la  longueur  effectifs 
maximums  ont  dt^  de  2.2  x  10®  pour  K  r  0.2  et  de  1.  1  x  10®  pour 
M  =  2.  2  .  Ces  r^sultats  correspondent  plus  ou  moins  h  la  correlation 
empirique  proposde  par  Spalding  et  Chi.  La  variation  du  frottement  de 
surface  en  fonction  du  nombre  de  Reynolds  est  cependant  inf^rieure  a  celle 
que  donnent  la  plupart  des  formules  courantes. 
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NOTATION 


H 


M 

N 

Re 

Re, 

Re 


y 

M 

v 


defined  b.y  C„  =  ARe' 1//fi 

r  X 


local  skin  friction  coefficient 
mean  skin  friction  coefficient 

parameters  defined  in  Reference  e 

free  stream  Mach  number 

(-1/N)  is  exponent  i»n  mean  skin  friction  power  law 

unit  Reynolds  number  (per  foot) 

streamwise  length  Reynolds  number 

momentum  thickness  Reynolds  number 

temperature 

velocity 

friction  velocity 
streamwise  length 
distance  normal  to  wall 
viscosity 

kinematic  viscosity 
density 


displacement  thickness  = 
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Jo 


ft 


I  dy 


rs 


momentum  thickness  = 


Pa 

^SUS 


l  - 


dy 
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"i.  =  V*. 

H(u)  =  S<u)/8<u> 

Subscripts 

a  refers  to  sublayer  conditions  (Ref.  4) 

w  refers  to  wall  conditions 

8  refers  to  conditions  at  edge  of  boundary  layer 

Superscript 

*  refers  to  intermediate  temperature  conditions  T*  =  0. 28Tj  +  0.72TW 


MEASUREMENTS  OE  TURBULENT  SKIN  ERICTION  AT  HIGH  REYNOLDS 
NUMBERS  AT  MACH  NUMBERS  OF  0.2  AND  2.2 

K.  G.  Winter,  K.G.  Smith,  L.  Gaudet 


1.  INTRODUCTION 

As  aircraft  fly  faster  end  further  so  there  Is  a  tendency  for  the  percentage  payload 
to  diminish.  It  therefore  becomes  more  essential  to  be  able  to  estimate  drag  accurately 
either  by  extrapolation  from  wind  tunnel  experiments  or  by  direct  calculation.  In 
either  case  more  data  is  needed  on  the  variation  of  skin  friction  with  Reynolds  number 
extending  up  to  flight  Reynolds  numbers  which  increase  as  aircraft  become  longer  and 
more  slender.  For  example  the  flight  Reynolds  number  based  on  the  length  of  the  Concord 
is  of  the  order  of  350  million. 

The  sidewall  of  the  R.  A.E.  8  ft  x  8  ft  Wind  Tunnel  gives  an  effective  run  of 
some  40  ft  at  subsonic  speeds  and  30  ft  at  supersonic  speeds  and  enables  Reynolds 
numbers  of  about  200  million  to  be  obtained  in  virtually  incompressible  flow*,  and  of 
100  million  in  supersonic  flow.  The  experiments  discussed  in  this  paper  were  made  at 
Mach  numbers  of  0.  2  and  2.  2.  They  form  part  of  a  more  extensive  continuing  programme 
for  which  the  highest  Mach  number  is  2.8  and  which  includes  measurements  at  other  inter¬ 
mediate  Mach  numbers. 

The  experiments  consist  of  direct  measurements  of  surface  shear  using  a  force 
balance  together  with  explorations  of  velocity  and  temperature  profiles  in  the  boundary 
layer  on  the  tunnel  sidewall. 

2.  DESCRIPTION  OF  WIND  TUNNFL  AND  APPARATUS 

Figure  1  shows  the  general  arrangement  of  the  working  section  and  contraction  cone 
of  the  tunnel,  which  is  of  closed  return  circuit  and  operates  continuously.  The  tunnel 
cooler  is  situated  at  the  maximum  section  and  since  it  is  16  ft  long  with  the  air 
flowing  through  a  large  number  of  tubes  ( l!i  in  internal  diameter)  can  be  regarded  as 
an  effective  honeycomb.  Downstream  of  the  cooler  two  slots  are  provided  for  screens 
(not  at  present  fitted),  and  there  is  a  further  row  of  slots  to  enable  part  of  the 
total  flow  round  the  circuit  to  bypass  the  working  section  under  some  conditions  of 
running.  The  settling  chamber  is  square  with  corner  fillets  and  the  geometrical  con¬ 
traction  ratio  to  the  working  section  is  about  15.6:1.  The  working  section  has  rigid 
parallel  sidewalls  with  flexible  roof  and  floor  operated  by  hydraulic  jacks.  All  walls 
in  the  working  section  arc  coated  with  a  layer  of  epoxy  resin  giving  a  good  surface 
finish  which  has  not  been  measured  but  which  can  be  assumed  to  be  of  the  order  of 
10  //in  . 

•  Higher  values  than  this  could  be  obtained  at  higher  subsonic  speeds. 


The  measurements  were  cade  on  the  port  sidewall  in  the  small  aperture,  of  18  in 
diameter,  shown  in  Figure  1  upstream  of  che  main  windows. 

The  balance  used  for  the  surface  shear  measurements  is  sketched  in  Figure  2.  The 
airswept  surface  of  the  floating  plate  is  14.5  in  diameter.  It  has  a  surface  finish 
of  better  than  8  /.iin  .  The  use  of  a  plate  of  large  surface  area  enables  the  force  on 
the  plate  to  be  measured  by  normal  strain  gauge  techniques.  The  gauges  are  mounted  on 
three  parallel  flexures  0.025  in  thick,  0.35  in  wide  end  1  in  long.  The  flexures  carry 
the  floating  plate  and  are  supported  from  the  rear  plate  of  the  balance  housing.  The 
housing  fits  into  the  tunnel  sidewall  and  leaks  arc  prevented  by  *0’  rings  in  appropri¬ 
ate  places.  Steps  on  the  surface  between  sidewall  and  housing,  and  housing  and  floating 
plate  do  not  exceed  0.001  in  .  The  clearances  at  the  edge  <>f  the  floating  plate,  and 
shown  in  Figure  2,  are  such  that  the  balance  flexures  cannot  be  overstrained  either  by 
axial  load  or  normal  pressure  load.  Twelve  pressure  tappings  are  provided  round  the 
gap  to  enable  buoyancy  corrections  to  be  determined.  In  calculating  the  buoyancy  force 
the  pressure  has  been  taken  as  constant  over  the  depth  of  the  edge  of  the  plate  (  ‘ab’ 

In  Fig.  2).  Any  pressure  difference  between  the  free  surface  and  the  balance  cavity 
will  be  carried  by  viscous  forces  on  the  surfaces  along  *bc’ . 

The  balance  was  calibrated  in  situ  in  the  tunnel  using  weights  supported  on  a  thread 
attached  to  the  centre  of  the  floating  plate  and  passing  over  a  large  diameter  balanced 
pulley.  Because  of  changes  of  temperature  in  the  tunnel  when  running  there  will 
generally  be  temperature  differences  between  the  floating  plate  and  the  backplate. 

The  resulting  differential  expansion  will  give  rise  to  spurious  stresses  within  the 
flexures.  Provided  individual  sensitivities  of  the  flexures  are  used,  the  total  force 
should  still  be  given  by  the  sum  of  the  forces  in  each  flexure,  since  the  apparent 
forces  due  to  differential  temperature  will  cancel.  It  was  found,  however,  that  the 
apparent  force  recorded  was  sensitive  tc  differential  temperature.  It  is  presumed 
that  this  is  due  tc  small  misalignments  of  the  gauges  so  that  they  are  sensitive  to 
transverse  stresses  (in  direction  Z  in  Fig.  2)  which  will  be  high  because  of  the 
large  stiffness  of  the  flexures  in  this  direction.  Allowance  was  made  for  this  effect 
by  suitable  calibration  against  an  effective  temperature  difference,  which  to  first 
order,  is  proportional  to  the  difference  between  the  apparent  load  in  the  single 
flexure  (3)  and  the  sura  of  the  apparent  loads  in  (1)  and  (2).  It  should  be  remarked 
that  the  existence  of  a  temperature  difference  between  the  back  nlate  and  the  floating 
plate  does  not  imply  that  there  is  any  significant  aerodynamic  heat  transfer.  The  air 
space  provides  good  insulation  and  the  flexures  are  of  too  small  cross-sectional  area 
to  conduct  much  heat. 

The  rake  used  for  the  boundary  layer  surveys  is  shown  in  Figure  3.  It  has  49  pitot 
tubes  and  8  static  tubes.  Near  the  wall  the  pitot  tubes  were  0.  C20  in  o.d.  and  0.010  in 
i.d. ,  and  were  mounted  in  five  columns  in  order  to  avoid  mutual  interference  in  an 
array  of  densely  packed  tubes.  Further  from  the  wall  the  size  is  increased  to  0.039  in 
o.d.  and  C.024  in  i.d.  Static  tubes  are  either  side  of  the  main  column  to  avoid  inter¬ 
ference.  The  measured  static  pressures  have  not  in  fact  been  used  in  the  analysis. 

For  M  =  0. 2  velocities  were  obtained  from  pitot  pressure  nnd  wall  static  pressure 
(corrected  for  hole  size);  for  M  -  2.  2  static  pressure  was  derived  via  the  Mach 
number  given  by  the  normal  shock  formula  applied  to  total  pressure  and  pitot  pressure 
readings  outs)  :  uue  ooundary  layer.  The  tubes  were  connected  to  a  bank  of  capsule 
manometers  with  a  least  ount  of  0.005  in  Hg.  The  same  strut  was  also  utilised  to 
carry  temperature  probes  (as  a  separate  experiment)  and  is  shown  so  modified  in 
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Figure  4  together  with  a  sketch  showing  the  details  of  a  probe.  The  probes  were 
calibrated  against,  the  tunnel  instruments  which  measure  stagnation  temperature.  The 
recovery  factor  was  found  to  depend  upon  Reynolds  number  but  little  upon  Mach  number. 
This  dependence  was  taken  into  account  in  determining  temperature  profiles.  ' 


3.  RESULTS  AM)  DISCUSSION 

3. 1  General 

The  Mach  number  distribution  along  the  tunnel  sidewall  is  shown  in  Figure  5  with  the 
test  station  and  effective  origin  of  the  turbulent  boundary  layers  indicated.  Because, 
particularly  at  M  =  2.  2  ,  the  development  takes  place  in  a  favourable  pressure 
gradient  and  in  the  presence  of  transverse  gradients,  the  question  must  be  asked  as  to 
whether  the  profiles  studied  can  be  considered  to  be  typical  for  a  flat  plate  or  whether 
there  is  some  distortion.  Using  their  high  Reynolds  number  data  £  jith  and  Walker1 
followed  the  approach  suggested  by  Coles2  and  devised  a  semi-empirical  law  which  they 
put  forward  tentatively.  They  tabulate  the  variation  with  Reynolds  number  of  a  number 
of  boundary  layer  parameters.  Of  these  the  variation  of  shape  parameter  H1?  with  the 
momentum  thickness  Reynolds  number  should  be  a  fairly  critical  criterion  for  judging 
whether  there  is  any  profile  distortion.  Furthermore  Walz3  implies  that  if  the  shape 
parameter  is  based  on  ‘velocity’  values  of  momentum  and  displacement  thickness  there 
is  only  a  very  weak  dependence  upon  Mach  number.  Accordingly  H~. ^  is  plotted 

in  Figure  6  against  momentum  thickness  Reynolds  number.  Except  for  the  lower  Reynolds 
numbers  where  the  data  is  inaccurate,  and  where  at  M  =  0.2  there  is  some  anomalous 
behaviour  as  will  be  shown  later,  the  data  follows  closely  the  suggestion  of  Snith  end 
Walker.  Their  own  data,  as  they  point  out,  is  it  variance  with  the  line  at  lower 
Reynolds  number.  It.  is  for  this  reason  that  they  make  their  suggestions  only 
tentatively. 

3.2  Velocity  Profiles 

The  measured  velocity  profiles  are  shown  in  law  of  the  wall  form  in  Figure  7(a)  and 
7(b)  using  the  measured  value  of  cf  to  define  uT  .  The  profile  for  *  ie  lowest 
Reynolds  number  at  M  _  0.  2  for  which  n  point  was  plotted  in  Figure  G  is  omitted. 

For  reference  the  ‘law  of  the  wall’  lines  accoruing  to  Coles11*  are  drawn  for  each 
profile.  At  M  =  0.2  the  measurements  lie  above  this  line  for  nearly  all  Reynolds 
numbers.  For  the  lowest  Reynolds  number  plotted  (Rfl  =  0.47  x  106  per  foot)  where  the 
accuracy  is  marginal  the  data  is  so  far  above  as  to  suggest  that  there  is  some  error. 
There  is  a  general  tendency  for  the  curves  to  become  increasingly  flatter  than  the 
reference  line  ns  Reynolds  number  increases.  At  M  =  2.  2  (Fit;.  7  (b))  the  accuracy  of 
measurement  is  belter  and  the  data  shows  less  scatter.  The  curves  again  become  flatter 
as  Reynolds  number  increases. 

3.3  Momentum  Thickness  and  Local  Sun  Friction  Coefficient 

The  variation  of  the  momentum  thickness,  calculated  from  the  profiles,  with  unit 
Reynolds  number  is  shown  in  Figure  8.  At  M  =  0.2  the  variation  is  not  monotonic; 
though  some  of  tt  is  can  be  attributed  to  lack  of  accuracy  in  pressure  measurement 


•  Coles  suggests  that  the  Howurih  t runs  format  ion  for  y  should  be  used. 
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repeat  points  confirm  the  general  shape.  It  must  be  assumed  that  there  is  some  factor, 
at  present  undetermined,  other  than  un:t  Reynolds  number  which  affects  transition. 

The  variation  of  the  measured  local  skin  friction  with  unit  Reynolds  number  is  given 
in  Figure  9.  The  faired  curves  through  the  data  have  been  assumed  for  subsequent 
analysis.  The  many  points  plotted  are  samples  obtained  at  various  times  during  a  period 
of  about  six  months.  Much  of  the  data  was  acquired  incidentally  during  the  course  of 
other  tests,  this  being  possibl  •  as  the  balance  produced  no  flow  disturbance  and  was 
sited  far  enough  upstream  not  4 o  be  influenced  by  the  presence  of  a  model.  The  read¬ 
ings  during  any  particular  test  showed  considerable  fluctuation,  mostly  fairly  consis¬ 
tently  about  a  mean,  but  with  occasional  excursions  to  high  values,  and  attempts  were 
made  to  obtain  readings  over  the  full  range  of  fluctuatin' .  Some  of  the  fluctuations 
were  considered  genuine  but  some  probably  arise  from  structural  vibrations  and  are 
aggravated  by  lack  of  damping  in  the  balance. 

The  two  sets  of  measurements  are  combined  in  Figure  !0  in  which  cf  is  plotted 

against  the  momentum  thickness  Reynolds  number  Re?2  .  Values  of  cf  arr  .uken  from 

the  mean  curves  of  Figure  9  at  the  unit  Reynolds  number:;  at  which  the  boundary  layer 

surveys  were  made.  The  data  from  Figure  10  are  replotted  in  three  ways  in  Figures  11 

(a),  (b)  and  (c)-  In  Figure  11(a)  the  intermediate  temperature  hypothesis  of  Eckert5 

is  used.  Three  datum  curves  are  shown,  those  due  to  Kdrman-Schoenherr,  Prandtl- 

Schlichting  (commonly  used  in  the  U.K. )  and  the  Smith  and  Walker  evaluation  compatible 

with  the  shape  parameter  relationship  in  Figure  5.  The  latter  line  follows  the  trend 

of  the  experimental  points  at  M  =  0.2  but  predicts  cf  consistently  higher  by  about 

0.07  x  10"3  .  The  Prandtl-Schlichting  curve  is  too  steep  but  agrees  with  the  data  at 

high  Reynolds  number.  The  Karman-Schoenherr  line  is  in  best  agreement  but  also  gives 

somewhat  greater  variation  of  cf  with  Res?  than  indicated  by  the  measurements.  The 

intermediate  temperature  hypothesis  fails  to  correlate  the  data  at  M  =  2.  2  with  that 

at  M  =  0.  2.  The  correlation  proposed  by  Coles"  using  his  sublayer  concept  is  shown  in 

Figure  11(b)  together  with  his  proposed  incompressible  relationship.  This  relationship 

is  a  fair  fit  to  the  data  at  M  =  0. 2  but  fails  to  correlate  the  data  at  M  2.2, 

though  Coles  has  shown  this  to  conform  with  a  body  of  other  data  supersonic  speeds 

though  at  lower  Reynolds  number.  Finally  in  Figure  11(c)  the  empirical  factors,  and 

‘incompressible  line’  of  Spalding  and  Chi6  are  used.  The  fit  is  very  much  better  than 

in  either  Figure  11(a)  or  (b).  Tut  data  do  however  suggest  a  less  rapid  variation  with 

Reynolds  number  than  proposed  and  a  smaller  value  of  either  F„  or  r'D  for  M  -  2  2 

c  K? 

3.4  Effective  Origin  of  Boundary  Layer 

From  the  curves  of  cf  against  Re5 t  the  effective  origin  of  the  boundary  layers 
has  been  determined  in  the  following  way. 


2dRes , 

H  =  - - 

dKe„ 


By  definition 
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hence  for  a  set  of  points  s  -  1 


to  n  as  In  Figure  10 


ffRe«2>  s  l 

Re*s  =  R°xi  +  2  -  dRe,2 

•Wag,),  cf 


end  Reis  for  any  point  s  Is  determined  apart  from  the  starting  value  Rexl  . 
Now  if  a  power  law  variation  of  mean  skin  friction  is  assumed,  l.e. 

Cp  =  ARe;l/N 

then 


also 


Therefore 


2ReSl 


Re 


x 


i  _  1  cPRe» 

Of  "  a  Of 


=  I  Rex 

a  i  -  i/N 

Thus  If  Rot2/cf  is  plotted  against  Rexa  -  Rexl  and  a  straight  line  is  obtained, 

Rcx  j  and  N  can  bo  doternlnod,  The  data  of  Figure  10  plottod  in  this  fashion  are 
shown  in  Figure  12,  where  it  can  be  seen  that  an  extremely  good  fit  to  a  straight  line 
is  obtained.  The  straight  lines  drawn  were  found  by  a  'least  squares  fit'  and  give 
values  of  N  of  7.866  and  7.464  respectively  at  M  =  0.2  and  2. 2.  Knowing  the 
values  of  unit  Reynolds  number,  the  offectlvo  length  x  can  be  obtained  from  Rex  , 
and  Is  plotted  against  Rex  in  Figure  13.  The  anomalous  behaviour  at  the  lower 
Reynolds  numbers  at  M  =  0. 2  is  shown  in  theso  plots  as  an  apparent  reversal  of 
transition  position  with  increasing  Reynolds  number.  At  M  ~  2, 2  possibly  because  of 
the  larger  favourable  gradients  x  is  virtually  independent  of  Reynolds  number. 


3. S  Skin  Friction  as  a  Function  of  Length  Reynolds  Number 

Following  the  procedure  outlined  in  the  provious  paragraph  curves  for  the  variation 
of  local  skin  friction  coefficient  cf  and  moan  coefficient  Cp  with  length  Reynolds 
number  Ro„  are  plotted  In  Flguros  14(a)  and  (b),  The  derived  points  are  compared 
with  a  power  law  in  which  tho  mean  value  of  N  for  M  =  0. 2  and  2.2  i.e.  N  =  7.68$ 
Is  token,  with  the  value  of  A  obtained  by  a  least  squaros  procedure  applied  to  the 
measured  skin  friction  coefficient  Cp  ,  The  multiplier  for  is  (1  -  1/N)  times 
that  for  Cp  .  As  would  bo  anticipated  from  Figure  12  tho  fit  la  good. 
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The  results  are  replotted  in  terms  of  Intermediate  temperature  in  Figure  15(a)  and 
according  to  Spalding  und  Chi  in  Figure  15(h).  In  Figure  15(a)  the  conclusion  of  the 
previous  comparison  Figure  11(a)  that  the  variation  with  Reynolds  number  predicted  by 
the  l’randtl-Sc  lichting  formula  is  too  great  is  reiternted.  Because  of  this  the  formula 
in  intermediate  temperature  terms  predicts  Cp  at  M  =  2.  2  to  within  3%  over  the 
Reynolds  number  range  of  the  experiment  even  though  the  intermediate  temperature 
hypothesis  in  Eckert’s  form  is  not  fulfilled.  The  final  figure  15(b)  shows  that  the 
method  of  Spalding  and  Chi,  which  was  shown  to  give  the  best  fit  to  the  basic  data, 
agrees  Quite  well  with  cf  on  an  Rex  bnsis  with  the  same  reservations  as  mentioned 
previously.  For  Cp  the  data  virtually  all  lie  below  the  prediction  and  as  in  the 
other  comparisons  have  less  variation  with  Rex  than  predicted.  However,  for  Rex 
of  around  10®  ,  cf  and  Cp  as  measured  arc  closely  predicted  for  both  test  Mach 
numbers. 

Also  shown  on  Figure  15(b)  are  the  high  Reynolds  number  results  from  Moore  and 
Harkness7  which  have  been  rcanalysed  using  the  method  of  the  previous  paragraph. 

The  data,  for  which  M  varies  from  2.897  to  2.669  ,  was  first  corrected  (by  the 
intermediate  temperature  method)  to  M  =  2.80.  They  do  not  confirm  the  trend  of  the 
present  experiments  in  that  the  variation  of  both  cf  and  Cp  with  Reynolds  number 
is  greater  than  predicted  by  Spalding  and  Chi.  One  salient  difference  in  the  experi¬ 
mental  procedures  is  the  omission  by  Moore  and  Harkness  of  measurements  of  temperature 
distribution  and  the  assumption  in  calculating  S2  of  constant  total  temperature. 

The  effects  of  this  assumption  will  be  examined  in  further  analysis  of  the  present 
experimental  results. 


4.  CONCLUDING  REMARKS 

There  is  a  long  history  of  measurements  of  Bkin  friction  in  incompressible  flow  on 
which  ’iave  been  built  the  various  current  empirical  relationships.  It  would  be 
presumptuous  to  draw  any  firm  conclusions  on  the  basis  of  this  single  experiment  which 
conflict  with  this  vast  body  of  data.  Nevertheless  it  is  felt  that  the  smaller  vari¬ 
ation  of  skin  friction  with  Reynolds  number  shown  by  the  present  data  should  not  be 
disregarded.  It  is  admitted  that  this  variation  could  bo  modified  by  different 
assumptions  in  deriving  Rex  but  the  authors  feel  that  Figuro  .12  is  very  convincing. 

It  could  be  that  the  varioun  accepted  formulae  for  skin  friction  are  biased  by  the 
data  available  at.  low  Reynolds  numbers,  and  that  of  necessity  this  involves  the  use  of 
artificial  stimulation  of  turbulence  with  some  consequent  distortion  of  tho  boundary 
layers.  No  such  stimulation  is  used  in  this  experiment.  It  is  significant  that  the 
measurements  arc  in  fair  agreement  with  deductions  from  tho  results  of  Smith  and  Walker 
at  higher  Reynolds  numbers  where  the  effect  of  thoir  trip  might  bo  expected  to  have 
diminished. 

Tho  same  arguments  can  bo  used  to  explain  why  the  results  at  M  =  2.  2  are  In  rather 
bettor  agreement  with  tho  statistical  analysis  of  Spalding  and  Chi.  In  effect  their 
parameter  F^  reduces  the  Reynolds  number  of  measurements  at  supersonic  speeds  to  a 
lower  ‘Incompressible*  vuluo.  In  this  way  tho  compressibility  parameters  are  tailored 
to  produce  a  fit  to  »  possibly  erroneous  incompressible  relationship. 
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Finally  :i  word  should  bo  said  about  the  effect  of  assumed  temperature  distribution 
on  boundnry  layer  parameters.  A  very  limited  analysis  only  has  so  far  been  undertaken. 
It  was  found  that  at  M  =  2.  2  there  could  be  up  to  3%  difference  in  momentum  thickness 
calculated  using  constant  total  temperature  compared  with  using  the  measured  temperature 
distribution.  The  further  implications  of  this  are  still  being  examined. 
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SUMMARY 


The  t. vo-dimensional  incompressible  turbulent  wall  jet  on  a  plane 
surface  beneath  a  moving  stream  of  arbitrary  pressure  gradient  has  been 
treated  analytical1?  by  integral  methods.  The  solution  has  been 
programmed  for  the  IBM  1620  digital  computer  ard  the  results  ther  / 
obtained  compared  with  experimental  data. 


SOMMAIRE 


Le  jet  parietal  turbulent  incompressible  bi-dimensionnel  sur  une 
surface  plane  et  en  presence  d' un  ^coulement  a  gradient  de  pressicn 
arbitraire  a  £td  traits  analytiquement  par  des  m<$thodes  intdgrales. 
La  solution  a  et^  programmee  pour  le  calculateur  digital  IBM  1620  et 
ies  resultats  ainsi  obtenus  compares  avec  les  mesures  exp^rimentales. 
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NOTATION 


slot  width 

skin  friction  coefficients  c{  =  rw/|/3V| 
constants 

base  of  natural  logarithm  =  2.718 
energy  dissipation  per  unit  time 
total  energy 

constant  in  Equation  (19),  k  =  log,  2  =  0.693 
constants 

Prandtl’ s  mixing  length 

constant  appearing  in  Equation  (12),  L  =  0.01575 
static  pressure 

velocity  distribution  function  in  inner  layer  (Eqn.  (21)) 
velocity  distribution  function  in  outer  layer  (Eqn.  (21)) 
slot  Reynolds  number  Reg  =  Vjb/v 

Vb 

*m/2/b 

VVj 

shear  stress  function 

x-di’-ectiona!  velocity  component  at  the  edge  of  the  shear  layer 
U  =  u(y  ^  5) 

x-direction  velocity  component  at  distance  y  from  the  surface 

u  at  y  =  8^ 

slot  Qischargc  velocity 

distance  measured  along  surface  from  slot  exit 


distance  from  slot  exit  to  end  of  core  region 


:-30 


t  d>-E*':r  r'-asarei  semi  to  .vir.'ict 

at  Tiriatle  ctefftcir.-jis  fBqa. (17}» 

h  total  height  of  *all  jet 

distance  trro  surface  to  pea*  velocity  point  (u  -  uB) 
f-  /j  distance  to  bal  f-aaitasr?  veiccity  pcin*  (a  =  *(0^  -  U)} 

(  exponent  appearm?  it  Fgaaticn  (12).  t  =  C.  182 

Prsrdt I' s  nixing  leasts  coostaat.  <  =  0. C684 
x  -  **(2.25)?  -  0.0235 

\  external  Telocity  ratic  \  -  U/Vj 

v  kiseaatic  viscosity.  v  -  pjo 

ft  viscosity 

-*)  noc-diaensioael  coordinate  is  the  inner  ltyer 

p  density 

r  shearing  stress 

t  shearing  stress  nt  peak  velocity  point  y  =  SB 

tw  shearing  stress  at  the  surface  y  =  0 

g  non-dimensional  coordinate  along  the  surface  £  ~  x/b 

noa-diaensional  coordinate  in  the  outer  layer 
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THE  TURBULENT  BALL  JET  IN  A  MOVING  STREAM 
G.L.  Harris 


1.  INTRODUCTION 

The  quantitative  understanding  of  the  flow  in  a  two-dimensional  jet  discharged 
tangentially  along  a  plane  surface  beneath  an  external  moving  stream  is  fundamental 
to  the  study  of  blowing  boundary  layer  and  circulation  control  systems,  and  wall 
jet-tjpe  ejectors. 

In  the  following  pages,  an  approximate  analytical  solution  of  this  problem  which 
is  based  on  me*  ow  momentum  end  energy  considerations  is  developed.  The  numerical 
results  thereby  obtained  are  compared  with  experimental  measurements  made  in  the 
present  study  and  by  other  investigators. 


2.  ANALYTICAL  DEVELOPMENT 

2.1  Model  of  the  Flow 

Hie  assumed  structure  of  the  flow  in  a  two-dimensional  incompressible  turbulent 
well  jet  on  a  plane  surface  beneath  an  external  stream  is  shown  schematically  in 
Figure  1.  A  number  of  distinct  regions  of  the  flow  exist  which  are  as  follows. 

2.1.1  The  Upstream  Boundary  Layer  Region 

Due  to  the  presence  of  the  external  stream,  a  boundary  layer  forms  upstream  of 
the  slot  exit  as  shown  in  the  figure  which  may  in  some  cases  interfere  with  the  jet 
flow.  In  the  present  analysis,  it  is  considered  that  the  slot  velocity  and  the  slot 
width  are  sufficiently  large  so  that  the  momentum  deficit  of  the  upstream  boundary 
layer  at  the  slot  lip  is  negligible  with  respect  to  the  momentum  of  the  jot.  In  view 
of  these  conditions,  it  is  assumed  that  the  boundary  layer  is  completely  absorbed  by 
the  jet  immediately  downstream  of  the  slot  exit  and  that  it  in  no  way  interferes 
with  the  flow  development  downstream  of  the  slot. 

2.1.2  The  Potential  Core  Region 

Downstream  of  the  slot  exit  there  appears  for  a  relatively  short  distance  (on  the 
order  of  10  slot  widths)  a  potential  core  region  in  which  the  velocity  is  equal  to 
the  slot  velocity  V.  .  Hie  fluid  in  the  core  region  has  not  had  sufficient  tiros  to 
mix  with  the  surrounding  fluid  and  therefore  retains  its  original  velocity.  As  the 
distance  from  the  slot  increases,  the  mixing  process  penetrates  more  deeply  into  the 
core  region  until  at  the  p  ?int  x  =  x0  ,  (called  the  starting  length),  the  potential 
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;ore  region  dir. arrears  entirely,  and  the  pea*’  velocity  begins  to  decrease  for 


In  order  to  compute  the  jet  development  downstream  of  the  point  x  =  xQ  ,  it  is 
necessary  to  know  the  initial  conditions  Sffl(x0)  -  Sffl0  ,  and  8(x0)  =  S0  (Fig,  1). 
These  quantities  depend  too  heavily  on  the  details  of  individual  slot  designs  to 
merit  involved  computation,  so  that  mean  values  will  be  selected  from  existing 
experimental  data  and  will  be  assumed  valid  for  all  wall  jets. 

2.1.3  The  Inner  Layer  (0  <  y  <  ?m) 

The  inner  layer  resembles  a  normal  turbulent  boundary  layer  or  channel  flow. 
Defining  the  non-dimensional  coordinate  in  this  region  T)  -  y /&  ,  the  velocity  is 
assumed  to  be  given  by 

—  =  ?(y)  (1) 

u,_ 


where  P(rj)  is  a  universal  function. 


2.1.4  The  Outer  Layer  (8^  <  y  <  co) 


The  outer  layer  will  be  assumed  to  possess  many  of  the  characteristics  of  a  plane 
turbulent  free  jet  discharging  into  a  moving  stream.  Defining  the  non-dimensional 
coordinate  in  the  outer  layer  as 


r  -  y  -  sm 

^  S  ,  -  S 
m/2  m 


(2) 


the  velocity  distribution  in  this  region  is  assumed  to  be  of  the  form 


i'  -  U 


Q(C) 


vhere  Q(0  ,  like  ?(•>))  .  is  a  universal  function. 


(3) 


7.2  Flow  Similarity 

Defining  universal  non-dimensional  velocity  profiles  in  the  inner  and  outer  layers 
of  the  wall  jet  for  ..  i  x0  is  of  course  tantamount  to  assuming  that  flow  similarity 
is  achieved  independently  in  each  layer  everywhere  downstream  of  xQ  .  This  is  not 
strictly  true  in  general. 

It  may  be  seen  from  the  available  experimental  data  that  the  shape  of  the  nor- 
dimensional  velocity  profile  in  vhe  inner  layer  of  a  wall  jet  flow  in  fact  depends 
somewhat  on  the  existing  conditions  external  to  the  shear  layer.  Strictly  speaking 
therefore,  P (?/)  is  not  universal  and  the  simil.^ify  assumption  for  the  inner  layer 
is  invalid.  On  the  ether  hard,  the  thickness  of  the  inner  layer  is  always  very 
much  smaller  than  the  overall  height  of  the  wall  iet..  ^lrtl  era-  e,  the  variations  in 
P(7))  are  confined  within  fairly  well  do  filed  limits.  Littie  error  is  therefore 
likely  to  accrue  from  selecting  a  single  real;  representative  ferm  of  P (~i)  and 
calling  it  universal. 
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In  the  outer  layer,  there  exists  for  some  distance  downstream  of  the  starting 
length  a  transitional  region  in  which  the  non-dimensional  velocity  profiles  adjust  to 
attain  the  stable  form  Q(0  .  The  transitional  distance  is  usually  sufficiently 
small2  so  it  is  reasonable  to  postulate  that  flow  similarity  is  attained  immediately 
downstream  of  the  starting  length. 


2,3  The  Existence  of  a  Finite  Shearing  Stress  at  y  =  Sm 

In  the  case  of  a  plane  turbulent  free  jet,  the  shearing  stress  vanishes  at  the 
peak  velocity  point.  This  same  condition  exists  at  the  axis  of  symmetry  of  a  plane 
turbulent  channel  flow  and  at  the  edge  of  a  turbulent  boundary  layer.  In  the  first 
two  cases,  this  condition  is  required  by  symmetry,  while  in  the  latter  it  results 
from  the  requirement  that  beyond  the  edge  of  the  boundary  layer,  the  flow  is  inviscid 
and  bence  no  shearing  stress  can  exist. 


At  first  inspection,  it  would  appear  that  the  shearing  stress  would  also  vanish  at 
the  peak  velocity  point  of  a  turbulent  wal.  jet,  since  the  derivative  3u/By  at  that 
point  vanishes,  and  according  to  Prandtl’s  mixing  length  theory1 


r 

P 


ou  Bu 
By  By 


so  should  the  shearing  stress. 

If  this  were  in  fact  true,  one  cci.ld  assume  that  the  outer  layer  of  the  turbulent 
wall  jet  behaves  exactly  as  a  plane  turbulent  free  jet,  arid  that  the  inner  layer  is 
in  ewery  way  identical  to  a  normal  turbulent  boundary  layer  or  channel  flow,  since 
there  would  be  no  stress  interaction  at  their  respective  extremities.  Solutions 
could  then  he  obtained  for  each  case  and  matched  at  the  point  y  =  £m  , 

A’.  number  of  investigators2, 3,11  have  exploited  this  approach  in  dealing  analytically 
with  certain  particular  cases  of  wall  jet  flows. 

In  reality  however,  the  shearing  stress  at  the  peak  velocity  point  is  not  zero, 
and  in  general  is  not  small.  The  stress  results  from  the  asym^tric  turbulent  fluid 
transport  across  the  y  =  Sm  boundary  which  gives  rise  to  a  net  Reynold’s  stress 
p urv'  at  y  =  Sn  which  is  not  zero  since  the  velocity  distribution  about  the  peak 
velocity  point  is  not  symmetrical.  Hot  wire  anemometer  measurements5  indicate  that 
in  the  case  of  a  wall  jet  in  still  air  ('J  =  0)  on  a  flat  surface,  the  shearing 
stress  at  y  =  SB  is  equal  and  opposite  to  the  wall  shearing  stress  (Tm  =  -rff). 

A  rigorous  theoretical  treatment  of  this  phenomenon  would  require  detailed 
Information  as  to  the  complex  behavior  of  a  turbulent  shear  flow  in  the  vicinity  of 
an  irflection  point.  This  oroblem  has  thus  fai  escaped  mathciiaucal  treatment  and 
is  beyond  the  scope  of  the  present  study. 

Rather  than  ignore  the  existence  of  this  stress,  a  first  approximation  to  its 
behavior  will  be  employed  in  the  subsequent  analytical  treatment,  which  is  obtained 
from  the  following  phenomenological  considerations. 
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The  turbulent,  shearing  stress  at  the  maximum  point  of  a  plane  turbulent  wall  jet 
is  in  general  negative4.  r(y)  must  therefore  pass  through  zero  at  some  point  in  the 
inner  layer.  In  the  case  of  a  wall  jet  in  still  air,  as  mentioned  previously, 

Tu  =  'Tw  *  Since  in  a  Plane  turbulent  free  jet  the  shearing  stresses  are  negative 
and  in  a  turbulent  boundary  layer  or  channel  flow  they  are  positive  it  appears  that 
when  combined  in  a  wall  jet  flow,  the  outer  (jet)  layer  impresses  its  influence 
across  the  inner  layer  thereby  overcoming  the  effect  of  the  positive  slope  of  the 
velocity  profile  in  this  region  (which  would  normally  create  the  positive  shearing 
stress  in  the  inner  layer)  and  imposes  a  negative  shearing  stress  over  part  of  the 
inner  layer.  The  magnitude  of  this  influence  would  appear  to  depend  on  the  shear 
stress  level  in  the  outer  layer,  which  according  to  Prandtl’ s  hypothesis  is 


r(y  >  8b)  *  (S  -  5n)2 


Bu  Bu 
By  By  ’ 


The  average  slope  of  the  velocity  profile 
taken  as 


in  the  outer  layer  may  be  approximately 
Um  ~  u 


so  that 


It  has  been  already  noted  that  for  a  plane  wall  jet  in  still  air  (U  =  0),  Tm  =  -rw  . 
It  is  also  observed  that  when  uffl  =  1)  ,  rm  =  0  since  the  flow  degenerates  to  that  of 
a  normal  turbulent  boundary  layer  where  the  shear  stress  must  vanish  at  the  edge. 
Imposing  these  conditions,  i.e. 


t  =  -r_  when  U  =  0 

ID  W 

T„  =  0  when  D  =  uB 


the  shear  stress  at  the  peak  velocity  point  becomes 


(4) 


2.4  Shearing  Stress  in  the  Outer  Layer 

As  mentioned  previously,  the  outer  layer  of  a  turbulent  wall  jet  behaves  In  a 
manner  which  is  similar  to  a  turbulent  free  jet  under  the  same  conditions.  In  a 
plane  tur  dent  free  jet,  however,  the  shear  stress  at  the  point  y  -  is  zero, 
which  is  not  the  case  for  the  wall  jet.  It  is  observed  experimentally  that  the 
influence  of  the  shearing  stress  at  y  =  on  the  overall  shear  stress  distribution 
in  the  outer  layer  is  relatively  small.  It  is  assumed  therefore  that  its  influence 
may  be  tnXen  into  consideration  by  simply  linearly  adding  a  function  tbT(C)  to  the 
correspond irr.  free  jet  shear  stress  distribution,  i.e. 
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r(C’]„u  =  T(C)j, 


I..1,  TaV„  +  T»T'°  • 

jet  jet 


(5) 


The  shearing  stress  distribution  across  a  turbulent  free  jet  is  given  by  Prandtl’ s 
mixing  length  relationship 

T 


=  l 2 


Bu 

By 


Bu 

By 


(6) 


where,  within  the  context  ot  the  present  wall  jet  nomenclature 

l  2r  (8  -  Sj 

=  *(h  ~  8„) 

where  *  =  0.0684  (Ref.  7). 

The  edge  of  a  plane  turbulent  fret  jet  nay  be  defined  approximately  by  the 
relationship 

8  -  8. 


(7) 


Sm/2  ~  Sm 


=  2.25  . 


(8; 


Substituting  Equations  (7)  and  (8)  in  Equation  (6)  gives,  for  the  plane  free  jet, 


—  —  K, 


OU 

3C 


(9) 


where  Kl  =  kz(2.25)2  =  0.0236, 
Prom  Equation  (5)  then 


—  =  K. 


Bu  T_ 

57  4  ~  T(^  • 

3£  p 


(10) 


Substituting  the  universal  velocity  profile  in  the  outer  layer  (Eqn.  (3))  gives 

-  =  k,'u_-U)j  |Q'(C) I  Q'(C>  +  —  T(C) 

P  “  P 

where  the  primes  denote  differentiation  with  respect  to  £  . 

2,5  Utc  Hail  Shearing  Stress 

According  to  Reference  5  the  relationship 


(ID 


L  £Um 
T  r  - - —  « 

W  i* 

'"mm 


(12) 


describes  the  wall  thc-aring  stress  with  good  accuracy  when  L  r-  0.01575  tnd 
€  =  0.1820  . 
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2.6  The  Integral  Equations 

2 .6.1  Momentum  Integral  in  the  Inner  Layer  (0  <  y  <  8ffl) 

Consider  a  control  volume  of  elemental  width  dx  and  height  8m  located  within 
t’'c  inner  level  as  shown  in  Figure  2(a).  Balancing  the  x-direction  momentum  flux  per 
unit  time  tl:  -h  f  u  volume  against  the  pressure  and  shearing  forces  exerted  upon 

its  boundaries,  the  following  expression  for  momentum  conservation  is  obtained 


u  dy  - 


i  d  S  d 

pu2dy  =  tw-tb-p-^  +  -  8Bp. 


Substituting  the  assumed  velocity  profile  (Eqn.(l))  into  the  above  expression,  and 
noting  that  at  the  edge  of  the  wall  jet  (where  the  flow  is  inviscid)  Bernoulli’ s 
equation 

dp  dl) 

—  =  -p  u—  (13) 


relates  the  local  velocity  to  the  local  static  pressure  (which  is  constant  across  the 
jet),  one  obtains 

c.u  i  U  ...  2  u£  =  If  -  IsL.  SIJ~ 


l  a  ,.v  ■  h 


P  P 


where  C 


*-r 


P(7])dT7  and  C 


P2(7))dT? 


Expanding  the  above  relationship,  and  making  the  required  substitutions  from 
Equations  (4)  and  (12)  gives 


(Ct  ~  2C,)ub8b  -J  +  IC4  -  C2)u2 


dSm  _  L{u2  4-  (it  -  U)2} 


/V.Y 

W. 


-  SmU  — 

m  dx 


2.6.2  Momentum  Integral  in  the  Outer  Layer  (80  <  y  <  co) 

Consider  another  control  volume  of  elemmtal  width  dx  ,  but  of  height  (8  -  8^) 
iocattd  in  the  oner  layer  as  shown  in  Figure  2(b).  The  principle  of  momentum 
conservation  in  this  layer  gives 


pU  —  u  dy  ■>  pi)  —  u  dy  -  pa  —  u  dy - pu2dy 


dS  dS  d 

Ta  "  P  T  +  P  +  T  (S  ~  8»)p 
dx  dx  dx 


which  upon  substitution  of  Equations  (2),  (3).  (4),  (Hi  and  (13)  becomes,  after 
expanding  and  simplifying, 
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KjU  +  2K?(uffl  -  D)  +  Cl 


- !? -  (U„  -  U) 

8  ,  -  8  m 

n/i  a 


du_ 

tSm/5  U  + 


dx 


d  8  d  5 

+  <Kiu  +  *2%  "  -  «)  ~  +  K2(un  -  U)  -  C^u.  -  U)  -  J 


,  ,  dU  L(u„  -  U)2 

=  (So/2  -  Sm){2(K2  -K2)(uB  -U)  +K1U}-+.  ra 


dx  '  MY 

I  m  m  \ 


where 


■.-r 

Jo 


Q(4)  d£  and  K2  = 


(15) 


q2(D  a . 


2.6.3  Energy  Integral  in  the  Outer  Layer 

Referring  to  the  control  volume  of  Figure  2(c)  the  net  flux  of  total  energy  per 
unit  time  of  the  mean  motion  passing  through  the  volume  must  equal  the  energy 
dissipated  within  the  volume  per  unit  time.  The  energy  dissipation  integral  is 
written1 


Ed  = 


3u 

T—  dy  = 
oy 


JO 


3u 

r  —  df  . 
3C 


If  H(y)  =  p  +  1/2  pu2  is  the  total  mean  flow  energy  at  any  point  in  the  outer  layer 
and 

",  =  H(y  =  8.) 
and 

He  =  H(y  >  8)  , 


then  the  principle  of  conservation  of  energy  requires  that, 

rs. 


d 

H«s; 


udy  -  H  - 
n  dx 


a 


u  dy  - 


dx 


Jo 


H(y)dy  = 


3u 


which  becomes,  upon  expansion  and  substitution. 


du„ 


{C.S.Cul  -  U2)  +  (7KjU2  +  6K2(un  -  U)U  +  3K3(uB  -  U)2}^  -  8„)  + 

d8  , 

+  (2Kj(ub  -  U)U2  -t  3K2(ub  -  U)2U  f  K3(um  -  U)  3}  —~Ll  + 

dS 

+  {Cjuh(u2-U2)  +  2K.(U--U)U2  +  3K2(uffl-U)2U  h  K3(u0-U)3}  —5  - 

dx 


v  (16) 
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(19) 


1 
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a6  =  (t  -  X){KjX  +  K2(t  -  X)} 

a,  =  -  (t  -  \){Kj\  +  K2(t  -  X)  -  Cjt} 

a6  =  {KjX  +  2(K2  -  Kj)  (t  -  k) } (s  -  r)X'  +  L(t  -  X)2(Re8rt)'f 

a,  =  Cjr(t2  -  X2)  +  (s  -  r){2X,X2  +  6K2(t  -  k)k  +  3K3(t  -  X)2 

a10  =  {2KjX2  +  3K2(t  -  X)X  +  K3(t  -  X)2}(t  -  X) 

an  =  (t2  -  X2)Cjt  -  teKjX2  +  3K2(t  -  X)X  +  K3(t  -  X)2}(t  -  X) 

a12  =  (s  -  r){3(K3  -  K2)(t  -  X) 2  +  2(3K2  -  2Kx)(t  -  X)X  +  2K1X2}X'  - 

-  2(t  -  X)  3{^1K4  -  IjK5(Regrt)  **}  . 


Equations  (17)  may  be  solved  simultaneously  to  give 

t '  -  ai4^n6ai2  ~  aeaio^  ~  ai6^R5aii  ~  ^7^2 

ai5^a6aU  “  a~)CLiO^  ~  aiu^a5ai0  “  a«<V 

r'  =  +  “is*' 

a, .. 


s'  =  -  aSt/  -  a7r' 


where 


a. 


°l»  =  *2*7  ~  *3*6 


a!5  =  *1*6  ~  *2*5 


1< 


a2as  -  *4*6 


(19) 


I 


(20) 


'  The  universal  functions  ?(!})  and  Q(C) 
in  the  inner  and  outer  layers  are 

P(t?)  = 

Q(D  = 


selected  to  describe  the  velocity  profiles 


7^1/10 
e'^  . 


(21) 


These  functions  are  compared  with  experimental  data  in  Figures  (3)  and  (4). 

Using  expression  (21),  the  integrals  appearing  throughout  the  analytical 
development  may  be  evaluated  as 


C1 

=  0. 909 

K2 

-  0.7523 

c. 

=  0.833 

=  0.6145 

K. 

=  1.062 

K( 

=  0. 308 

*5  = 

-0.10 

1 


i 
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where  K5  which  corresponds  to  the  integral  of  the  unknown  shear  stress  correction 
function  T(C>  in  the  outer  layer  has  been  ovaluated  experimentally. 

The  representative  Initial  conditi  s  selected  f”om  experimental  data  are 

=  12.0 
rQ  =  0.235 
sQ  =  1.30 

If  the  initial  conditions  are  known  beforehand,  they  should  of  course  replace  the 
above  values. 

The  IBM  Fortran  program  for  the  simultaneous  solution  of  Equations  (20)  is 
presented  in  the  Appendix  for  those  who  might  be  interested  in  making  similar 
calculations. 


3.  EXPERIMENTAL  INVESTIGATION 

An  experimental  investigation  was  carried  out  to  verify  the  analytical  results 
obtained  in  the  last  section. 

The  experiments  were  performed  in  the  /XI  low  speed  two  dimensional  wind  tunnel 
L-2B  at  stream  Reynolds  numbers  based  on  -.est  section  height  ranging  nominally 
between  2  and  5  x  10 5  and  slot  Reynolds  niators  between  5  and  8  x  10 3. 

The  object  of  the  experiments  was  to  measure  by  means  of  pitot  tube  exploration 
the  development  of  a  turbulent  wall  jet  along  a  flat  surface  in  both  zero  and  adverse 
pressure  gradient. 

The  jet  was  issued  tangentially  along  the  flat  upper  wall  of  the  test  section 
through  a  slot  which  completely  spanned  the  tunnel  test  section  and  the  air  was 
supplied  from  n  high  pressure  reservoir. 

The  adverse  pressure  gradient  in  the  tunnel  was  produced  by  Installing  a  curved 
surface  op  the  wall  of  the  tunnel  opposite  The  test  wall.  The  general  arrangemenc 
is  shown  schematically  in  Figure  5. 


4.  DISCUSSION  OK  RKSCLTS 

The  analytical  method  of  Section  2  will  be  compared  with  experimental  results 
obtained  not  only  In  the  present  ^tudy,  but  also  with  measurements  made  by  other 
investigators  under  diffcr-.it  conditions. 

Figure;,  (i  and  7  der'nstiate  the  validity  of  the  theory  in  ‘he  case  of  a  plane 
turbulent  well  .,et  In  still  ai.'  (\  U/Vj  =  0).  It  is  acted  that  under  those 
conditions  Mir  gre-  Hi  of  both  the  hul  f-maxiaum  velocity  point  s  =  S8/?/b  and  the 
maximun  velocity  point  it  If  r  -  5  /b  is  linear. 


-  < 
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Figures  Bands!  contain  data  for  the  case  of  a  wall  jet  in  a  moving  stream  witn 
zero  pressure  giadient  (A'  -  0).  It  is  observed  that  while  the  growth  of  the  ppak 
velocity  point  r  is  still  linear,  this  is  no  longer  true  for  the  half-maximum 
velocity  point  s  . 

Figures  10,  11  and  12  show  the  experimental  and  theoretical  jet  development  in 
adverse  pressure  gradients  (A.'  <  0).  The  variations  of  A.  along  the  test  surface 
are  also  included  in  the  figures.  Even  under  these  conditions,  the  growth  of  r  is 
still  effectively  linear. 

Figures  13,  14  and  15  show  the  measured  and  predicted  variations  of  the  skin 
friction  coefficient  cf  =  \/\pV ]  with  distance  from  the  slot  for  wall  jets  in 
still  air,  and  in  moving  streams  with  A.'  =  o  and  A.'  <  0  . 


5.  CONCLUSIONS 

An  approximate  method  for  computing  the  development  of  a  plane  turbulent  wall  jet 
under  an  external  stream  of  arbitrary  pressure  gradient  has  been  developed.  The 
analytical  results  compare  favorably  with  experimental  measurements  obtained  at  VKI 
and  by  other  investigators  under  varying  conditions.  The  computer  program  presented 
in  the  Appendix  permits  the  rapid  computation  of  the  jet  development  (i.e.  peak 
velocity  decay  and  growth  of  the  peak  velocity  and  half-peak  velocity  points)  and  the 
skin  friction.  It  has  been  demonstrated  that  the  wall  jet  velocity  profile  exhibits 
downstream  similarity,  so  that  all  of  the  jet  properties  at  any  point  on  the  surface 
may  be  obtained  once  these  parameters  have  been  computed. 
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APPENDIX: 


OIlilTAL  COSPl'TKB  PROGRAM 


M2 


INCOMPRESSIBLE  TURBULENT  WALL  JET  IN  ARBITRARY  PRESSURE  GRAOIEN. , 

KSt *01  STANCE  FROM  SLOl-X/li 
LAMtOA-VFIOCI (Y  RATTO-U/VJ 
R-HEIGHT  OF  POINT  GF  MAXIMUM  VELOC I TY.OH/B 
S-HEIGHT  Of  POINT  OF  1/2  MAX. VELOCITY 
T -VELOCITY  RATIO.UM/VJ 


t  ACCEPT  TAPE  ».S,P.1T.Ct1C2,C3,ELL£,EPS,HKI,RE(0X,X,XF,K,HT 
3  rORMAT(3f5.Afr6.n,3f  3.0,  l2.F5.it) 
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(  NOTR:  1.  -If  the  1620  has  to  print  the  results  for  every  value  of  c 

k  has  to  he  >  10,0, 

If  the  1620  has  to  print  the  results  only  every  tenth  Co 
k  has  to  be  <  9  and  equal  to  the  unit  digit  r t  C0« 

2.  -A00 9  A01 ,  A02,  A03  are  the  coefficients  of  the  polynomial 

expansion  for  X, 

3.  -AC  is  a  step  in  the  step  by  step  solution. 
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MOMENTUM  CONSERVATION  IN  THE  INNER  LAYER 


MOMENTUM  CONSERVATION  IN  THE  OUTER  LAYER 


f  1 9.  2(b) 


ENER6Y  CONSERVATION  IN  THE  OUTER  LAYER 


Fig.  2  (c) 


Momentum  and  energy  conservation  across  jet 


dimensional  velocity  profiles  in  inner  layer  on  flat  surface, 
measurements  of  Bradshaw  and  Gee5 


Pig. 4  Non-dimensional  velocity  profiles  in  outxr  layer,  present  measurements, 

flat  plate 


Pig. 8  Jet  development  on  flat  surface  in  zero  pressure  gradie 


zero  pressure 
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Fig. 10  Jet  development  on  flat  plate  in  adverse  pressure  gradient 


Jet  development  on  flat  plate  in  adverse  pressure  gradient 
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Fig. 12  Jet  development  on  flat  plate  in  adverse  pressure  gradient 


Fig. 13  The  skin  friction  generation  of  a  wall  jet  on  a  flat  surface  in  still  air 
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Fip.lZ  The  skin  friction  generation  of  a  wall  jet  on  a  flat  plate  in  "tailored1 

adverse  pressure  gradient 
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SUMMARY 


The  predictions  of  shape- factor  development  given  by  existing  auxiliary 
equations  are  shown  to  vary  widely  and  are  in  some  cases  very  inaccurate. 
Head’ s  entrainment  equation  is  the  most  generally  satisfactory. 

A  new  entrainment  equation  is  described  and  is  shown  to  give  improved 
agreement  with  experiment,  especially  in  equilibrium  conditions.  An 
important  feature  of  this  new  approach  is  the  use  of  an  explicit  term  to 
account  for  the  effects  of  small  three-dimensional  flows  that  appear  to 
be  present  in  measured  layers,  as  indicated  by  the  disagreement  between 
measured  growth  of  momentum  thickness  and  the  predictions  of  the 
two-dimensional  momentum  equation  even  far  from  separation. 

Finally,  the  entrainment  methods  are  shown  to  be  distinctly  superior, 
in  conditions  of  distributed  suction  or  blowing,  to  the  method  of  Pechau. 


SOMMAIRE 

On  montre  que  les  provisions  concernant  revolution  d’un  facteur  de 
forme  obtenues  au  moyen  des  equations  auxiliaires  existantes  varient 
tr&s  conside'rablement  et  qu'elles  sont  dans  certains  cas  trfcs  inexactes. 

L’ equation  d’ entrafnement  de  Head  est  la  plus  gtneralement  satisfaisante. 

Une  nouvelle  equation  d’ entralnement  est  decrite  et  on  montre  qu’elle 
permet  de  realiser  un  meilleur  accord  avec  les  resultats  d’ experimentation 
et  plus  particuliereoent  dans  les  conditions  d’equilibre.  Une 
caracteristiquc  importante  de  cette  nouvelle  rndthode  consiste  dans  l'emploi 
d’un  terme  explicite  pour  tenir  compte  des  effets  de  petits  ecoulements 
tri -dimensionnels  qui  serablent  so  presenter  dans  les  couches  Diesurees, 
comae  1’ indique  lc  disaccord  qui  existe  entre  1’ amplification  mesuree  de 
repaisscur  de  quantitc  de  mouvement  et  les  previsions  pour  1’ Equation  de 
la  quantitc  de  mouvement  bi-dimensionnelle  mtune  loin  du  dccollement. 

Enfiii,  il  est  prouve  que  les  methodes  d’ ontrainement  sont  nettement 
supe'ri cures  a  la  methods  Pechau  lorsqu’il  v  a  une  aspiiation  ou  une 
injection  distribute. 
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NOTATION 


aerofoil  chord  length 

local  skin-friction  coefficient 

entrainment  function  of  Head 

8»  8-8* 
profile  shape-factors:  H  =  —  ;  =  — — — 

tern  in  tlie  momentum  Integral  equation  representing  the  departure 
from  two-dimensional  conditions 

volume  flux  in  the  boundary  layer 

volume  flux  of  turbulent  fluid  in  the  boundary  layer 

local  radius  of  curvature  of  the  surface  (in  the  x-y  plane) 


u ,6  u.c 

Reynolds  numbers:  R^  =  —  ;  Rc  =  -i- 


turbulent  flux  thickness 


,  Jo  U1 


spanwise  turbulence  flux  thickness 


f“vwt  > 
=  —1  dy 

Jo  ; 


1  h 

6  '  9. 


shape- factors  appearing  in  the  new  entrainment  equation 


u,  V,  w 


components  of  velocity  In  the  boundary  layer  in  the  x,  y,  z 
directions  '•espectively 


component  of  velocity  in  the  free  stream  in  the  x-direction 


reference  value  of  Uj  ,  shown  in  Figure  21 

mean  velocity  components  ->f  turbulent  fluid  over  "time  turbulent", 
ir  the  x,  z  directions  iespectively 


mean  velocity  of  irrotaticnal  fluid  over  "time  potential" 

local  transpiration  velocity  at  the  surface  (positive  for  injection) 


V  vet*  vet 


entrainment  velocities 


i 


localised  rectangular  Cartesian  coordinates;  x  is  measured 
longitudinally  along  the  surface;  y  is  the  distance  perpendicular 
to  the  surface,  and  ?  is  the  spanwise  distance 


height  of  turbulence  front  above  surface 
universal  constant  in  Equation  (6) 

entrainment  coefficients  used  in  the  new  auxiliary  equations 
intermittency  factor  (ratio  c.  "time  turbulent”  to  total  time) 

u 

boundary  layer  thicknesses;  5  =  y  at  —  =  1.00  ,  used  by  the 

u  ui 

present  author;  S  =  y  at  —  =  0.995  ,  used  by  Head 

velocity  defect  and  leng  scales,  re  pectively.  ox  the  flow  at 
or  near  to  the  turbulence  iront 


displacement  thickness 


velocity  defect  parameter 


momentum  !  ;s  thickness 


0  U) 


spanwise  momentum  loss  thickness 


kinematic  viscosity 
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THE  CALCULATION  OF  SHAPE-FACTOR  DEVELOPMENT  IN 
INCOMPRESSIBLE  TURRULENT  BOUNDARY  LAYERS  WITH 
OR  WITHOUT  TRANSPIRATION 

B.  G.J.  Thompson 


1.  INTRODUCTION 

A  recent,  review1  by  the  present  author  hoc  shorn  that,  in  most  cases,  the  existing 
measurements  of  nominally  two-dimensional  turbulent  boundary  layers  are  affected  by 
the  presence  of  small  three-dimensional  flows,  as  indicated  by  the  disagreement  (even 
far  from  separation)  found  between  the  measured  developments  of  momentum  thickness 
(6)  and  those  calculated  from  step-by-step  solutions  of  the  two-dimensional  momentum 
integral. equation  using  measured  H  values  anc  values  of  skin-friction13  similar  to 
those  obtained  from  the  law  of  Ludwieg  and  Tillmain 1M.  The  more  important  examples 
are  shown  here  as  Figures  1,  2  and  3. 

The  construction  of  a  satisfactory  shape-factor  equation  is  in  principle  a 
difficult  problem  due  to  the  absence  of  a  satisfactory  (known)  general  relationship 
between  the  turbulent  shear  stress  and  the  mean  velocity  distribution.  The  results 
of  the  momentum  calculations  show  that  this  problem  is  further  complicated,  at  present, 
by  the  necessity  of  using  data  obtained  in  three-dimensional  layers  which  are  not 
properly  specified  by  the  measured  boundary  conditions,  as  the  latter  are  appropriate 
only  to  the  strictly  two-dimensional  flow  assumed.  However,  when  auxiliary  equations 
are  tested  against  experiment,  the  calculations  of  H  development  can  be  ade  using 
the  measured  development  of  momentum  thickness  in  each  case  as  this  provides  an 
additional  boundary  condition  accounting  to  some  extent  for  the  influence  of  the 
cross-flows  on  the  shape-factor  growth.  Comparisons,  on  -this  basis,  have  been  made1 
between  the  predictions  of  several  of  the  better  known  auxiliary  equations  (from 
Refs.  2  to  6)  and  experiment.  Some  typical  examples  are  shown  here  in  Figures  4  to  10, 
for  the  measured  layers  of  References  7  to  12. 

The  different  equations  usually  predict  widely  differing  H  developments  in  „».y 
given  pressure  distribution  and  are  often  inaccurate.  The  results  obtained  from  the 
entrainment  equation  of  Head2  are,  however,  generally  much  better  than  the  remainder 
especially  for  the  equilibrium  layers  of  Clauser7  shown  in  Fig  ,es  4  and  5;  also  for 
the  layer  of  Schubauer  and  Spangenberg9  shown  in  Figure  7.  The  agreement  with 
experiment  is  still  unsatisfactory  in  some  cases,  however,  particularly  those  shown 
in  Figures  5  and  6,  and  so  an  improved  equation  has  been  developed  and  is  described 
in  the  following  sections. 

The  new  auxiliary  equation  was  developed  from  Head’ s  original  approach  but  uses  a 
revised  physical  picture  of  the  turbulent  boundary  layer  and  of  the  entrainment  process. 
By  incorporating  an  explicit  allowance  for  the  cross-flow  this  has  resulted  in  an 


l 


1G6 


equation  giving  rather  better  agrec-ir.it  with  experiutnt  except  for  occ  leyer,  and  so. 
by  equating  the  cross- flow  tern  to  zero  it  ra;  be  used  for  calculations  of  shape-factor 
development  ir.  tw*o-di£ersioc.al  conditions  «ith  acre  confidence  then  the  earlier 
equatico.r,  which  have  not  taken  account  of  three-disonsional  effects. 

Tbe  entraiouent  approach  was  chosen  not  coly  because  of  the  superiority  of  Head's 
original  equation  tat  also  because  of  the  belief  that  the  entrainsent  relationships, 
obtained  for  layers  or  solid  surfaces,  could  be  very  little  affected  by  transpiration, 
whereas  the  d.iect  effect  of  the  sucticci  or  injection  on  the  whole  of  the  shear-stress 
distribution  through  the  layer  sight  lake  the  energy  equation,  for  example  Bore 
difficult  to  extend  to  such  physical  situations. 

Qiccuragisg  results,  using  the  entrainnent  equations.  haTe  been  obtained  on  a 
provisional  basis  for  layers  with  distributed  sucticci  cr  injection  and  are  described 
at  the  end  or  this  paper. 


Z.  THE  E*iTEAISIF.XT  EQUATION  OF  HEAD 

Head7  equated  the  rate  c?  increase  of  quantity  no*  (Q)  in  the  boundary  layer  to 
the  eurainn-ert  velocity  (ve>.  and  asscaed  that  the  ectralcsent  *as  controlled  by  the 
largest  turbulent  eddies  characterised  ay  the  scales  Oj.  5  -  5*  .  and  a  shape-factor 
6  -  ?• 


Hence. 


•IQ 

da 


d[ut(5  -  5*)} 

dx 


FfHj) 


CD 


where  5  =  y  at  u/U.  =  0.9S5  .  Eqaaticr.  \1)  »_s  used  in  calculations  in  the  foro. 


dRcH. 

—  a 

<L. 


0, 

—  F{H:)  . 


(2) 


The  single-curve  relationship  PCH.)  is  somewhat  arbitrarily  drawn  between  the 
data  of  References  S  and  l?>.  and  car.  be  acre  logically  derived  by  assuring  that  ve 
is  preport  ior.tl  to  sccc  scale  velocity  defect  of  the  outer  region;  in  addition  the 
original  arpraica  suffers  iroc  the  difficulty  of  defining  the  boundary  layer  thickness 
c  .  Consequently,  at  Dr.  Y.-nS  s  suggestion.  a  revised  cut  raiment  approach  was 
adopted  where  the  turculent  boundary  layer  was  no  longer  considered  as  purely  a  region 
of  defect  cf  » ean  velocity. 
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3.  THE  NEB  ENTRAINMENT  EQUATION 


3.1  flic  hasic  physical  model 

The  investigations  of  Corrsin  and  Kistler15  and  others,  show  that  the  turbulent 
layer  consists  of  a  body  of  turbulent  fluid,  adjacent  to  the  wall,  possessing  both 
me  an  nnc  fluctuating  «oi  icity  and  separated,  at  any  instant,  from  the  external 
potential  flow  by  ar,  eoparently  continuous  interface  (or  turbulence  front)  that  is 
strongly  distorted  in  three-dimensions  by  the  action  of  the  largest  scales  of  the 
underlying  turnulence. 


The  turbulence  front  is  continuously  propagating  into  the  external  flow,  converting 
potential  fluid  to  a  rotational  state  and  enabling  the  transfer  of  mean-flow  kinetic 
energy  to  the  retarded  turbulent  region  to  occur.  This  appears  to  be  the  essential 
mechanism  by  which  the  layer  grows  and,  together  with  the  clearly  defined  extent  of 
the  fully  turbulent  flow  (see  Fig.  11),  provided  the  main  physical  reasons  fer 
developing  the  new  auxiliary  equation  by  equating  the  rate  of  increase  o..  flux  .  ) 

of  turbulent  fluid  to  the  mean  entrainment  rate  .  Now,  if  Uj.  *s  thft  average 
velocity  of  the  turbulent  fluid  takai  over  "time  turbulent’’  and  up  i?  th;  avt  eoe 
velocity  of  the  irrotational  fluid  over  "time  potential". 


u  =  yut  (1  -  y)up  (3) 

where  y  is  the  fraction  of  the  time  for  which  the  f’ow  is  turbulent  r.  a  >art'  i)a* 
position  and  is  called  the  "intermittency  factor".  Hence, 

^t  =  Jc  ^“t1^  ~  Uit 


where  t  is  the  ‘‘turbulence  flux  thickness”,  and  the  basic  equation  therefore  becomes. 


dx 


dOjt  dR9(t/c7) 

dx  dx 


’et 


(5) 


3.2  The  velocity-defect  hypothesis  for  entrainment 


The  local  rate  of  vorticity  diffusion  per  unit  area  of 
solely  cn  local  conditions  and.  in  the  mean  for  all  times 
is  at  height  Y  .  this  rate  (v  y)  will  depend  only  on  the 
scale  (Sn(Y))  provided  the  overall  Reynolds  number  of  the 


the  interface  will  depend 
at  which  the  turbulence  front 
average  velocity  defect 
flow  is  not  too  small. 


That  is. 


v , 

— -  -  a  (a  universal  constant).  (6) 

ou 

The  overall  entrain-:  -nt  re'e  (v ^)  will  depend16  on  the  way  in  which  the  larger 
scales  of  the  turbulence  govern  the  shape  of  the  interface  (and  hence  the  “area”  over 
which  ve„  may  be  assumed  to  a-'t)  and  the  probability  distribution  of  Y  .  If, 
therefore,  there  is  an  overall  similarity  of  the  flow  as  in  equil'briunt  layers  a 
simple  relationship  sight  be  expected  of  the  form 
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vet  =  %Au 


(7) 


where  Au  is  some  suitable  scale  of  velocity  defect  to  the  turbulent  region,  and  ae 
is  a  universal  constant  called  the  "entrainment  coefficient”.  This  does  not  rule  out, 
a  priori,  the  possioility  that  ap  should  be  insensitive  to  departures  from  similarit 
and  the  new  equation  was  used  initially  in  the  form,  from  (5)  and  (7), 

dRe(t/fl)  Au  Uj 


dx 


* 


(8) 


In  the  absence  of  more  detailed  measurements  it  was  necessary  to  assume  that 

(a)  up  =  U,  . 

(b)  y  was  a  universal  function  of  y/S  given  by  the  measurements  of  Klebanoff 
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for  zero  pressure  gradient,  where 


l 


y  at  u/Uj  -  1.00  . 


The  velocity-defect  parameter  was  chosen  as 

Au 


U. 


ut" 


(9) 


This  is  shown,  together  with  other  features  of  the  new  approach,  in  Figure  12.  Hie 
shape  factors 


Au 

U. 


and  (t/6)  = 


o\ui 


-  1  +  yj  d(y  /9) 


were  found  as  functions  of  H  and  Rg  ,  using  a  new  two-parameter  velocity  profile 
family13  similar  to  Coles  family18  in  many  respects,  and  these  relationships  are  shown 
in  Figures  13  and  14. 


3.3  Results  of  calculations  using  the  new  equations 

It  was  found  that  with  a  value  of  ae  =  0.09  ,  Equation  (8)  gave  good  agreement  with 
the  equilibrium  layers  but  this  value  of  ag  was  much  too  large  for  the  other  layers. 

„  d(t/0) 

Therefore  it  was  assumed  that  6  -  could  be  used  as  a  measure  cf  the  departure 

dx 

from  similarity  and,  for  simplicity  in  computation,  it  was  assumed  also  that 

,d(v/<9) 


aP  =  a  +  ' 


dx 


(10) 


Equation  (8)  thus  took  the  form 


d i\/6) 
dx 


U,  Au  dRfl 

a  -1  —  -  (t/6)  e 


v  U, 


dx 


1-/5- 


Au1 


(11) 
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where  by  trial  and  error  it  was  found  that  a  =  0. 09  ,  ~  1.0  gave  better  agreement 

than  Head’s  equation  for  the  layers  on  flat  walls,  except  for  layer  “D”  of  Schubauer 
and  Spangenberg9  where  Head’s  excellent  result  could  not  be  matched,  unfortunately. 

Fbr  layers  developing  along  convex  curved  surfaces  the  entrainment  was  too  large, 
however,  resulting  in  values  of  H  that  were  too  small  and  separations  that  were 
delayed. 

3.4  The  additional  effect  of  wall  curvature  on  entrainment 

The  additional  streamline  curvature  (in  the  x-y  plane)  imposed  due  to  convex 
wall  curvature  may  be  expected  to  reduce  the  intensity  of  turbulent  mixing  and  to 
decrease  the  entrainment.  The  largest  scales  of  the  turbulence  will  be  affected  most 
strongly  and  so  it  was  assumed  that  a  depended  upon  Sj/R  ,  where  Sj  is  the 
boundary  layer  thickness  for  u/Uj  =  1.00  defined  by  a  relationship  of  the  form 

&t/9  -  f(H,  R g)  (12) 

obtained  from  the  new  profile  family13. 

Equation  (11)  was  solved  for  cx(S ^/R)  using  the  data  of  References  10  and  12  and 
one  layer  from  Reference  11.  On  recalculation  for  the  H  developments  in  these  and 
in  two  additional  layers  from  Reference  11,  good  agreement  with  experiment  was  now 
obtained.  The  extent  of  this  improvement  may  be  gauged  from  the  typical  example  shown 
in  Figure  15. 

Although,  at  this  stage,  the  overall  agreement  with  experiment  was  very  satisfactory, 
except  for  Schubauer  and  Spangenberg  “D"  it  was  not  certain  that  the  influence  of  the 
cross-flows  in  the  measured  layers  had  been  eliminated  and  so  an  explicit  allowance 
for  these  was  added  to  give  the  final  equation  suitable  for  use  in  two-dimensional 
conditions. 


3.5  The  inclusion  of  a  term  to  allow  for  the  effects  of  cross-flow 

The  only  available  measure  of  the  magnitude  of  the  cross-flow  in  nominally 
two-dimensional  layers  is  the  difference  (k(x)),  locally,  between  the  measured  rate  of 
change  of  momentum  thickness  (used  in  dimensionless  form  as  R5)  and  that  calculated 
from  the  two-dimensional  fenn  of  the  momentum  equation  as  described  in  the  Introduction. 

That  is,  , 


k(x) 


d 


~  R/j 

EXPT  Vd. 


dx 


(13) 


The  inclusion  of  the  cross-flow  term  in  the  momentum  integral  equation  gives, 
neglecting  the  Reynolds  stress  terms, 


Bx 


cf  u.  dU, 

—  —  -  (H  +  1)  —  — 1 
2  v  Uj  dx 


v  Bz 


(14) 
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and  thus 


u.  W.r 

k(x)  =  -  -i  _b 
v  ox 


*00 

JouA  «i 


The  corresponding  form  of  the  entrainment  equation  rs 


1  Jhl  1  ^12  _  ^ 

1/  5j  v  dz  Uj  v 


where  the  spanwise  flux 


uiti2  =  JAv* 


and  ywt  is  the  overall  time  mean  value  of  the  spanwise  (z)  component  of  velocity 
within  the  turbulent  fluid. 

lSV.*  . 

" 0 *’  - v - 5T"  <19) 

Hence,  assuming  that  the  measurements  have  been  made  at  or  near  a  plane  of  symmetry  of 
the  flow  the  third  term  on  the  right-hand  side  predominates  and  the  entrainment 
equation  becomes,  from  (15),  (17)  and  (19), 

3**(t/0)  AUU.  t 

-  =  «x - -  +  k(x)  -11  .  (20) 

3x  6  ox  v  el9 

The  form  of  the  spanwise  velocity  profile  cannot  be  determined  in  general  for  the 
nominally  two-dimensional  layers  and  so  it  was  assumed  that  the  effects  of  spanwise 
pressure  gradients  predominated  over  those  due  to  divergence  or  convergence  of  the 
external  streamlines.  A  cross- flow  profile  family  was  accordingly  constructed  from 
the  new  two -parameter  streamwise  profile  family13  and  the  triangular  polar  model  of 
Johnston19.  This  gave  a  relationship  for  t1?/01?  ,  which  was  closely  approximated  by 


where  the  cross  flow  had  been  assumed  to  occur  entirely  within  the  fully  turbulent 
region  (w  -  y wt). 

The  new  Equation  (20)  was  solved  for  ae  ,  using  Equation  (21)  and  the  measured 
developments  of  References  7,  8.  9,  10,  11  and  12,  and  the  resulting  correlations  were 
approximated  by 
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where 


and 


a  +  ($6 


B(t IB) 
Bx 


(22) 


/8. 

\  -0.  16794 

=  0.02  + 

■  0.02194  —  + 
l  R 

_  B(t/<9) 

0.001  j 

(23) 

=  1.0 

for 

Bx 

.  B(t/0) 

>  -  0.003 

(24) 

=  2.0 

for 

Bx 

<  -  0.003  . 

(25) 

3.6  The  new  auxiliary  equation 

Combining  Equations  (20),  (21)  and  (22)  the  new  auxiliary  equation,  in  the  form 
suitable  for  calculations,  becomes 


B(t  /6) 
Bx 


U,  Au  Br» 

— - (t/S)  -1  + 


v  U. 


Bx 


h 


(26) 


This  was  used,  together  with  Equations  (23),  (24),  (25)  and  the  charts  for  t/6  , 
Au/Uj  and  b^/9 ,  to  give  the  predictions  for  H  shown  in  Figures  4  to  10  and 
labelled  ‘NEW  EQUATION”. 


Starting  values  of  h  and  Rg  ,  and  distributions  of  k(x),  R0,  Uj/v,  Br^/Bx  were 
obtained  from  experiment. 


3.7  Hie  results  of  the  calculations 

The  new  equation  gives  better  results  than  the  existing  equations,  except  for 
Schubauer  and  Spangenberg  "D”  (Fig. 7).  The  improvement  in  agreement  with  the 
equilibrium  layers  of  Clauser  (Figs.  4  and  5)  is  very  satisfactory.  However,  for 
Newman’s  aerofoil  layer  (Fig. 6)  dH/dx  is  underestimated  near  to  separation  because 
k(x)  has  been  calculated  from  the  momentum  equation  without  allowing  for  the  measured 
normal-stress  terms  (see  Fig. 3);  otherwise  agreement  with  experiment  is  excellent. 

3.8  Discussion 

Figures  16  and  17  compare  the  results  given  by  the  new  equation  with  and  without 
its  cross-flow  term,  The  addition  of  a  cross- flow  term  to  the  equation  should, 
intuitively,  result  in  a  lowering  of  H  in  the  divergent  flow  conditions  of  Clauser  I 
(Fig.  16)  and  correspondingly,  an  increase  of  H  would  be  expected  for  the  convergent 
flow  conditions  of  Clauser  II  (Fig,  17).  In  fact,  the  observed  effect  on  the  predicted 
H  development  is  in  the  opposite  direction,  with  H  values  being  raised  for  Clauser  I 
and  lowered  for  Clauser  II,  Therefore,  when  attempting  to  derive  an  auxiliary  equation 
from  the  present  data  or  to  use  it  to  seek  agreement  with  the  present  measurements  of 
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II  development,  these  results  show  that  the  use  cl  the  measured  momentum  thickness 
alone,  without  the  inclusion  of  an  explicit  cross-flow  term  leads  to  an  overestimate 
of  the  effect  of  the  cross-flow  term  on  the  H  development,  although  the  conclusions 
drawn  in  Section  1,  regarding  the  usefulness  of  the  earlier  auxiliary  equations,  do 
not  depend  critically  on  the  use  of  measured  R^(x)  (see  Ref.  1). 

The  present  assumptions  for  the  form  of  the  cross- flow  profile  underestimate  the 
true  value  of  t12/#12  and  the  use  of  a  profile  based  upon  the  assumption  of  a  local 
radial  flow  as  attempted  by  Rotta20  and  Norbury21  should  be  tried.  Re-analysis  of  the 
existing  data  assuming  that  measurements  were  made  in  a  plane  of  symmetry  might  offer 
further  improvements16. 

More  detailed  measurements  of  %  ut ,  and  up  are  needed  to  establish  the  new 
physical  model  on  a  fiimer  basis,  particularly  as  regards  the  influence  of  wall 
curvature 

The  energy  equation,  or  any  alternative  having  a  clear  physical  significance,  would 
almost  certainly  have  given  an  equally  trustworthy  equation  for  solid  surface  two- 
dimensional  layers,  provided  a  proper  numerical  analysis  of  the  data  had  been  made 
and  three-dimensional  flows  had  been  accounted  for.  Purely  empirical  equations, 
however,  are  unlikely  to  be  as  satisfactory  in  this  respect  even  if  they  predict  the 
present  measurements  accurately,  and  they  would  be  more  difficult  to  extend  to  new 
physical  situations.  The  question  will  remain  open,  however,  until  measurements  have 
been  made  in  accurately  two-dimensional  conditions  or  in  layers  where  the  three- 
dimensional  flow  is  properly  determined. 


4.  SHAPE-FACTOR  CALCULATIONS  FOR  LAYERS  WITH  DISTRIBUTED  SUCTION  OP 
INJECTION 


4.1  The  equations 

Equations  (2)  and  (26)  become 


dx 


F(H.)  +  -2 
‘  U. 


and 


d(t  /6) 

dx 


/S  A  Au  v.  U 
of—)  —  +  —  —  -  (t/i 9) 

\  R /  Ut  Ut  v _ 


dK^ 

dx 


H  -  1 


k(x) 


/  AU 

1  -  P  — 

\  °»; 


(27) 


(28) 


where  it  is  assumed  that  the  entrainment  functions  F(H x ) ,  a(Sj/R)  and  /3  are 
unaffected  by  transpiration  provided  that  suction  rates  are  not  high  enough  to  produce 
a  reversion  towards  laminar  flow.  Figures  18  and  19  show  the  curves  used  with 
Equation  (27)  and  it  is  seer  tnat  the  solid  surface  profile  shape-factor  relationship 
is  only  satisfactory  for  injection  profiles22, 2U.  The  solid  surface  values  of 
t 10,  Au/Uj  have  been  used  in  Equation  (28),  provisionally,  although  the  new  profile 
family  can  now  account  lor  the  effects  of  transpiration  and  the  full  relationships 
will  be  available  soon. 
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4.2  Results  of  calculations 

A  typical  result  for  the  injection  layers  of  Mickley  and  Davis22  is  shown  in 
Figure  20,  where  the  good  agreement  obtained  using  the  entrainment  equations  may  be 
contrasted  with  the  poor  result  given  by  t,he  equation  of  Pechau23. 

Figure  21  shows  that  the  entrainment  approach  gives  reasonably  good  results  with 
suction  especially  when  the  correct  shape-factor  relationship  is  used.  Pechau’ s 
results  are  again  unsatisfactory. 

The  k (x)  values  of  these  layers  were  found  to  be  negligible  using  a  new  skin 
friction  relationship  (which  accounts  for  the  direct  effects  of  transpiration  on  the 
inner  profile)  in  the  calculations  of  momentum  thickness  development.  (See  Figs.  22 
and  23). 


5.  CONCLUSIONS 

(i)  Existing  shape-factor  equations  give  widely  differing  results  in  any  given 
pressure  distribution  and  are  sometimes  very  inaccurate.  Head’ s  equation 
is  rather  better  than  the  remainder. 

(li)  Auxiliary  equations  for  predicting  H  in  two-dimensional  conditions  can  only 
be  satisfactorily  derived  on  the  basis  of  the  present  experiments  if  direct 
account  is  taken  of  the  cross- flows  that  appear  to  be  present  in  most 
measured  boundary  layers. 

(iii)  A  new  form  of  entrainment  equation  has  been  evolved  and  shown  to  give  improved 
agreement  with  experiment  except  for  one  layer  measured  by  Schubauer  and 
Spangenberg  . 

(iv)  The  physical  basis  of  the  new  approach  needs  to  be  more  firmly  established, 
by  additional  measurements  of  intermittency  and  by  measurement  of  comparative 
velocities  in  the  fully  turbulent  and  potential  flow  regimes. 

(v)  The  entrainment  equations  give  much  better  agreement  with  H  development  in 
layers  with  transpiration  than  does  the  published  method  of  Pechau. 

(vi)  There  remains  an  urgent  need  for  measurements  in  accurately  two-dimensional 
or  in  known  three-dimensional  conditions. 
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Fig.  1  Comparisons  of  momentum  calculations  with  experiment.  Clauser  Series  I 
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Fig. 2  Comparisons  of  momentum  calculations  with  experiment.  Clauser  Series  II 


Fig. 3  Comparisons  of  momentum  calculations  with  experiment.  Newman  Series  II 


Fig.  4  Comparisons  of  shape-factor  predictions.  Clauser  Series  I 
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Sl'MSARY 


1 1  is  shorn  that  foraal  relations  exist  betaeen  tte  “entreinaeni 
function”,  appearing  in  the  theon  of  Head  (I960)  and  ctners.  and  the 
‘dissipation  i-itegrai”  appearing  in  th*  theories  jf  Rotta  (1950). 
TrucVenbrodt  (1951)  and  others.  Use  of  the  reIa;ions.  and  of  kn^ledgs 
of  free  turbulent  flovs.  peraits  iopn.vcJ  expressions  to  he  recorasended 
for  the  dissipation  integral,  valid  fer  ncar-flat-piatc  flc*s.  lor 
nearly-separating  boundary  lasers,  and  for  floas  fcr  xhich  the  velocity 
profiles  t  hibit  raxisa.  The  relations  also  indicate  a  non-arbitrary 
definition  of  the  outer  "edge-  of  the  i.  ur.cary  lajer  for  use  *ith  the 
entrainment  function.  Further  research  will  be  needed  to  verify  and 
in^rwe  the  recoscendations  «hich  hav*  been  i.:-c  and  to  exteno  thee  to 
situations  of  greater  complexity;  soae  suggestions  -ire  nade  concerning 
these  extensions. 


SOUSA IKE 


L* auteur  de  cei  expose  cantre  1* existence  de  relations  foraelles  entre  * 
la  “fanction  d*  entratnet-ent".  apparaissant  dans  la  theorie  de  Head  (I960) 
et  dans  <f  antres  theories,  et  *T  integrale  de  dissipation”,  apparaissant 
dans  les  theories  de  Rotta  (195C),  de  Truckenbrodt  (1951)  etc.  £n 
utilisant  ces  relations  et  les  donnees  que  1’ on  possede  sur  les  ecoulenents 
libres  turbolents.  on  peut  recocmander,  pour  ]’ integrale  de  dissipation, 
des  expiessions  aaeliorees.  valables  peur  des  ecouleacnts  sur  plaques 
presqae  planes,  pour  des  couches  Unites  proches  de  decollenent,  et  pour 
des  Ecouleacnts  ou  les  profils  de  Yitesse  presentei.t  des  naxica.  Ces 
relations  conduisent  nussi  a  une  definition  non  arbitraire  du  “bord” 
externe  de  la  couche  limite,  a  utiliser  avec  la  "fcnction  d’ entrainement”. 
Un  coaplement  de  reciierches  s'  imposera  pour  confirmer  et  ameliorer  les 
reconraandations  qui  ont  ete  fonnulees,  et  pour  etendre  leur  application  a 
des  situations  d’une  plus  grande  conplexite;  1’ auteur  exprime  quelqies 
suggestions  concernant  cette  derniere  possibility. 
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NOTATION 


Equations  of 
First  Mention 


constant  in  entrainment  law 

displacement  thickness  divided  by  momentum 
thickness 

another  shape  factor 

yalue  of  Hj  at  blow-off  from  the  wall 
<*E  =  °> 

kinetic-energy  thickness  divided  by  momentum 
thickness 

value  of  H,  at  blow-off  from  the  wax! 

(^  =  0) 

various  integrals  involving  the  velocity  and 
density  profiles 

the  logarithm  of  the  boundary  layer  thickness 
divided  by  the  length  scale  of  the  turbulence 
in  the  near-wall  region 

mass-trarsfer  rate  through  the  wall  into  the 
boundary  layer,  divided  by  pGuG 

rate  of  transfer  of  mass  from  the  mainstream 
into  the  boundary  layer,  divided  by  pGuG 

various  Reynolds  numbers 

non-dimensional  shear  stress 

value  of  s  at  the  wall  (=  cf/2  in 
conventional  notation) 

average  value  of  s  on  a  velocity  basis 

velocity  of  fluid  along  the  wall  (ft/s) 

velocity  of  fluid  normal  to  and  away  from 
the  wall  (ft/s) 

width  of  stream  (ft) 


(2.4-18) 

(2.1-21) 

(2.1-22) 

(2.4-4) 

(2.1-23) 

(2.4-4) 

(2.1-16  to  19) 

(3.1-1) 

(2.1-14) 

(2.1-15) 
(2.1-24  to  28) 
(2.1-13) 

(2.1-30) 

(2.1-20) 

(2.1-1) 

(2.1-1) 

(2.1-1) 
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Equations  of 
First  Mention 


X 

distance  along  wall  in  mainstream 
direction  (ft) 

(2.1-1) 

X 

a  property  of  the  boundary  layer  which 
influences  the  value  of  s 

Section 

y 

distance  from  wall  in  direction  towards  the 
fluid 

value  cf  y  at  the  outer  "edge”  of  the 
boundary  layer  vft) 

(2.1-3) 

z 

non-dimensional  velocity  u/uG 

(2.1-11) 

u. 

dynamic  viscosity  of  fluid-(lb/ft  s) 

(2.2-2) 

£ 

dimensionless  distance  from  the  wall  y/yG 

(2.1-12) 

p 

fluid  density  (lb/ft3) 

(2.1-1) 

T 

shear  stress  in  fluid  times  constant  in 
Newton’s  Second  Law  of  Motion  (lb/ft  s2) 

(2.1-2) 

Subscripts 

G  appert&inrig  to  conditions  in  the  main  stream 


S 


appertaininj  to  conditions  in  the  fluid  close 
to  the  wall 


THE  KINETIC* ENERGY* DEFICIT  EQUATION  OF 
THE  TURBULENT  BOUNDARY  LAYER 

D.B.  Spalding 


1.  INTRODUCTION 

1.1  The  problem  considered 

Since,  the  1920’ s,  theories  of  the  boundary  layer  based  on  the  integral  momentum- 
deficit  equation  (von  Karman,  1921)  have  been  in  common  use.  In  the  early  1950’ s* 
several  authors  (Rotta,  1950;  Truckenbrodt,  1951;  Tetervin  and  Lin,  1951;  Rubert  and 
Persh,  1951)  proposed  the  use,  in  addition,  of  the  integral  kinetic-energy-deficit 
equation,  more  commonly*  called  “the  energy  equation".  In  the  form  advocated  by 
Truckenbrodt,  tie  method  has  become  widely  known,  parti;  through  the  textbook  of 
Schlichting  (1960). 

The  status  of  the  kinetic-energy  equation  is  the  same  as  that  of  the  momentum 
equation:  being  derived  rigorously  from  the  partial  differential  equations  of  motion 
and  continuity,  the  equation  itself  is  a  firm  foundation  for  any  theory  of  the 
boundary  layer.  If  predictions  based  on  it  are  in  error,  the  cause  must  lie  with 
auxiliary  assumptions  and  not  with  the  equation. 

Nevertheless,  methods  based  on  the  energy  equation  have  not  been  especially 
successful  for  the  turbulent  boundary  layer;  Thompson’s  (1963,1964)  review  of  most 
available  methods  showed  that  only  that  of  Head  (1960)  provided  even  tolerable 
predictions  over  the  whole  range  of  conditions  tested.  Hpad’ s  method  did  not  employ 
the  kinetic-energy  equation  at  ail,  but  was  based  on  the  integral  mass-conservation 
equation,  conjoined  with  an  “entrainment  law".  The  present  author  has  shown  that,  this 
starting  point  permits  the  prediction  of  many  features  of  the  properties  and  beuaviour 
of  the  turbulent  boundary  layer  (Spalding,  1964). 

All  theories  which  employ  the  integral  equations  mentionee  above,  in  place  of  the 
partial  differential  equations,  necessarily  involve  assumptions  about  the  shape  of  the 
velocity  profile  (u  ~  y  relation).  This  requirement  presents  little  difficulty  in 
practice,  becar  e,  for  turbulent  flow,  the  velocity  profiles  can  be  satisf actor ily 
regarded  as  belonging  to  a  single-parameter  family.  The  analytical  expressions  contain 


•The  equation  was  derived  earlier  by  Wicghardt  (lj-;5). 

* Although  the  word  "deficit"  can  be  dropped  without  loss,  it  is  *inwise  to  delete  the 
qunlif lout  ion  “kinetic",  lest  the  equation  should  be  confused  with  the  quite  separate  ooc, 
involving  enthalpies,  which  is  based  on  the  First  Law  of  ThenoodynaalcB. 
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a  certain  degree  of  arbitrariness;  but  considerable  changes  in  analytical  form  prove 
to  cause  but  snail  changes  In  the  resulting  predictions.  However,  it  must  be 
admitted  that  the  method  based  on  the  mass-conservation  equation  contains  more 
arbitrariness  than  ti.e  others;  for  it  alone  necessitates  the  prescription  of  a  definite 
outer  limit  to  the  boundary  layer,  which  cannot  be  detected  by  measurements. 

Two  questions  therefore  arise;-  (i)  fthy,  nevertheless,  have  methods  based  on  the 
kinetic-energy  equation  proved  less  successful  than  those  based  on  the  mass- conservation 
equation?  And:  (ii)  fa  it  possible  to  devise  a  new  method  which  combines  the 
advantages  of  both  but  lacks  the  disadvantages?  it  is  these  questions  which  will  be 
discussed  in  the  present  paper.  Provisional  answers  will  be  suggested,  but  final  ones 
must  await  the  execution  of  more  research,  some  of  which  is  suggested  in  the  paper. 

1.2  Outline  of  the  present  paper 

Section  2  of  this  paper  presents  the  mathematical  basis  of  the  argument.  Hie 
derivation  of  the  integral  equations  in  Section  2.1  is  conventional  and  can  probably 
be  skipped  by  most  readers.  Section  2.4  contains  the-most  important  theoretical 
results;  these  are  Equation  (2.4-3)  which  connects  the  shear-stress  integral  with  the 
entrainment  function,  and  Equation  (2.4-4)  which  provides  a  non-arbitrary  definition 
of  the  outer  edge  of  the  boundary  layer. 

Section  3  surveys  the  information,  theoretical  and  experimental,  which  exists 
concerning  the  shear-stress  integral.  Although  this  information  proves  to  be  scanty, 
it  suffices  to  demonstrate  the  inadequacies  of  earlier  propos  >.ls  for  its  form  and  to 
suggest  a  recommendation  which  has  better  prospects  of  success  and  a  wider  range  of 
application.  This  recommendation  is  contained  in  Section  3.4.6. 

Section  4  discusses  the  question  of  which  of  the  two  methods,  after  necessary 
amendment,  will  be  the  more  convenient  to  use;  the  tentative  conclusion  is  in  favour 
of  the  method  based  on  the  kinetic-enorgy  method.  Thereafter  some  of  the  outstanding 
questions  of  turbulent-boundary-layer  research  are  brought  under  review,  and  some 
suggestions  are  made  for  means  of  tackling  them. 


2.  MATHEMATICAL  DEVELOPMENT 
2. 1  The  integral  equations 

The  partial  differential  equations  governing  the  steady  t.wo-dimensiona  1  converging 
or  diverging  flow  of  a  iluid  along  a  surface  are  as  follows:. 

Mass  conservation: 


Momentum: 


a  3 

(P*u)  +  — •  (pwv) 
OX  tiy 


C 


3u 

Pu  --  +  pv 
ox 


3u 

3y 


(2.1-1) 


(2.1-2) 
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wher e:  x  is  it?  distsrce  ia  the  Htiastreaa  direction  along  the  surface 
j  is  the  distir.ce  i rca  sad  sint!  to  the  surface 

*  is  the  width  separating  iesginary  “strea»-pi«ces”  wbf-fc  ire  ooraal  to  the 
suffice* . 

The  integral  *oss-conierr>at i(n  eolation  is  obtained  fro*  (2.1-1)  fcr  direct 
Integration  in  th '  t  direction  fr<c  the  wall  to  the  (arbitrarily  specified)  ooter 
liait  of  the  oocadary  layer.  a  distace  jc  frea  the  wall.  where  u  -  nG  and 
These  iresalts: 


1  d  {  fjc  '  dy_ 

mTxVK  CB  *j  =  *T«  -  Vg  *  ~  -  (2- 1-3) 

Here  subscripts  S  denotes  eoaditioes  at  the  surface  (wall)  which  nay  be  perous 
(rg  not  necessarily  evial  to  zero),  the  final  tera  on  the  right-hand  side  arises 
because  yfi  will  crdiEiriiy  rarT  with  x  . 

The  integral  noaentzu-drficit  equation  is  obtained  frtxa  (2.1-1)  and  (2.1-2)  as 
follows.  The  nile  for  differentiation  by  parts  permits  (2.1-2)  to  be  rewritten  thus: 


J  3  .  3(pu)l  J  3 


3  3{/?v) 

—  (/A.)  -  u  — - 
cy  Oj 


!dur.  3 r 

=  T  +  %-  <2I-,) 


But  (2.1-1)  implies  (since  »  depends  on  x  alone): 


f  3(pu)  3  (pr)  dw 

raT*^r!tpu5j  = 0  ■ 


:2.i-5) 


Combination  of  Equations  (2.1-4)  and  (2.1-5).  together  with  integration  with 
respect  to  y  yields: 


is{’  rH 


du_  ,  dyr 

+  P3VGUG  =  ^GUG  >*G  ~  TS  +  ^GaG  ~  <2-1*6> 


where  we  have  put  u  equal  to  zero  at  the  wall  and  r  equal  to  zero  in  the  main 
stream. 

Finally.  Equation  (2.1-3)  is  multiplied  through  by  uG  and  Equation  (2.1-G)  is 
subtracted  frcoi  it  with  the  result: 


1  <3  f  ryG  )  dufi  iiyG 

;  *  J0  '°u(uG  -  +  ~  j,  ^GUG  -  =  W G  ' 


(2.1-7) 


dw/dx  thus  measures  the  extent  to  which  the  flow  diverges,  w  is  independent  of  y  .  If  the 
flow  is  constrained  so  that  all  streamlines  are  parallel  to  a  single  plane,  w  is  a  constant 
which  can  he  eliminated  from  the  equations. 
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The  integral  kinctic-cnergy-deficit  equation  is  obtained  by  aultiplying  Equation 
(2.1-2)  by  u  and  then  applying  the  rule  for  differentiation  by  parts.  There  results, 

|  a  _  -r  Wj  f  s  r  i!'\ .  1 ,  j*  (TU) .  T  b . 

l^X  \  2  /  2  OS  j  [  By  \  2  )  2  3j  }  0  G  dx  }  oy  By 

(2.1-8) 

Integration  with  respect  to  y  now  yields,  in  view  of  Equation  (2. 1-D  and  the  fact 
that  us  equals  zero: 


1  d  \  fyG  u3  u ~  dur  fyG  fyG  Bu  u 

*«\'l  =  ^«-srJ.  ""'-J, 


U.Yg 

2  dx 


(2.1-9) 


Finally,  this  equation  is  subtracted  from  the  equation  formed  by  multiplying  each 
term  of  (2.1-3)  by  u^/2  .  'There  results: 


(2.1-10) 

W°  no*  express  l he  equation  in  dimensionless  forms  in  accordance  with  the  practice 
of  the  author’s  earlier  paper  (Spalding,  1964).  The  following  definitions  are  used: - 


Variables: 


Integrals: 


u/uc 

(2  1-11) 

y/yG 

(2.1-12) 

t/(pgug2) 

(2.-1-1S) 

Pgvg/ 

(2.1-14) 

PGV G  -  PGUGdyG/dx 

P0U0  -  ~  v  . 

(2.1-15) 

r 

«0 

(2.1-16) 

J1  (p/pG)zd^ 

(2.1-17) 

J  ’  (p/pG)7,*d^ 

(2.1  18) 

Shape  factors: 


Reynolds  numbers: 
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I* 

si 

r  (p/p0)z3&g 

*0 

(2.1-19) 

f1  „ 

s 

55 

A’** 

(2.1-20) 

H 

ms 

(1  -  Ijl/dj  -  I2) 

(2.1-21) 

H, 

S 

1/d,  -I«) 

(2.1-22) 

H3 

E 

(I,  -  v/a,  -  I2> 

(2.1-23) 

rg 

SS 

Webref 

(2.1-24) 

R* 

S 

1ih 

(2.1-25) 

R? 

= 

(I,  -  I,)P.a 

(2.1-26) 

R3 

T2 

(I,  -  I,)Rfl  , 

(2.1-27) 

Rx 

s 

U/'W  J0X^GUGdX 

(2.1-28) 

Here  pTef  is  a  reference  value  of  the  fluid  viscosity,  for  example,  the  viscosity  in 
the  stagnation  state  of  the  main  stream. 

Substitution  of  the  above  definitions  in  the  three  integral  equations  yie’lds: 


Mass: 


dR  d(log  w) 

— -  +  R_  - — 

dR  01 


dR. 


~  m  - 


Momentum: 


dR,  d(logpw)  d(logpUg) 

— -  ■*  R.  - *—  ¥  (1  +  i:)R. - £-i-  =  m  + 


dR. 


dR. 


dR. 


Xinetic-energy: 


dR3  p  dOogew>  + 

dRx  3  dRx  Id,  ~  I.) 


d(logeu0) 

R,  - =  m  +  2s 

3  dR. 


(2.1-29) 


(2.1-30) 


(2.1-31) 


Of  course,  other  forms  are  possible.  For  example,  we  might  eliminate  all  but  one 
°f  R„.  R?  and  R3;  H  could  be  expressed  in  terms  of  Ij  and  I2;  and  new  equations 
could  be  leH'/cd  by  corbinatiri  of  +  he  above  three. 


2.2  Hie  “kinctlc-enei gy  method’’ 

By  the  "kinetic-energy  method”  we  here  mean  the  method  of  predicting  boundary  layer 
behaviour  which  is  based  on  the  siiuultancout  solution  of  ^he  integral  kinetic-energy- 
deficit  Equation  (2.1-31)  and  of  the  integral  momentum-deficit  Equation  (2.1-30). 

To  bring  out  the  special  nature  of  the  method,  aid  to  facilitate  l~ter  comparison  with 
the  method  based  on  the  mass-conservation  equation,  we  s'  all  rc-write  thi  kinetic-energy 
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equation  in  terras  of  the  shape  factor  H3  .  Prom  Equations  (2.1-31)  and  (2.1-30)  and 
the  definition  of  H3  ,  we  can  derive: 


-  1)  ~  Ms  + 


dr 


(1,-L 


»3B2 


d(logeuG) 


dR. 


(2.2-1) 

This  equation,  together  with  the  momentum  equation,  permits  the  development  of  the 
boundary  layer  to  be  predicted,  provided  that  it  is  possible  to  relate  all  the 
quantities  appearing  on  the  right-hand  side  to  the  two  dependent  variables  of  the 
differentia]  equations,  R.  and  H,  ,  and  to  the  independent  variable  Rv  .  There  are 
various  ways  in  which  these  relations  can  be  obtained;  thus  the  assumption  that  the 
velocity  profile  belongs  to  a  one-parameter  family,  together  with  a  related  assumption 
about  the  density,  may  link  H,  Ifl,  It  and  I2  to  H3  ;  sg  may  be  connected  with 
R2  and  H  by  way  of  the  Ludwieg-Tillmann  drag  lav  (Ludwieg  and  Tillmann,  1949);  and 
m  and  d(logeuG)/dRx  may  be  specified  in  terms  of  Rx  .  Only  s  requires  special 
treatment,  some  examples  of  which  will  be  discussed  in  Section  3;  for  the  time  being 
we  shall  merely  suppose  that  s  can  also  be  expressed  as  a  function  of  R2,  H3  and 
of  other  locally  determined  properties. 

Before  proceeding  further,  it  will  be  useful  to  discuss  various  implications  of 
Equation  (2.2-1),  namely: - 

(i)  it  is  possible  to  contrive  experimental  conditions  such  that  the  shape  of  the 
velocity  profile  varies  but  slowly.  Then  the  left-hand  side  of  Equation  (2.2-1)  can 
be  placed  equal  to  zero,  and  the  equation  ceases  to  be  a  differential  equation  at  all. 
Boundary  layers  of  this  kind  have  been  studied  by  Clauser  (1954),  among  others;  they 
are  often  called  "equilibrium  boundary  layers". 

(11)  Hie  quantity  H3  ,  which  appears  in  the  coefficients  of  m  and  of  s  ,  is 
plotted  in  Figure  1  versus  the  more  familiar  shape  factor  H  boundary  layers 
possessing  the  velocity  profile  of  the  author’s  earlier  paper  (Spalding,  1964), 
i.e. ,  one  comprising  a  logarithmic  “wall”  component  and  a  sinusoidal  "wake”  component 
(see  Eqn. (3.3-1)  overleaf).  Hie  parameter  l'  ,  lies  between  7  and  12  for  common 
values  of  the  Reynolds  number.  Hie  curves  are  valid  for  the  uniform-density  boundary 
layers  on  which  the  majority  of  experiments  have  been  carried  out.  F\ar  such  boundary 
layers,  the  quantities  I0  and  Ij  are  equal;  the  coefficient  of  P  2d(logeuG)/dRx 
is  therefore  equal  to  (H  -  1)H3  .  Hiis  quantity  is  also  plotted  in  Figure  1  for 
the  family  of  velocity  profiles  just  mentioned. 

(iii)  For  an  equilibrium  boundary  layei  on  nn  impermeable  (m  =  0)  wail  in  tne 
absence  of  pressure  gradient,  Equation  (2.1  1)  implies: 

s  =  (H3/2)ss  .  (2.2-2) 

Since  for  such  boundary  layers  H  is  armind  1.3  and  so  (Fig.l)  H,  is  around  1.8, 
s  is  slightly  less  than  ss  ;  in  other  words  the  average  shear  stress  in  the  boundary 
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layer  is  slightly  less  than  the  shear  stress  at  the  wall.  This  result  is  in  accordance 
with  experimental  information,  for  example  that  of  Klebanoff  (1954)  which  is  illustrated 
in  Figure  2.  It  should  be  noted  that  it  is  the  average  of  s  with  respect  to  velocity 
that  is  in  question  (sec  Eqn.  (2. 1-20)),  not  that  with  respect  to  distance. 

(iv)  A  turbulent  boundary  layer  may’  be  "blown  away”  from  a  wall,  in  the  absence  of 
a  pressure  gradient,  if  the  wall  is  porous  and  m  is  large  enough.  The  experiments 
of  Hacker  (1958)  suggest  that  m  must  lie  between  0.02  and  0.04  for  this  to  occur; 
this  finding  accords  with  the  fact  that  the  velocity  of  entrainment  into  a  free 
turbulent  mixing  layer  from  a  fluid  at  rest  is  about  0.03  times  the  velocity  of  the 
entraining  fluid  (Reichardt,  1942;  Liepmann  and  Laufer,  1947).  Since,  under  this 
condition,  all  terms  in  Equation  (2.2-1)  are  zero  except  those  containing  s  and  ii  , 
and  since  also  H3  must  be  about  1.5  (for  a  s.nusoidal  velocity  profile,  we  deduce 
that  s  must  be  about  0.0075  for  the  "blown  away”  boundary  layer). 

(v)  A  similar  condition  of  incipient  separation  of  the  boundary  layer  from  the  wall 
can,  in  principle  at  least,  be  caused  by  an  adverse  pressure  gradient  on  an  impermeable 
wall.  The  corresponding  value  of  the  quantity  R^d(logeu(,)/dRx  is  therefore 

(with  s  =  0.0075  ,  and  with  H  =  4  and  H3  =  1.5  for  the  sinusoidal  profile)  about 
-0.0033.  This  is  not  necessarily  the  greatest  adverse  pressure  gradient  which  the 
boundary  layer  can  sustain,  but  is  almost  certainly  is  of  the  order  of  magnitude  of 
that  which  will  precipitate  separation. 

(vi)  These  considerations  are,  of  course,  not  sufficient  for  the  complete 
determination  cf  the  s  function.  However,  we  have  seen  two  conditions  which  the 
function  must  satisfy  (paragraphs  (iii)  and  (iv));  and  the  experimental  study  of 
equilibrium  boundary  layers  with  adverse  pressure  gradients  and/or  blowing  through  the 
wall  would  clearly  permit  values  of  s  to  be  deduced. 

2.3  The  “mass-conservation  method” 

We  shall  now  present  the  method  of  Head  (1960),  as  developed  by  the  present  writer, 
in  a  similar  manner.  The  two  equations  which  are  used  in  this  method  are  (2.1-29)  and 
(2.1-30).  Leaving  the  latter  as  it  Is,  we  shall  re-write  the  former  so  as  to  make  H, 
the  dependent  variable.  From  Equations  (2.1-30),  (2.1-29)  and  the  definition  of  H,  , 
we  derive: 


(2.3-1) 


This  'quation.  wnich  is  the  counterpart  to  Equation  (2.2-1)  of  the  kinetic-energy 
method,  rorms  with  the  momentum  equation  an  adequate  foundation  for  the  prediction  of 
boundary  layer  development,  provided  that  the  quantities  appearing  on  the  right-hand 
side  can  be  expressed  in  terms  of  R?,  H,  and  Rx  .  Here,  once  a  reasonable  family 
of  velocity  pr.-'iles  has  been  selected,  the  sole  uncertainty  pertains  to  the  quantity  - 
nQ  .  the  entrainment  function;  Head  (I960)  determined  this  empirically  as  a  function 
of  11,  ;  the  present  author  (Spalding.  1954)  expressed  -  mQ  in  terms  of  a  different 
property  of  the  velocity  profile,  ,  which  will  be  discussed  below  (Sections  2.4, 

3.1  and  3.3).  and  used  knowledge  of  free  turbulent  flows  for  its  determination. 
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Equation  (2.3-1)  is  similar  in  form  to  Equation  (2.2-1),  thus: 

(i)  For  equilibrium  boundary  layers  (dHj/dR^  =  0),  the  equation  ceases  to  be  a 
differential  one. 

(ii)  The  quantities  Hj  and  (1  +  H)Hj  ,  appearing  in  the  equation,  are  plotted 
versus  H  in  Figure  3,  l'  again  being  the  parameter,  and  the  velocity-profile 
assumption  being  that  of  the  author's  earlier  paper  (Eqn.3.3-1)  below.  The  curves 
are  valid  for  uniform-density  flows. 

(iii)  For  equilibrium  boundary  layers  on  an  impermeable  wall  in  the  absence  of  a 
pressure  gradient,  Equation  (2.3-1)  implies: 


-  mG  =  HjSs  .  (2.3-2) 

Evidently,  since  sg  is  of  the  order  of  0.001  for  such  flows  while  Hj  is  of  the 
order  of  10,  the  dimensionless  entrainment  rate  -  mG  -will  be  about  o.Ol. 

(iv)  When  the  boundary  layer  is  “blown  away"  by  mass  transfer  through  a  porous 
wall,  in  the  absence  of  pressure  gradient,  we  have  (since  both  sg  and  d(logeue)/dRx 
are  zero): 


-  mG  =  (H3  -  l)m  .  (2.3-3) 

If  the  value  of  0.03  is  accepted  as  the  corresponding  mass-transfer  rate,  and  Kj  is 
taken  as  4  under  this  condition  (see  Fig,  3),  we  deduce  that  -  mQ  is  equal  to  0.09. 

This  is  probably  the  maximum  rate  of  entrainment  into  a  boundary  layer  which  does  not 
exhibit  reverse  flow  or  a  velocity  maximum.  It  should  be  noted,  however,  that  both 
Hj  and  -  mc  depend  on  the  arbitrary  choice  of  the  outer  limit  of  the  boundary  layer; 
in  deriving  the  values  of  Figure  3,  this  limit  was  taken  as  the  point  where  the  tangent 
of  the  sinusoidal  velocity  profile  is  horizontal. 

(v)  If  we  consider  incipient  separation  of  an  equilibrium  boundary  layer  from  an 
impermeable  wall  with  a  pressure  gradient,  and  suppose  -  mG  ,to  have  the  value  of 
0.09,  as  just  calculated,  we  deduce  that  R?d(logeuG)/dRx  must  have  the  value  of 

-  0.0045.  This  is  of  the  same  order  as  the  value  obtained  by  consideration  of  the 
kinetic-energy  equation;  the  difference  in  value,  which  can  be  regarded  as  minor  for 
present  purposes,  presumably  results  from  the  arbitrary  choice  of  outer  limit,  referred 
to  in  the  immediately  preceding  paragraph. 

(vi)  We  have  now  learned  that  -  mG  is  likely  to  vary  between  0.01  for  equilibrium 
boundary  layers  on  a  flat  plate  and  about  0.09  for  a  separating  boundary  layer. 

Complete  information  about  the  entrainment  function  must  be  obtained,  however,  in  other 
ways,  for  example  from  experiment. 


2.4  Relation  between  the  dissipation  integral  and  the  entrainment  rate 

The  quantity  s  in  the  kinetic-energy  method  is  similar  in  nature  to  the  quantity 
-  «G  in  the  mass-conservation  method;  both  must,  at  the  present  time,  be  determined 
empirically.  However,  if  one  of  the  quantities  is  known,  the  other  ca;.  be  deduced, 
as  follows: 


I 


Equation  (2.2-1)  and  (2.3-1)  must  be  valid  simultaneously, 
e  deduce: 
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By  division,  therefore, 


2s  -  m(H3  ~  1)  -  H3sg  +  Jh-1- 


"  Ii>' 


di-I,) 

dH 


d(log  uP) 

H,R,  - S_L 

3  2  dR. 


dH. 


-  mfl  -  m(Hj  -  1)  -  HjSg  +  (1  +  H)HjR2 


da°geuG)' 


dR, 


x 

(2.4-1) 


Here  dHj/dHj  is  a  quantity  which  can  be  evaluated  by  reference  to  the  prescribed 
family  of  velocity  profiles. 

Let  us  now  assume  that  the  quantities  s  ,  -  mG  and  sg  depend  on  only  the 
velocity  profile,  the  local  mass-transfer  rate  through  the  wall  m  ,  and  the  Reynolds 
number  R2  ;  i.e.  we  suppose  that  the  pressure  gradient  has  no  direct  influence  on  ar.y 
of  these  quantities.  It  follows  that  the  coefficient  of  d(logeuG)/dRx  in  Equation 
(2.4-1)  must  be  zero,  i.e.,  that: 


(Ii  -  V  3 


dH. 


(1  +  H)Hj 


(2. 4-2) 


Let  us  now  restrict  consideration  to  the  case  of  uniform  density,  so  that  I.  and 


are  equal. 
2 


Then  substitution  of  (2.4-2)  into  (2.4-1)  yields*: 


s  - 


(H  -  1)H3  Hj(H  +  1) 


(-  nn)  + 


(Hx  -  1)  (H3  -  1)  ) 


(H  +  1)H1  (H  -  l)H3Jm  (H  +  1XH-1) 


=  0  . 


(2.4-3) 


Equation  (2.4-3)  permits  the  dissipation  integral  s  to  be  calculated  if  the  velocity- 
profile  family  and  the  entrainment  law  are  known;  alternatively  the  entrainment  rate 
can  be  calculated  if  s  and  the  velocity  profile  are  known. 

It  should  be  remarked  that  Equation  (2.4-2)  is  a  conditions  which  the  velocity- 
profile  family  must  satisfy  if  s,  m0  ,  etc.,  are  to  be  independent  of  pressure  gradient. 
This  equation  permits  the  removal  of  the  arbitrariness  concerning  the  definition  of 
entrainment.  Instead  of  defining  H,  by  way  of  Equation  (2.1-22),  which  contains 
the  integral  Ij  having  on  arbitrary  upper  limit,  we  ewi  define  H,  via  Equation 
(2.4-2),  which  may  be  re-written: 


•Equation  (2.4-3)  eay  be  derived  in  »n  alternative  Banner,  viz.  by  considering  equllibrlUB 
boundary  layers  for  which  ttie  left-hand  sides  of  Equations  (2.2-1)  and  (2.3-1)  vanish,  and 
then  eliminating  the  pressure- gradient  tern.  The  use  of  the  equation  as  generally  valid 
follows  again  froa  the  assumption  that  all  the  quantities  in  the  equation  depend  on  the 
velocity  profile,  a  end  R  alone. 


t 
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Hie  following  points  should  be  noted  about  this  result: 


(a)  The  quantity  Hj  p  is  the  value  of  Hx  for  some  arbitrary  condition,  for 
example  that  of  incipient  boundary  layer  separation,  where  H3  equals  h3  0  .  For 
this  case  sg  equals  zero.  If  we  put  sg  equal  to  zero  in  Equation  (2.4-3)  and  then 
postulate  that  s  and  (-  mG)  have  the  same  values*  regardless  of  whether  the  separation 
is  caused  by  blowing  or  by  a  pressure  gradient,  we  deduce  that  the  coefficient  of  m 
in  this  equation  must  be  zero.  Hence: 


where  HQ  is,  of  course,  the  value  of 

(b)  Although,  if  Equations  (2.4-4)  and  (2.4-5)  are  used,  the  definition  (2.1-22'- 
must  be  abandoned,  there  is  no  objection  to  other  uses  of  the  quantity  I3  .  For 
example,  the  quantities  IQ  —  I x  and  I3  -  I2  ,  since  their  integrands  vanish  at  the 
outer  limit  of  the  boundary  layer,  are  not  affected  by  the  arbitrary  specification  of 
the  position  of  this  limit. 


H  at  separation. 


(2.4-5) 


(c)  If  a  one-parameter  family  of  profiles  is  used,  for  example  the  power-law  family, 
there  is  no  doubt  about  the  significance  of  the  quadrature  of  Equation  (2.4-4).  If, 
however,  as  in  the  author’s  earlier  work,  a  two-parameter  family  is  used,  one  of  them 
must  be  kept  constant  in  the  integration;  this  should  be  the  one  which  varies  the  more 
slowly.  If  Zg  and  l'  are  the  quantities  in  question  (see  Figs.  1  and  3,  and 
Sections  3.1  and  3.3  below),  V  should  be  regarded  as  a  constant  in  the  integration. 


In  order  to  make  the 
considered,  namely  that 
is  the  linear  one  shown 


above  conclusions  more  concrete,  a  simple  example  will  now  be 
for  which  the  fluid  density  is  uniform  and  the  velocity  profile 
in  Figure  4  and  represented  by: 


£  =  0  :  z  r 


0<£<i:  z  =  Zg  +  (1  -  zE)f  . 

i  >  1  :  z  =  1 


(2.4-6) 


It  is  easy  to  show  that,  for  this  case: 


!o  = 


i,  =  id  4  V 


Ij  -  +  + 


(2.4-7) 


(2.4-8) 
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I3  =  i(l  4  Zg  +  z|  4  z|) 

(2.4-9) 

and  so: 

H  =  3/(1  =  2Zg) 

(2.4-10) 

H3  =■  1.0(1  4  Zg)2/(1  4  2Zg)  . 

(2.4-11) 

These  equations  have  been  derived  from  Equations  (2.1-16,  17,  18,  19,  21)  and 
(2.1-23).  No  use  has,  however,  so  far  been  made  of  Equation  (2.1-22). 


At  the  point  of  incipient  separation,  characterised  by  Zg  =  0  ,  we  easily  deduce 
that  H  equals  3  and  H3  equals  1.5.  Equation  (2.  4-5)  then  yields  the  value  3  for 
Hj  0  .  Substitution  in  Equation  (2.4-4)  leads,  after  streightforward  algebra,  to: 


_ 3(1  +  %) 

(1  -  Zg)(l  +  2zg) 


(2.4-12) 


By  coincidence,  this  expression  is  the  sane  as  would  have  been  obtained  by  the  use 
of  the  equation  which  we  have  abandoned,  namely  (2.1-22).  However,  this  would  not 
generally  be  the  case;  it  is  not  so,  for  example,  for  the  profile: 

Z  =  4  0.  5(1  Zg) (1  cos tt ^ ) .  Nor  is  it  true  for  the  profiles  according  to 

Equation  (3.3-1)  below,  the  corresponding  shape  factors  of  which  have  been  plotted  in 
Figures  1  and  2,  and  which  is  used  extensively  later  in  this  paper. 


Figure  5  displays  the  values  of  H,  H3  and  K3  graphically  for  the  linear  profile. 

Let  us  now  return  to  the  consideration  of  the  relation  between  s  and  -  mG  , 
inserting  into  Equation  (2.4-3)  the  expression  valid  for  the  linear  velocity  profile. 

We  obtain: 


8 


(1  4  Zg)(l  -  Zg)2 
4(2  4  Zg) 


(-  mQ)  +  zg 


(3  4  8Zg  4 


5z|  4  2z£) 


4(1  +  2Zg) (2  4  Zg) 


m  4 


3d  4  Zg)2  _ 
4(2  4  Zg)  Ss 


(2.4-13) 

The  coefficients  of  -  mQ,  m  and  sg  ,  appearing  in  this  equation,  are  plotted 
versus  Zg  in  Figure  6.  Since  the  quantity  Zg  is  less  familiar  and  more  "artificial" 
than  the  quantity  H  ,  we  also  plot  the  contents  of  Figures  5  and  6  versus  H  in 
Figures  7  and  8. 

A  fe*  remarks  about  Equation  (2.4-13)  may  be  helpful  at  the  present  stage. 

These  are: 

(a)  When  Zg  tends  to  unity  the  entrainment  term  vanishes;  there  results: 

Zg  -  1  :  s  -  b/2  -i  Sg  .  (2.4-14) 

This  result  is  easily  understood  if  we  recollect  that,  if  the  Couette-flow  assumptions 
were  made,  *  >ocal  dimensionless  snear  stress  In  the  boundary  layer,  s  ,  would  be 
given  by 
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s  =  sg  +  nz  .  (2.4-15) 

Figure  9  illustrates  this.  The  z-based  average  of  s  is  clearly  m/2  +  sg  . 

(b)  When  z„  tends  to  zero,  the  mass-transfer  term  vanishes.  Under  these  conditions 

Cj 

(incipient  separation)  sg  is  also  zero.  Hence; 

Eg  -  0  :  s  -  —  mG/8  .  (2.4-16) 

There  is,  therefore,  a  close  numerical  connection  between  the  two  empirical  functions 
which  appear  respectively  in  the  kinetic-energy  and  the  mass-conservation  equations. 

(c)  An  approximate  fora  of  Equation  (2.4-13),  which  fits  the  extreme  values  just 
mentioned  and  docs  not  give  large  errors  even  for  intermediate  values  of  Zg  is: 

C$Zg  $  1:  s  y  -  mG(l  -  asE) 2  /8  +  Zgin/2  +  &&  .  (2.4-17) 

(d)  Experience  with  many  free  turbulent  flows,  together  with  the  more  detailed 
studies  of  the  author’s  earlier  paper  (Spalding,  1964),  suggest  that  the  entrainment 
law  has  some  such  form  as,  for  Zg  <  1  : 

-mG~C(l-zE)  (2.4-18) 

where  C  is  a  constant  equal  to,  soy,  0.08.  If  this  is  the  case,  an  approximate 
equation  for  the  dissipation  integral  s  would  be: 

0  ^  Zg  $  1  :  s  ~  0.01(1  -  Zg)3  +  Zgm/2  +  sg  .  (2.4-19) 

The  first  tenn  on  the  right-hand  side  can  be  interpreted  as  being  associated  with  the 
free-turbulence  portion  of  the  velocity  profile,  i.e. ,  the  so-called  "wake”  component; 
the  second  and  third  terms  can  be  regarded  as  arising  by  reason  of  processes  occurring 
very  close  to  the  wall. 

(e)  Of  course,  Zg  may  exceed  unity,  as  in  the  case  of  the  "wall-jet”,  and  in 
flows  associated  with  film-cooling  devices  and  blown  flaps.  Let  us  consider  the  extreme 
case  in  which  Zg  tends  to  infinity,  i.  e.  that  in  which  the  main  stream  has  a  very 
much  lower  velocity  than  the  fluid  in  the  boundary  layer.  Equation  (2.4-13)  now 
yields: 


Zg  cd  :  S/z^  -  (-  mc/Zg)/4  +  (m/Zg)/‘i  +  3(sg/z|)  .  (2.4-20) 

Experimental  data  on  entrainment  into  such  boundary  layers  sugge:.:  (Spalding,  1964, 
that  (-  m0/Zg)  is  approximately  equal  to  0.03;  sg/z|  under  such  conditions  is  around 
0.001,  when  m  is  zero  and  less  when  m  is  positive.  We  might  therefore  *  pect 
i/z^  to  have  the  value  of  about  0.0075, 

8.5  Closure 

In  the  present  section  it  has  been  shown  that  there  are  close  connexions  between 
the  dissipation  integral  of  the  kinetic-energy  method  and  the  entrainne;  t  function  of 
the  aass-cor.scrvation  method.  We  have  also  seen  hoe  to  eliminate  tlio  arbitrariness 
which  has  beset  the  latter  method  in  respect  of  the  outer  limit  of  the  boundary  layer. 
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The  last  two  (’filiations  in  the  section,  developed  by  consideration  of  a  linear 
velocity  profile  (Fig.  4)  and  simpi.  forms  of  entrainment  law,  have  already  provided 
suggestions  for  the  vay  in  which  i.  dissipation  integral  should  depend  on  the  wall 
shear  stress,  the  mass-transfer  rate  through  the  wall,  and  the  magnitude  of  the  “wake" 
component  of  the  velocity  profile.  The  importance  of  the  s  -  function  is  such  as 
to  demand  n  more  comprehensive  treatment.  This  is  provided  in  Section  3,  at  the  end 
of  which  we  return  to  the  derivation  of  the  s  -  function  from  entrainment  data. 


3.  SIRVIY  OP  INFORMATION  ABOUT  THE  DISSIPATION  INTEGRAL 


3.1  Earlier  theoretical  proposals  for  boundary  layers 

(a)  Rotta  (1950,  1952,  19G1)  was  among  the  first  to  suggest  how  s  might  be 
related  to  the  velocity  profile.  He  supposed  the  velocity  profile,  in  the  absence  of 
mass  transfer,  to  have  the  form: 

z  =  Zg{ ( 1  +  I/!')?}  +  (1  -  zE)£  .  (3.1-1) 

This  profile  is  a  more  general  version  of  that  of  Eouation  (2.4-6)  and^igure  4,  to 
which  it  reduces  for  l'  equa|  to  infinity.  I'  is  equal  to  0. 4zgSg’  and,  for  a 
smooth  wall,  to  loge(7.7ycu.(S‘/i').  The  proposal  was  made  for  flows  of  uniform 
density. 


Rotta’ s  expression  for  s  was: 


5  i 

s  =  Sg{  1  +  0.30(1  -  Zg) }  -  5. 55s|  +  0.0736s|(l  -  Zg)2  . 


(3.1-2) 


The  wall  shear-stress  factor  sg  ,  it  is  implied  above,  is  equal  to  0.16z|/((')2  , 
and  1’  can  be  related  t  o  the  momentum-thickness  Reynolds  number  R?  by: 


3.08  R?  Zg 

/V 

1 

11  *\  ..=  1 

fi. 

±  +  .J_1 

6  E 

o> 

1 

eo  | 

at 

3 

2 1'.  (l')i 

(3.1-3) 


Here  the  denominator  n  the  square  bracket  is  t'n  expression  for  I ^  —  1 2  which 
corresponds  to  Equation  '3.1-1). 


Be  shall  discuss  the  correctness  cf  Rotta’ s  proposal  for  s  later.  Here  it  is 
merely  appropriate  to  note  its  implications  that:- 

(i)  A»  ; :y  -  1,  s  is  equal  to  sg(l  -  5.55s|),  i.e.  sliglitly  less  than  sg  . 
This  is  in  qualitative  accordance  with  experimental  information  (Pig. 2). 


(ii)  At  /y  ~  0  .  since  the  wali  shear-stress  sg  equals  zero  under  this  condition, 
s  is  q;i.;i  to  zero. 


(iii>  As  ray  t>e  deteirsned  by  differentiation,  s  does  not  vary  rapidly  with  Zg 
when  :y  is  in  :l.c  neighbourhood  of  unity  and  l'  lies  in  its  usual  range  (7  to  12). 
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(b)  Truckenbrodt  (1951)  examined  the  implications  of  P.otta’ s  proposal  and  decided 
that  the  variations  of  s  with  shape  factor  were  small  enough  to  be  ignored,  lie 
therefore  recommended  the  use  of  the  following  relation: 

s  -  0.0056R‘l/6  .  (3.1-4) 

For  the  evaluation  of  sg  ,  the  wall  shear  stress,  Truckenbrodt  advocated  the  use  of 
the  Ludwieg-Tillwann  relation,  namely: 

ss  =  0. 123  x  10'°'  67611  R‘°-  268  .  (3.1-5) 

It  may  be  verified  that  these  recommendations  lead  to  the  approximate  equality  of  s 
and  ss  under  conditions  appropriate  to  an  equilibrium  boundary  layer  on  an  impermeable 
flat  plate.  Under  adverse-pressure-gradient  conditions  (large  II),  ss  goes  to  zero 
while  s  is  unaffected. 

Most  experimental  data  are  valid  for  R,  between  10D  and  10u.  Equation  (3.1-4) 
therefore  implies  that  s  lies  between  0.00177  and  0.001209.  If  we  take  the  values 
of  H3  and  H  for  the  uni  form -density  separating  boundary  layer  with  a  sinusoidal 
velocity  profile  (Fig.  1),  namely  1.5  and  4,  the  argument  of  sub-section  2.2  can  be 
employed  to  show  that  Truckenbrodt’ s  s  recommendation  implies  that  separation  would 
occur  for  values  of  R2d(logeuG)/dRx  between  -  0.000786  and  -  0.0C0537,  for  an 
equilibrium  boundary  layer  on  an  impermeable  wall;  these  values  are  appreciably  lower 
than  (about  one  eighth  of)  those  whi^h  prevail  in  practice.  "Blow-off”  ns  a  result 
of  mass  transfer  in  the  absence  of  pressure  gradient  would  occur,  it  may  be  similarly 
argued,  at  values  of  n  between  0.00709  and  0.00483;  these  values  are  appreciably 
lower  than  those  in  the  already -mentioned  experiments  of  Hacker  (in 53). 

(c)  Hubert  and  Persh  (1951)  deduced  an  expression  for  s  by  evaluating  all  the 
other  terms  in  Equation  (2.2-1)  from  various  experimental  measurements.  In  principle, 
of  course,  this  method  is  a  very  reliable  one;  in  practice,  however,  the  credibility 
of  the  results  is  influenced  by  limitations  on  the  accuracy  and  range  of  the 
experiments,  by  assumptions  made  about  velocity  profiles,  and  by  other  factors, 

Hubert  and  Persli  expressed  their  recommendations  in  the  form,  of  a  graph,  reproduced 
here  as  Figure  10;  since  they  also  recommended  the  Ludwieg-Tillmram  formula  (Eqn.3. 1-5) 
for  the  wall  shear  stress,  the  ordinate  of  the  graph  can  be  recognised  to  be: 

0,123(s/ss)  [(311  -  1)  2/{ll  (3H  -  0.9)  -  0.  l}]  . 

The  function  of  H  appearing  in  the  square  brackets  does  not  vary  greatly  within  the 
practical  range;  it  may  be  seen  from  Figure  10,  therefore,  that,  according  to  Hubert 
and  Persh,  the  main  factor  causing  s  to  differ  from  sg  is  the  pressure  gradient 
R?d(logeuG)/dRx  ,  It  is  a  consec,uence  of  the  recommendation  that  the  dissipation 
integral  is  ze-o  whenever  the  shear  stress  at  the  wall  is  zero. 

Since  the  pressure  gradient  is  held  to  influence  the  o'  the  .u  ion 

Integra],  Hubert  and  Persh  clearly  do  not  regard  the  sh«:.  ••  .  •••  ; • t  . ••  ••  nm  as 

being  fixed  when  the  velocity  distribution  is  fixed.  To.  hi  no.  -’fore 

presumably  dissent  from  the  hypothesis  which  led  to  I  tjutr  . '  nt-, 
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s  A  proposal  of  Tnni  (1956)  has  similar  implications  to  these  of  Robert  and  Persh; 
it  will  therefore  not  be  discussed  separately. 

(d)  Other  related  recommendations.  Although  Hudimoto  (1951)  did  not  explicitly 
calculate  the  dissipation  integral,  the  shea*  stress  distribution  which  he  recommended 
is  worthy  of  citation  here.  This  was: 

s  =  (zgfj^)  +  (1  -  (3.1-6) 

where  f,  and  f2  are  functions  of  the  dimensionless  wall  distance  £(^  y/yG),  and 
7V  reprrstnls,  as  in  Equations  (2.4-6)  and  (3.1-1)  the  relative  magnitudes  of  wall-law 
end  wake-  law  cocponents  of  the  velocity  profile.  Obviously,  when  zE  =  1  (roughly 
speaking,  tne  flat-plate  case),  s  is  equal  to  f*  ;  when  zE  =  0  (the  separating 
boundary  layer),  s  is  equal  to  f*  . 

The  latter  case  (z^  -  0)  deserves  particular  study.  Hudimoto's  proposals  reduce  tc: 

s  =  0.0734 ^  (1  -..<f)2  (3.1-7) 


and 


z  =  £3/2(2.5  -  1.5<f)  .  (3.1-8) 

From  these  two  results  it  is  easy  to  calculate  that  s  must  be  equal  to  0.00715. 

This,  of  course,  is  appreciably  greater  than  Truckenbrodt’ s  values  for  this  .ondition 
(between  0.00177  and  0.001209),  greater  still  than  Rotta’ s  and  Rubert  and  Persh' s 
valuer  (which  were  zero),  and  of  the  order  of  magnitude  deduced  in  sub-sections  2.2 
and  2.4  for  the  separating  boundary  layer. 

3.2  Some  other  theoretically  based  expressions  for  s 

(a)  Expressions  derived  from  the  theory  of  free  turbulent  flowo,  Rotta  (1950), 

Ross  and  Robertson  (1951),  Hudimoto  (1951),  Coles  (1956)  and  Spalding  (1954;  have  all 
implicitly  or  explicitly  postulated  that  the  outer  part  of  a  boundary  layer  obeys 
similar  laws  to  those  governing  free-turbulent  flows:  the  plane  mixing  layer,  the 
tvo-dimensional  wake,  or  the  two-dimensional  jet.  Let  us  therefore  summarise  the 
information  which  exists  concerning  the  dissipation  integral  for  such  flows. 

Tollraier.  (1956)  made  use  of  the  Prandtl  mixing-length  hypothesis,  and  the 
assumption  that  the  mixing-length  was  constant  across  the  width  of  the  layer,  to 
calculate  velocity  and  shear-stress  distributions  in  the  free  turbulent  mixing  layer 
formed  at  the  edge  of  a  stream  v.hich  enters  a  reservoir  of  fluid  at  rest.  The  variation 
of  s  versus  7.  obtained  by  Tollraien  is  plotted  in  Figure  11  (curve  1);  here  an 
experimentally-based  constant  has  been  incorporated  (a  =0.09  ,  in  the  notation  of 
Abramovich  (1963),  who  summarises  available  information);  and  the  quantity  z  is 
interpreted  as  the  ratio  of  the  local  velocity  u  to  the  free-strenm  velocity  uG  , 
as  lor  boundary  layers.  The  corresponding  value  of  s  is  0.008.  The  flow  pattern 
is  akin  to  that  of  a  separating  boundary  layer. 

Toll  mien  made  a  similar  analysis  of  the  two-dimensional  jet  emerging  into  a  stagnant 
fluid.  His  resulting  s~z  relation,  (with  the  empirical  constant  ..-a.  ~  0. 11  ,  quoted 
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by  Abramovich  (1963),  is  shorn  as  curve  2  in  Figure  11,  In  the  definitions  of  s  and 
z  ,  the  local  velocity  on  the  jet  axis  is  substituted  for  uQ  .  The  corresponding 
value  of  s  is  0.0145  .  Thus  the  shear  stresses  are  nearly  twice  as  great  as  these 
appearing  in  the  free  mixing  layer,  when  both  are  normalised  with  respect  to  the 
greatest  dynamic  pressure  which  is  present  at  the  section. 

Schlichlihg  (1930)  used  the  Prandtl  mixing-length  theory  in  a  similar  manner  to 
predict  the  velocity  distribution  in  the  wake,  far  downstream  of  a  rod  held 
transversely  to  a  stream  of  otherwise  uniform  velocity.  Incorporation  into  this  theory 
of  a  necessary  constant  deduced  frem  Schlichting’ s  experimental  data,  and  interpretation 
of  uG  as  the  maximum  velocity  difference  which  is  present  in  the  stream,  yields  the 
curve  shown  as  curve  3  in  Figure  11;  the  corresponding  value  of  s  is  0.044.  This  is 
three  times  as  great  ns  the  value  appropriate  to  the  two-dimensional  jet,  and  five 
times  as  great  as  the  value  appropriate  to  the  plane  mixing  layer.  The  reason  for 
the  differences  is  not  known;  it  may  be  connected  with  the  fact  that,  in  contrast  to 
the  two  previous  cases,  the  velocity  differences  which  are  responsible  for  the  shear 
stress  are  differences  imposed  on  a  general  stream  velocity  of  much  greater  magnitude. 

(b)  The  constant-eddy-viscosity  hypothesi' .  Clauser  (1954),  has  deduced,  from 
measurements  made  on  turbulent  boundary  layers,  that  the  eddy  viscosity  (e  shear  stress 
divided  by  product  of  density  and  velocity  gradient)  can  be  taken  as  equal,  in  the 
outer  regions  of  the  layer,  to  a  constant  times  the  product  of  fluid  density, 
mainstream  velocity  and  displacement  thickness.  Clauser  reported  a  constant  of  0.018, 
but  a  later  examination  of  the  experimental  data  by  Mellor  and  Gibson  (1963)  led  to 
0.016.  Let  us  accept  the  latter;  then; 
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s  =  0.016  —  (1  -  I,)  (3.2-1) 

Let  us  now  suppose,  for  the  sake  of  simplicity,  that  the  velocity  profile  is  given 
by  Equation  (2.4-6)  and  Figure  4;  the  average  dimensionless  shear  stress  in  the 
infinitely  thin  region  adjacent  to  the  wall  will  be  taken  as  (sg  +  raZg/2);  in  the 
remainder  of  the  region  s  will  be  given  by  Equation  (3.2-1).  Figure  12  illustrates 
the  corresponding  s  <■'-  z  relation. 

Now  Ij  is  given  by  Equation  (2.4-7).  It  is  easy  therefore  to  deduce  that: 

s  =  (ss  +  mzE/2)zE  +  0.008(1  -  Zg)3  .  (3.2-2) 

Obviously,  according  to  this  equation,  s  and  sg  are  equal  when  Zg  equals  unity, 
i.e.  when  the  "wake  component”  of  the  boundary  layer  is  absent;  when  Zg  equals  zero, 
on  the  other  hand,  as  for  a  separating  boundary  layer,  s  is  equal  to  0.008. 

Equation  (3.2-2)  is  quite  remarkably  similar  to  Equation  (2.4-19),  which  was 
derived,  it  may  be  remembered,  from  the  assumption  of  a  particular  entrainment  law. 

In  the  special  case  in  which  z£  equals  2ero,  Equation  (3.2-1)  yields: 
s  =  s  =  0.008  .  This  is  the  case  of  the  free  turbulent  mixinc  layer  already  referred 
to;  the  corresponding  (horizontal)  s  ~  z  line  has  been  added  to  Figure  11.  as 
curve  4.  It  is  interesting  to  note  that  the  area  beneath  it  is  precisely  the  same  as 
that  beneath  curve  1,  which  is  Tollmten’s  version  of  the  shear- stress  distribution  in 
a  free  mixing  layer. 
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3.3  Experimental  data  for  s 

(a)  7 Tie  investigation  of  Schubauer  and  Klebanoff  (1951).  The  most  comprehensive 
of  the  few  experimental  studies  of  the  shear-stress  distribution  in  turbulent  boundary 
layers  is  that  of  Schubauer  and  Klebanoff  (1951)  w„o  made  their  measurements  on  a 
single  flow  past  a  smooth  convex  wall.  The  authors  reported  velocity  distributions 
at  various  stations  along  the  wall,  and  also  distributions  of  shear-stress  measured 
by  means  of  hot  wires. 

The  experimental  data  can  be  replotted  so  as  to  yield  plots  of  s  versus  z  for 
various  stations.  A  few  such  plots  arc  shown  in  Figure  13;  the  re-plotting  procedure 
has  eliminated  the  rather  considerable  scatter  which  characterises  the  original  data. 
The  curves  may  be  compared  with  that  of  Figure  2,  which  was  valid  for  a  uniform- 
pressure  boundary  layer;  in  contrast  to  these,  those  of  Figure  13  exhibit  "humps" 
which  may  be  regarded  as  rounded-off  versions  of  the  distribution  shown  in  Figure  12. 

If  it  is  assumed  that  the  velocity  profiles  can  be  described  by  particular 
algebraic  expressions,  the  constants  in  these  expressions  which  are  appropriate  to 
each  profile  can  be  deduced  from  the  measured  values  of,  say,  the  shape  factor  H  and 
the  momentum-thickness  Reynolds  number  R2  .  The  Schubouer/Klebanoff  profiles  have 
been  processed  in  this  way,  that  value  of  zE '  being  obtained  for  each  profile  which 
accords  with  the  assumption  of  the  author's  earlier  paper  (Spadling,  1964),  namely 
that: 


Z  =  Zg{l  +  (loggf)/!'}  +  id  -  ZE)(1  -  C0S7T£) 


where,  since  the  wall  is  smooth, 

V 


loge 


(3.3-1) 


(3.3-2) 


The  values  of  s  appropriate  to  each  station  have  been  determined  by  measurement 
of  the  areas  beneath  curves  such  as  these  of  Figure  13.  The  resulting  values  have 
been  smoothed  and  then  plotted,  together  with  the  values  of  the  wall  shear  stress 
ss  ,  versus  Zg  in  Figure  14.  It  is  evident  that,  as  Zg  decreases  (as  occurs  with 
increasing  x  when  the  pressure  gradient  is  unfavourable),  s  increases  while  sg 
decreases.  At  high  Zj,  .  it  appears  likely  that  sg  will  exceed  s  ,  as  was  found 
to  be  true  for  Figure  2,  the  points  for  which  are  added  to  Figure  14  for  comparison. 
The  values  of  momentum-thickness  Reynolds  number  corresponding  to  a  few  of  the  points, 
are  indicated  on  the  graph;  the  value  of  l'  was  close  to  10  throughout. 


In  order  to  provide  a  means  of  comparison  with  the  s  functions  which  have  been 
mooted  above,  a  broken  curve  is  provided  which  corresponds  to  Equation  (3.2-2),  based, 
it  will  be  recalled  on  the  constant-eddy-viscosity  hypothesis,  with  empirical 
additions;  the  experiroentu  1  values  of  sg  Rre  employed,  and  m  is  naturally  put 
equal  to  zero.  It  will  he  seen  that  Equation  (3.2-2)  predicts  values  of  s  which  are 
of  the  right  order  of  magnitude;  however,  the  experimental  values  of  s  exceed  those 
predicted  by  Equation  (3.2-2)  over  most  of  the  range. 

Also  shown  on  Figure  14.  as  horizontal  chain-dotted  lines,  are  the  values  of  s 
which  correspond  to  the  recommendation  of  Truckenbrodt  (1951),  expressed  by 
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Equation  (3.1-4);  momentum-thickness  Reynolds  numbers  are  2  >.  104  (upper  line)  and 
7.5  x  104  (lower  line),  which  arc  about  the  extreme  values  of  the  Schubauer/Klebanoff 
data.  It  is  quite  clear  that  Equation  (3.1-4)  agrees  with  the  experimental  data  only 

where  zE  has  a  high  value;  at  moderate  and  low  values  of  rE  ,  such  as  tend  to  occur 
when  the  pressure  gradient  is  adverse,  Equation  (3.1-4)  greatly  under-estimates  the 
value  of  the  dissipation  integral. 

(b)  The  investigation  of  Sandborn  and  SI o gar  (19 55).  These  authors  made  measurements 
of  the  velocity  and  shear-stress  profiles  on  one  smooth  impermeable  wall  of  a  two- 
dimensional  diffuser.  Thefr  data  have  been  treated  in  the  same  way  as  these  of 
Schubauer  and  Klebanoff.  Figure  15  displays  the  s  ~  z  distributions  for  the  four 
stations  which  were  investigated;  and  Figure  16  displays  the  s  ~  z£  and  sg  -  Zg 
curves. 

The  conclusions  to  be  drawn  from  Figures  15  and  16  are  similar  to  those  drawn  from 
Figures  13  and  14;  the  quantitative  differences  can  in  part  be  attributed  to  the 
lower  Reynolds  numbers;  l '  lay  between  8  and  9.  The  s  ~  z  curves  exhibit  "humps” 
for  the  smaller  values  of  Zg  .  The  prediction  of  Equation  (3.2-2)  gives  fairly  good 
agreement  with  the  data,  but  tends  to  underestimate  s  for  zE  less  than  0.8.  The 
Truckenbrodt  prediction  also  gives  fairly  good  agreement  in  the  region  of  the 
experiments;  there  are  no  data  in  the  low  -  zg  region  where  discrepancies  might  be 
expected. 

The  Sandborn  -  Slogar  data  in  Figure  16  also  illustrate  the  difficulty  of  estimating 
the  form  of  the  s(zE,  R?)  function  from  experimental  data  covering  only  a  limited 
range,  and  in  the  absence  of  theoretical  guidance.  By  themselves,  these  data  would 
give  no  hint  that  s  will  rise  to  high  values  as  zg  tends  to  zero;  they  might  be 
regarded  as  demonstrating  the  validity  of  Equation  (3.1-4).  However,  the  existence 
of  the  Schubauer/Klebanoff  data,  together  with  the  theoretically  based  Equation  (3.2-2), 
make  it  reasonable  to  suppose  that,  had  Sandborn  and  Slogar  continued  their  experiments 
to  lower  values  of  Zg,  s  would  have  begun  to  rise. 

(c)  Shape  factors  and  velocity  profiles  for  the  equilibrium  boundary  layer  on  a 
flat  plate.  Further  information  concerning  the  dissipation  integral  may  be  obtained 
from  knowledge  of  the  velocity  profiles  which  prevail  on  smooth  and  rough  impermeable 
plates  in  the  absence  of  pressure  gradient.  As  shown  in  the  author’s  earlier  paper, 

he  data  collected  by  Schultz-Grunow  (1940)  and  Hama  (1947)  imply  that,  for  such 
boundary  layers: 

1  -  Zg  =  2. 342s|  .  (3.3-3) 

This  result  is  valid  when  the  velocity  profile  is  supposed  to  obey  Equation  (3.3-1). 

wow  l'  is  defined,  in  general,  by: 

V  e  0.^..<ss  +  mzE)'^  .  (3.3-4) 

Since  m  is  equal  to  zero  for  an  impermeable  wall,  we  may  deduce  from  Equations  (3.3-3) 
and  (3.3-4)  that,  for  an  equilibrium  impermeable- flat-plate  boundary  layer: 


V 


0.94Zj./(l  -  Zg)  . 


(3.3-5) 
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No*  it  is  a  matter  of  mere  algebra  to  show  that  the  velocity  profile  of 
Equation  (3.3-1),  together  with  the  assumption  that  the  density  is  uniform  and  with 
the  definitions  of  I,,  I  ,  a»4  II,  ,  imples  that: 

Ij  =  0.5  +  Zg(0.5  -  l/l’)  (3.3-6) 

lt  =  0.375  +  2,3(0.25  -  0.411/1')  +  z|(0. 375  -  1.589/1'  +  2/(1')*}  (3.3-7) 


and 

I3  =  0.3125  +  Zg(0. 1875  -  0.1567/1')  +  z*{0. 1875  -  2.0804/1'  +  4.116/(1')*} 

+  z|{0,  3125  -  1.3433/1'  +  1.8843/(1') *-6/(1  ')3}  . 

(3.3-8) 

Substitution  of  Equation  (3.3-5)  into  these  relations,  and  neglect  of  terms  embodying 
higher  powers  of  (1  -  Zg)  yields,  by  way  of  Equation  (2.1-23): 

Zg  1  :  H3  ~  2  -  2.0(1  -  z£)  .  (3.3-9) 

Now  Equation  (2.2-2)  is  valid  for  an  equilibrium  boundary  layer  on  an  impermeable 
wall;  combination  with  Equation  (3.3-9)  yields: 

Zg  ~  1  :  s/ss 1  -  1. 45(1  -  Zg)  .  (3.3-10) 

Pinally,  with  the  aid  of  Equation  (3.3-3),  we  deduce: 

s  =  0.182(1  -  ZE)*  -  0.264(1  -  zE)3  .  (3.3-11) 

Figure  17  displays  a  plot  of  s  according  to  Equation  (3.3-11),  together  with  one 
of  Sf.  according  to  Equation  (3.3-3).  Also  shown  are  the  previously  cited  experimental 
data  of  Xlebanoff  (1954)  and  of  Sandborn  and  Slogar  (1955).  The  former  points  lie  very 
close  to  their  respective  curves;  this  is  a  confirmation  of  the  validity  of  the 
analysis  and  of  the  accuracy  of  the  experimental  data.  Only  the  upstream  data  points 
of  the  Sandborn/Slogar  data  coincide  with  the  equilibrium  curves;  this  accords  with 
our  expectations,  since  only  at  the  entrance  to  the  diffuser,  which  was  preceded  by 
a  uniform-pressure  region,  are  the  assumptions  underlying  Equation  (3.3-11)  likely 
to  be  valid. 

Values  of  l'  are  marked  along  the  horizontal  axis  of  Figure  17.  If  the  wall  is 
smooth,  these  may  be  related  to  the  momentum- thickness  Reynolds  number  R2  by  means 
of  Equation  (3.3-2);  this  may  be  re-written,  when  Equation  (3.3-3)  is  obeyed,  as: 

(('  -  2.585;  ,/ 

*  1  :  R  =  0.477  — - -  e*  .  ,  (3.3-12) 

14  *  (V  +  0.94)  ...  ■ 

(d)  Measurements  of  shear  stresses  in  wall  jets.  The  families  of  velocity  profiles 
represented  by  Equations  (2.4-6),  (3.1-1)  and  (3.3-1)  are  flexible  enough  to  describe 
the  flows  which  arc  found  downstream  of  slots  through  »hi.:h  fluid  is  Injected  into  the 


.1 


<; 
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boundary  layer  along  the  surface,  or  which  result  when  a  jet  of  fluid  impinges  on  and 
is  deflected  by  the  surface.  If  there  exists  a  finite  main-stream  velocity,  smaller 
in  magnitude  than  that  of  the  fluid  emerging  from  the  jet,  the  appropriate  value  of 
Zg  is  usually  greater  than  unity.  If  the  bulk  of  the  fluid  is  at  rest,  z£  takes 
an  infinite  value. 


As  will  be  recognised  from  the  foregoing  survey,  none  of  the  previous  users  of  the 
kinetic-energy  method  has  been  concerned  with  such  flows.  However,  as  was  argued  in 
the  author’s  earlier  paper  (Spalding,  1964)  there  is  some  advantage  in  havi'.g  a  unified 
theory  which  will  apply  to  flows  having  velocity  maxima,  such  as  those  mentioned 
above,  as  well  as  to  the  flows  more  conventional  dealt  with.  It  is  therefore 
desirable  to  collect  the  information  which  is  available  on  the  behaviour  of  the 
dissipation  integral  s  when  z£  exceeds  unity. 

Three  sets  of  experimental  data  are  available,  all  for  the  case  in  which  the  main 
"stream”  is  at  rest  (zg  -  oo).  Mathieu  (1961)  measured  the  shear  stress  by  means  of  a 
hot-wire  instrument  in  the  flow  downstream  of  the  point  of  impingement  of  an  inclined 
two-dimensional  jet  on  a  plane  smooth  wali.  Bradshaw.. and  Gee  (1962)  used  a  similar 
technique  for  the  flow  caused  by  injection  of  air  through  a  slot  pieced  flush  with  a 
plane  wail.  Schwartz  and  Cosart  (1961)  employed  a  similar  flow,  but  deduced  the 
shear-stress  distribution  by  application  of  the  integral  momentum  equation  to  various 
parts  of  the  flow.  Each  of  these  authors  of  course  also  measured  the  velocity  profile. 

Figure  18  contains  sketches  of  velocity  and  shear-stress  profiles  representative 
of  the  findings  of  all  three  investigations.  The  shape  of  the  velocity  profile 
requires  little  comment.  The  shear-stress  profile  exhibits  the  interesting  feature, 
not  encountered  in  more  conventional  boundary-layer  flows,  of  a  change  of  sign;  this 
occurs  near  to.  but  not  usually  precisely  at,  the  location  of  the  velocity  maximum. 

Figure  19  shows  curves,  deduced  from  the  measurements  reported  in  the  papers  of 
llathieu  (1961),  Bradshaw  and  Gee  (1962)  and  Schwartz  and  Cosart  (1961),  of 
versus  u/unax,  umai  being  defined  as  the  greatest  velocity  which  is  present  at 
the  section  of  measurement.  All  three  curves  are  qualitatively  similar  to  each  other; 
they  differ  from  those  encountered  earlier  (e. g.  in  Figs.  12  and  15)  in  exhibiting  two 
values  of  shear-stress  for  every  velocity,  a  feature  that  is  easily  explained  by 
reference  to  Figure  18. 


Now  the  dissipation  integral  appearing  in  the  integral  kinetic-energy-dificit 

Equation  (2.1-10)  is  T(ou/?y)dy  .  This  quantity  is  proportional  no  longer  to  the 

•o 

area  beneath  the  curve  representing  a  plot  of  r  versus  u(s  versus  z  in  tne 
dimensionless  form  used  above)  but  to  the  area  enclosed  by  this  curve.  Tne  areas  are, 
for  the  three  curves  of  Figure  19;  0. 0128pu*  for  Vathiou.  0.0155pu*  for 

Bradshaw  and  Gee,  and  0. 01 34jOu^ax  for  Schwartz  and  Cosart.  We  may  continue  to  use 
the  dimensionless  dissipation  integral  s  if  we  presume,  as  is  surely  permissible, 
that  the  mainstream  velocity  Uq  is  finite  and  thus  capable  of  use  for  normalisation, 
but  sufficiently  small  not  to  modify  the  flow.  Then  wc  deduce  that: 


_/  u 


U... 


=  0.C.126,  0.0155  or  0.0134 


(3.3-  13) 


i 
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according  to  which  investigation  is  considered. 

It  remains  to  relate  Zg  to  UQ/\ax  •  Ttiis  may  be  done  by  suitable  manipulation 
of  Equation  (3.3*1),  which  has  been  shown  (Spalding,  1964)  to  describe  the  velocity 
profiles  of  wall  jets  fairly  well;  for  the  Reynolds-nuraber  range  in  which  the  above- 
mentioned  experiments  lie,  it  will  be  sufficiently  accurate  simply  to  extract  the 
result: 


2' 


9.94  : 


umax 

UG 


h, 


0.7544  . 


The  result  of  our  study  of  the  three  experimental  investigations  is  thus: 

s/z|  =  0.00563  for  Mathieu 

0.00682  for  Bradshaw  and  Gee 
0.0059  for  Schwartz  and  Cosart  . 


(3.3-14) 


(3.3-15) 


3.4  A  preliminary  recommend' it  ion  about  the  dissipation  integral 

3.4.1  A  resume  of  information  about  the  s- function 

Let  us  now  review  the  main  facts  which  have  been  established  concerning  the 
s- Ruction.  These  are: 

• 

(i)  If  it  is  supposed,  as  was  done  explicitly  in  Section  2.4  and  implicitly  since 
then,  that  the  shear-stress  distribution  depends  only  on  the  velocity  distribution, 
and  if  further  it  is  assumed  that  the  velocity  d's+ribu  ,ion  is  described  by  some  such 
expression  as  Rotta’ s  (Eqn.  (3. 1-1)),  or  Spalding's  (Eqn.  (3. 3-1)),  e  might  suppose 
that  s  is  a  function  of  two  arguments,  namely  Zg  and  I'  .  Further  thought, 
however,  reveals  that  the  dimensionless  mass-transfer  rate  m  may  appear  as  an 
additional  parameter;  for,  though  the  description  of  the  velocity  profile  in  terms 

of  2^  and  2  may  be  sufficiently  accurate  for  the  evaluation  of  integrals  such  as 
Ij,  I?  ,  etc.,  the  presence  of  mass  transfer  is  likely  to  influence  the  relation 
between  shear-stress  and  velocity  in  the  thin  region  close  to  the  wall.  Figures  9 
and  12  may  ne  held  to  make  this  suggestion  plausible,  but  the  author’s  earlier 
paper  (Spalding,  1964)  should  be  consulted  for  more  rigorous  justification.  We 
therefore  conclude  that  our  task  is  to  establish  a  three -argument  function; 

s  =  sfZg,  l',  m)  .  (3.4-1) 

(ii)  when  Zg  equals  zero,  as  is  the  case  for  a  boundary  layer  separating  under 
the  influence  of  pressure  gradient  or  blowing,  we  expect  that  s  will  have  the  value 
which  obtains  in  a  free  turbulent  mixing  layer,  namely  0.008  approximately.  The 
grounds  of  this  expectation  lie  in  Section  3.2(a)  and  3.2(b). 

(iii)  For  an  impermeable  (m  -  0)  flat  plate  having  an  equilibrium  boundary  layer, 
for  which  l'  obeys  Fquatiou  (3.3-5),  s  is  given  by  Equation  (3.3-11).  The 
experiments  on  which  this  equation  is  based  are  valid  for  zg  -  values  between  say 
0.85  and  0.95. 
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(iv)  For  a  wall-jet  (Zg  -*  co)  on  an  impermeable  wall,  with  V  in  the  neighbourhood 
of  10,  s  is  approximately  equal  to  0.006z|  ,  as  shown  by  Equation  (3.3-15)  which 
sums  up  the  measurements  of  Mathieu,  of  Bradshaw  and  Gee,  and  of  Schwarz  and  Cosart. 

(v)  The  data  of  Klebanoff  (1954),  Sch-tbauer  and  Klebanoff  (1951),  and  Snndborn  and 
Slogar  (1955),  provide  a  few  measurements  of  s  for  Zg  values  between  0  and  1  and 
V  in  the  neighbourhood  of  10  with  m  again  equal  to  zero.  The  facts  were  presented 
in  Sections  3.3(a)  ana  3.3(b). 

(vi)  If  the  Reynolds  number  were  so  high  that  the  stress  at  the  wall  tended  to 
zero  (V  -*cd),  there  is  some  reason  to  expect  that  s  would  be  equal  to  about 
0.008(1  -  Zg,)3  when  Zg  is  less  than  unity,  and  0.008(zE  -  l)3  when  zE  is 
greater  than  unity.  This  expectation  rests  primarily  on  theoretical  ideas  about  the 
free  turbulent  mixing  layer  between  two  streams  both  of  which  are  in  motion,  as 
summarised  for  example  by  Abramovich  (1963). 

3.4.2  The  probable  qualitative  form  of  the  s  function  for  m  =  0 

The  data  summarised  above  are  but  a  flimsy  foundation  for  the  delineation  of  a 
three-argument  function.  Nevertheless,  they  permit  us  to  prepare  the  sketch  of  the 
s- function  which  is  shown  in  Figure  20  for  the  case  of  an  impermeable  wall.  The  broken 
curve  represents  a  possible  relation  for  infinite  l '  ;  the  others  '  «ve  been 
constrained  to  pass  through  the  same  point  at  Zg  =  0  ,  to  have  similar  tendencies  at 
large  Zg  ,  and  to  pass  through  points  obeying  Equation  (3.3-11). 

One  fact  is  made  very  clear  by  this  diagram:  that  it  is  not  possible  to  neglect  the 
influence  of  either  Zg  or  V  on  the  value  of  s  ;  both  variables  exert  significant 
influences.  The  reason  is  no  doubt  that  s  is  influenced  both  by  happenings  in  the 
outer  region  of  the  boundary  layer,  for  which  2^  is  a  major  characteristic,  and  by 
events  closer  to  the  wall  which  are  measured  by  l'  .  We  therefore  cannot  expect  a 
formulation  of  the  s  function  to  be  satisfactory  unless  it  expresses  both  these 
influence^ 

3.4.3  The  unacceptability  of  previous  theoretical  proposals 

(a)  Figure  21  represents  the  s(2g,  l')  function  which  is  based  on  Rotta’ s  (1950) 

proposal,  already  given  as  Equation  (3.1-2),  with  sg  replaced  by  0. 16z|/(i')J  in 
accordance  with  Equation  (3.3-4).  Evidently  this  proposal  disagrees  seriously  with 
the  expectation  expressed  by  Figure  20  at  low  and  moderate  values  of  z  ;  it  implies 

a  zero  s  at  Zg  =  0  instead  of  a  large  one.  Equation  (3.3-4)  therefore  appears  to 

be  unacceptable  as  a  description  of  the  s-function,  even  for  m  =  0  . 

(b)  Figure  22  represents  the  s(Zg,  i')  function  corresponding  to  Truckenbrodt’ s 

(1951)  proposal  already  presented  as  Equation  (3.1-4).  The  relation  between  R?. 
and  l'  is  that  which  corresponds  to  the  velocity  profile  of  Equation  (3.3-3)  on  a 
pi  x>th  wall.  We  see  that  sg  is  influenced  but  little  by  ,  an  implication  which 
is  in  conflict  with  Figure  20.  It  appears  necessary  to  conclude  that  Equation  (3.1-4) 
cannot  serve  as  a  reliable  description  of  the  s(Zg.  (')  function. 

(c)  i'.ie  recommendation  for  s  made  by  Rubert  and  Persh  (1951),  expressed  above  by 

Figure  10,  cannot  be  reduced  to  a  function  of  7y  find  1'  nlone,  because  of  the 
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postulated  Influence  of  the  pressure  gradient.  However,  this  recommendation  can  also 
be  rejected  on  the  grounds  that,  like  Rotta’ s,  it  implies  a  zero  s  when  zE  is  zero. 
This  is  shown  by  Figure  23,  which  represents  the  Rubert/Persh  recommendation  for  zero 
pressure  gradient;  those  for  finite  pressure  gradients  are  qualitatively  similar. 

(d)  It  is  not  easy  to  deduce  a  dissipation  integral  from  the  proposal  of  Hudimoto 
(1951),  given  in  Equation  (3.1-6),  because  s  is  not  expressible  explicitly  in  terms 
of  z  .  We  may  however,  note  that,  as  pointed  out  in  Section  3. 1,  this  proposal 
implies  that  s  equals  0.00715  when  zg  equals  1,  which  is  in  fair  agreement  with  the 
expectation  expressed  by  Figure  20.  it  may  be  concluded  therefore  that  a  shear-stress 
integral  based  on  Hudimoto’ s  proposal  might  be  acceptable;  however,  for  this  to  be 
useful,  it  would  be  necessary  to  compute  the  s-integral  numerically  and  then  to  devise 
approximate  analytical  formulae.  This  has  not  been  done. 

In  summary.  It  can  therefore  be  said  that  none  of  the  previous  theoretical 
proposals  for  the  s-function  seems  likely  to  solve  our  problem.  The  first  three 
disagree  strongly  with  experimental  evidence  and  with  theoretical  expectation  at  row 
Zg  ,  while  the  fourth  is  only  implicit,  and  difficult  to  use.  None  of  the  proposals 
Is  valid  for  the  case  of  the  porous  wall;  and  none  is  applicable  to  values  of  Zg 
greater  than  unity.  Figure  20  is  indeed  already  probably  more  reliable  than  the 
previous  recommendations,  even  theugh  its  curves  have  been  drawn  freehand  so  as  to 
correspond  to  a  few  known  facts. 

3. 4.4  The  constant-eddy-viscosity  hypothesis 

Although  equation  (3.3-2)  was  based  on  the  Idealised  velocity  profile  of  Figure  4 
and  on  the  idealised  s  -v,  z  relation  of  Figure  12,  it  may  nevertheless  be  instructive 
to  work  out  the  corresponding  s(zE>  V)  function  for  m  =  0  in  detail,  by  replacing 
8g  by  0.16 z^/(/')?  .  Ihe  result  is  shown  in  Figure  24.  Also  plotted  on  this  diagram 
are  the  experimental  data  of  Klebanoff  (1954)  and  Schubauer  and  Klebanoff  (1951),  for 
which  !'  had  a  value  of  about  10,  and  of  Sandborn  aud  Slogar  (1955),  for  which  l' 
was  about  8.  The  curves  are  continued  into  the  region  tor  which  Zg  exceeds  unity, 
but  with  the  second  term  of  Equation  (3.2-2)  written  as  0. 008(Zg  -  l)3  because  of 
the  change  of  sign  of  the  shear-stress;  for  the  counterpart  to  Figure  12,  for  Zg  in 
excess  of  unity,  is  the  s  z  curve  shown  in  Figure  25.  Thus  Figure  24  expresses 
the  relation,  for  m  =  0  : 


s 


4 


0.16  m  | 

(F?  +  ^J 


+  o.oosli 


(3.4-2) 


Figure  24  fits  fairly  well  the  main  facts  listed  in  Section  3.4.1. 
zero,  s  is  equal  to  0.008;  when  7y  tends  to  infinity,  s  becomes 
4  ,  the  nroportionality  constant  being  0.0064,  for  V  equal  to  10, 
the  equilibrium  flat-plate  boundary  layer,  V  is  related  to  Zg  by 
Equation  (3.4-2)  reduces  to: 


When  Zg  equals 
proportional  to 
and  when,  for 
Equation  (3.3-5), 


s  =  0.  182(1  -  Zg) 2  -  0.173(1  -  Zg) 3  .  (3.4-3) 

These  imp) ications  are  in  good  agreement  with  the  loots  enumerated  in  Section  3.4  1 
as  (ii),  ( i v)  and  (iii)  respectively.  It  is  true  that  the  coefficient  of  the  second 
tens  or.  the  light  of  Equation  (3.4-3)  is  appreciably  lower  than  that  of  Equation 
(3.3-11);  but  this  t  'rm  is  in  any  case  not  of  great  importance. 
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When  the  implications  of  Equation  (3.4-2)  are  compared  with  the  experimental  data 
plotted  on  Figure  24  it  is  seen  that,  for  the  values  of  l'  in  question,  the  equation 
predicts  values  of  Zg  which  are  rather  too  low  in  the  moderate  -  Zg  range.  It  is 
therefore  not  possible  to  say  that  Equation  (3.4-2)  is  entirely  satisfactory  as  a 
dissipation- integral  expression,  but  it  is  certainly  an  improvement  on  the  earlier 
recommendations.  It  agrees  well  with  data  for  separating  boundary  layers,  for  the 
equilibrium  flat  plate  an*,  for  the  wall  jet;  and  it  expresses  the  influence  of  m 
(though  whether  rightly  or  wrongly  we  do  not  yet  know). 

3.4.5  Deduction  of  the  dissipation  integral  from  an  entrainment  law 

In  Section  2  of  the  present  paper,  it  was  shown  that  there  exist  parallels  and 
relationships  between  the  "kinetic-energy  method”  and  the  “mass-conservation  method". 
Indeed,  in  Equation  (2.4-3),  a  connection  was  provided  between  the  empirical  functions 
of  the  two  methods,  namely  the  dissipation  integral  s  of  the  first  method  and  the 
entrainment  function  mc  of  the  second  method. 

Now  there  is  reason  to  believe  that  the  entrainment  function,  relating  as  it  does 
to  events  at  the  outer  edge  of  the  boundary  layer,  should  not  be  influenced  by  the 
values  of  sg  and  m  ,  which  exert  their  influence  on  the  part  of  the  boundary  layer 
close  to  the  wall.  It  seems  quite  possible  therefore  that  mQ  may  depend  on  zE 
alone. 

In  the  author’s  earlier  paper  (Spalding,  1964),  a  provisional  recommendation  was 
made  for  the  relation  between  mG  and  z£  .  Further  examination  of  experimental 
data,  though  not  yet  sufficiently  comprehensive,  has  suggested  that  the  recommendations 
over-estimated  the  entrainment  rate;  it  appears  that  a  better,  but  still  provisional, 
recommendation  is: 

Zg  $  1  :  -  mG  =  0.06  -  0.05Zg 

Zg  £  1  :  -  mG  =  0.03ze  -  0.02 

This  recommendation  is  made  for  use  with  the  velocity-profile  family  of  Equation  (3,3-1), 
the  outer  boundary  of  the  layer  being  defined,  when  the  shape  factor  Hj  is  calculated, 
by  the  point  where  equals  1.  Since,  as  already  mentioned,  this  definition  does 
not  satisfy  Equation  (2.4-4),  sane  improvement  remains  to  be  made. 

Equation  (2.4-3)  can  be  re-arranged  as: 


(3.4-4) 
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We  shall  now  examine  some  of  the  proportics  of  the  s- function  given  by  this  equation 
when  the  shape  factors  correspond  to  Equation  (3.3-!)  and  the  entrainment  function  is 
given  by  Equation  (3.4-4).  Attention  will  be  restricted  to  the  case  in  which  n  is 
equal  to  zero. 


HJien  is  2ero.  Equation  (3.4-5)  leads  to: 
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regardless  of  the  value  of  V  .  This  result  may  be  thought  sufficiently  close  to  our 
previous  estimate  for  this  condition,  based  on  data  for  the  free  turbulent  mixing  layer, 
of  about  0.008. 


When  z ^  tends  to  infinity,  Equation  (3.4-5)  reduces  (for  m  =  0)  to: 
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If  l'  is  given  the  typical  value  of  10,  and  -  mc/zE  is  taken  as  0.03  in  accordance 
with  Equation  (3.4-4),  F/zjl  becomes  equal  to  0.0059.  This  value  may  be  regarded  as 
sufficiently  close  to  the  experimental  values  cited  in  Equation  (3.3-15). 


Figure  26  contains  values  of  s  ,  calculated  in  accordance  with  Equation  (3.4-5) 
and  the  other  already-stated  assumptions*  for  various  values  of  I'  .  Also  plotted  are 
the  experimental  data  of  Klebanoff  (1954),  Schubauer  and  Klebanoff  (1951)  and  Sandborn 
and  Slogar  (1955).  The  following  observations  may  be  made: 


(i)  The  curves  have  the  same  general  form  as  those  sketched  in  Figure  20  and  as 
those  calculated  from  Equation  (3.4-2)  and  plotted  in  Figure  24. 

(ii)  The  curves  pass  very  close  to  the  points  correspi  nding  to  Equation  (3.3-11) 
which  represents  experimental  data  for  the  equilibrium  flat  plate. 


(iii)  The  agreement  with  the  other  experimental  aata  is  rather  better  than  that 
displayed  on  Figure  24,  but  still  not  entirely  satisfaetdry. 


We  may  conclude  that  Equation  (3.4-5)  forms  an  acceptable  basis  for  the  derivation 
of  the  s-function  and  that,  since  che  entrainment  function  employed  is  still  only 
provisional,  it  may  ultimately  yield  reliable  va’ues  for  s  .  The  equation  gives 
complete  information  about  the  effects  of  Zg,  l '  and  m  on  the  dissipation  integral, 
but  no  test  has  so  far  been  provided  of  the  effect  of  the  latter. 


*  Parts  of  the  curve;;  for  l1  -  ^  and  lr  ~  8  on  Figure  26  are  broken.  The  broken  curves 
bridge  a  region  where  the  curves  according  to  Equations  (3.4-5)  and  (3.4-4)  suddenly  exhibit 
large  positive  and  negative  values  of  the  ordinate.  These  large  values  result  from  the  fact 
that  the  shape  factors  are  extremely  sensitive  to  profile  shape  when  zE  is  slightly  greater 
than  unity.  Since  the  velocity-profile  assumption  his  been  made  without  special  attention  to 
this  region,  it  is  the  author’s  opinion  that  the  broken  curves  are  more  to  be  trusted  than 
those  which  precisly  obey  the  equations. 
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3.4.6  Provisional  recommendation 

It  would  oi  course  be  premature  to  suppose  that  the  problem  of  the  8  -  function 
is  now  solved.  In  the  author’s  view  little  more  has  been  done  than  to  find  the 
direction  in  which  part  of  the  truth  probably  lies.  As  a  stimulus  to  further 
research,  however,  it  may  be  helpful  to  make  the  following  recommendations  for  s  . 

These  are: 

(i)  When  a  simple  formula  is  desired,  s  should  be  calculated  from  Equation  (3.4-2). 
This  tends  tc  underestimate  s  for  values  of  Zg  around  0.5,  and  perhaps  to 
overestimate  s  for  Zg  slightly  greater  than  unity.  However  its  qualitative 
correctness  seems  assured. 

(ii)  Wore  accurate  calculations  for  s  can  be  made  by  way  of  Equation  (3.4-5)  and 
the  associated  Equations  (3.3-4),  (3.3-6),  (3.3-’?),  (3.3-8)  and  (3.4-4).  Hie  latter 
equation,  i.e.  the  entrainment  law,  is  no  more  than  provisional;  and  the  values  of 
which  satisfy  the  condition  (2.4-4)  and  the  velocity  profile  (3,3-1)  remain  to  be 
worked  out.  The  potential  of  Equation  (3.4-5)  is  therefore  probably  greater  than  that 
of  Equation  (3.4-2)  although  its  achievement  is  only  marginally  better  at  present. 


4.  DISCUSSION  OF  RESULTS 

4.1  Comparison  of  the  "kinetic-energy”  and  “mass-conservation”  methods 

4.1.1  Advantages  of  the  "mass-conservation"  method 

As  mentioned  in  Section  1.1,  of  all  methods  of  calculating  the  rate  of  growth  of 
turbulent  boundary  layers  available  until  now,  only  that  of  Head  (I960)  yields 
uniformly  tolerable  results.  The  first  advantage  of  the  method  employing  the 
entrainment  concept  is  therefore  that  it  gives  good  predictions  of  boundary  layer 
development.  As  shown  by  the  present  writer  (Spalding,  1964),  the  method  can  be 
applied  to  the  whole  range  of  two-dimensional  problems,  including  those  involving  wall 
jets;  and  there  is  every  prospect  of  its  being  successfully  extended  to  three-dimensional 
flows  also. 

Possibly  the  reason  for  the  success  of  the  method  lies  in  the  fact  that  the 
entrainment  function  is  a  fairly  simple  one,  the  fc;m  of  which  is  easy  to  guess.  Thus, 
Head  supposed  that  the  dimensionless  entrainment  rate  was  a  function  of  H  alone, 
and  determined  it  by  analysis  of  experimental  data.  The  present  writer  started 
independently  from  the  postulate,  derived  from  knowledge  of  free  turbulent  flows,  that 
-mG  was  more  or  less  proportional  to  il  -  zg|  ,  the  absolute  magnitude  of  the  wake 
or  jet  component  of  the  velocity  profile.  Because  the  ideas  of  “entrainment”  and  of 
"mass  flow  rate  of  boundary  layer  fluid”  are  easy  ones  to  grasp,  first  guesses  about 
the  entrainment  function  turned  out  to  be  quite  good. 

4.1.2  Disadvantages  of  the  ''mass-conservation”  method 

Despite  its  success,  the  "mass-conservation”  method  suffers  from  three  main 
disadvantages.  The  first  concerns  the  location  of  the  'Jter  boundary  of  the  layer, 
separating  the  entrained  fluid  from  that  which  is  deemed  to  be  outside  the  layer. 
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In  Head’s  paper,  and  the  earlier  one  of  the  present  writer  (Spalding,  1964),  this 
boundary  was  arbitrarily  fixed;  although  the  present  paper  provides  (in  Section  2.4)  a 
means  for  the  removal  of  this  arbitrariness,  the  argument  supporting  it  possesses 
subtleties  which  may  limit  its  acceptability. 

The  second  disadvantage  is  that,  whereas  it  was  easy  to  guess  the  form  of  the 
entrainment  function  for  uni  form- density  flow,  this  is  by  no  means  the  case  for  flows 
in  which,  perhaps  because  of  kinetic  heating,  density  variations  arise.  The  reasons 
are  that  there  is  little  experimental  inform rtion  about  the  effects  of  such  variations 
on  free  turbulent  flows;  and  that  hg  theoretical  clue  exists  even  as  to  the  direction 
of  the  effect  of  a  density  variation  on  entrainment. 

The  second  disadvantage  can  be  removed  by  the  execution  of  a  suitable  experimental 
programme:  the  third  disadvantage,  by  contrast  is  irremediable.  This  is  the 
inapplicability  of  the  concept  of  entrainment  to  flows  within  ducts,  for  example 
diffusers,  which  are  sufficiently  long  for  the  boundary  layers  on  opposite  walls  of 
the  duct  to  make  contact  on  the  duct  axis.  Here  can  be  no  entrainment,  by  symmetry; 
yet  the  wake  component  of  the  velocity  profile  may  well  be  large  in  such  a  case. 

4 .1.3  Disadvantages  of  the  "kinetic-energy"  method 

Is  the  method  employing  the  dissipation  integral  any  better?  Here  we  must  repeat 
the  remark  made  in  Section  1.1;  methods  based  on  the  integral  k^netic-energy-dificit 
equation  have  not  been  especially  successful,  particularly  when  the  pressure  gradient 
is  adverse.  The  reason  appears  to  be  that  the  s  -  function,  being  as  much  dependent 
on  events  near  the  wall  as  on  those  in  the  fully  turbulent  part  of  tne  layer,  has  a 
more  complex  structure  than  has  the  mG  -  function;  its  form  is  harder  to  guess;  and 
the  early  guesses  have  been  wrong. 

Nevertheless,  the  new  light  which  has  been  thrown  on  the  dissipation  integral  by 
the  present  paper  may  be  held  to  have  changed  the  situation.  Indeed,  although  it 
has  reen  necessary  to  draw  aid  from  entrainment  data,  a  new  s  -  expression  has  been 
found  which  seems  bound  to  lead  to  predictions  of  boundary  layer  growth  which  are  as 
successful  as  those  based  on  the  mass-conservation  equation. 

4.1.4.  Advantages  of  the  "kinetic-energy"  method 

First  we  note  that  this  method  does  not  possess  any  of  the  flaws  which  had  to  be 
recorded  in  Section  4.1.2.  The  arbitrariness  of  the  outer  boundary  does  not  arise 
at  all;  there  exists  at  least  a  reasonable  hypothesis  (described  in  Section  4.2.2  ), 
concerning  the  way  in  which  density  variations  will  influence  the  dissipation  integral; 
and  s  can  be  expected  to  be  the  same  function  of  z^,  i '  and  m  when  the  boundary 
layers  “join  up”  in  a  duct  as  when  only  one  boundary  layer  is  present.  The  last  of 
these  points  is  the  most  important,  in  the  author’s  view. 

The  method  posesses,  however,  further  possibilities,  scarcely  exploited  jntil  now. 
For  example,  the  dissipation-integral  expression  can  reasonably  be  made  to  ’'pply  to 
three-dimensional  flows  by  postulating  that  the  eddy  viscosity  is  proportional  to  the 
maximum  velocity  difference  across  the  shear  layer,  regardless  of  direction,  and  not 
solely  to  the  component  of  that  velocity  in  the  direction  of  the  shear  stress. 

Another  extention  which  requires  little  ingenuity  is  that,  which  takes  account  of 
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small -radius-of-curvature  effects,  as  when  an  axially  symmetrical  boundary  layer  is 
formed  on  a  pencil-like  surface.  Further,  the  knowledge  which  has  been  gained  so  far 
renders  it  possible  at  least  to  speculate  intelligently  about  the  way  in  which  s 
would  be  influenced  by  velocity  profiles  more  complex  than  those  considered  so  far, 
for  example,  profiles  exhibiting  reverse  flows,  or  more  than  one  velocity  maximum. 

4.1.5  A  tentative  recommendation 

The  author' s  present  opinion  is  that  it  will  ultimately  be  preferable  to  use  the 
"kinetic-energy”  method  rather  than  the  "mass-conservation"  method.  Of  course,  for 
some  time  it  may  be  necessary,  when  developing  the  s  -  function,  to  draw  on  the 
store  of  knowledge  about  entrainment,  and,  in  any  case,  the  formal  relations  which 
have  been  proved  to  exist  between  the  two  methods  reduce  the  importance  of  the  choice. 

However,  it  seems  probably  that  the  greater  directness  with  which  the  dissipation 
integral  can  be  connected  with  densit"-variation,  radius-of-curvature  and  other 
effects,  and  the  conceptual  difficulty  which  attaches  to  the  entrainment  concept  in 
some  circumstances,  will  make  it  easier  to  work  in  terms  of  s  and  H3  rather  than 
e0  and  .  If  this  should  come  about,  it  should  not  be  forgotten  that  the  role  of 
the  entrainment-based  theory,  though  perhaps  brief,  was  a  valuable  one. 

4.2  Some  problems  for  research 

In  an  earlier  paper  (Spalding,  1964),  the  present  author  drew  attention  to  the 
questions  which  arose  from  the  achievement  of  a  unified  theory  based  on  the  entrainment 
principle.  One  of  these  questions,  incidentally,  has  been  resolved  by  the  present 
paper,  that  of  the  relation  of  the  “mass-conservation”  and  "kinetic -energy”  equations. 

Most  of  the  other  questions  remain  open,  but  sane  can  now  be  conveniently  recast  in 
terms  of  the  shear-stress  integral  in  place  of  the  entrainment  function. 

4.5.1  The  determination  of  the  s  function 

The  recommendations  for  s  made  in  Section  3.4.6  are  merely  provisioral  and  require 
comprehensive  experimental  verification  and  amendment.  There  are  two  main  methods: 

(i)  the  measurement  of  shear-stress  and  velocity  profiles  in  boundary  layers  and  wall 
jets  with  the  aid  of  hot-wire  instruments;  and  (ii)  the  measurement  of  successive 
velocity  profiles  and  the  deduction  therefrom,  by  way  of  the  integral  kinetic-energy- 
dcficit  equation,  of  the  value  of  s  .  Since  several  velocity-profile  studies  have 
been  published,  the  second  method  can  be  immediately  applied  to  them;  however,  as  has 
been  shown  by  Thompson  (1964),  uncertainties  concerning  two-dimensionality  beset  most 
experiments. 

An  important  question  which  requires  an  early  answer  is:  Does  s  indeed  depend  only 
on  the  local  velocity  distribution,  as  postulated  in  the  present  paper?  If  the 
answer  is  negative,  it  should  be  said,  the  results  of  the  present  paper  do  not  become 
valueless:  all  that  is  needed  is  to  enlarge  the  s  function  so  that  it  becomes: 

§(?.£.  I',  bi,  X)  where  X  stands  for  some  property  of  the  boundary  layers  which  depends, 
say.  on  the  rate  of  change  of  profile  shape. 

It  is  quite  likely  (hat  the  quantity  Rjdiig/dR^  will  prove  to  be  an  X  ,  i.e.,  will 
influence  the  value  of  s  .  This  possibility  can  be  investigated  by  measuring  s  in 
two  or  more  profiles,  having  the  same  jy,  {'  and  m  ,  which  are  situated  in  different 

i 


227 


boundary  layers;  thus,  one  night  be  an  equilibrium  layer  of  the  Clauser  (1954)  type, 
another  might  be  present  on  an  aerofoil  surface,  and  yet  another  might  involve 
constancy  of  pressure  along  the  surface  with  variation  of  profile  shape  resulting 
from  discontinuities  in  the  degree  of  roughness  of  the  surface.  The  inclusion  of 
the  influence  of  this  or  any  other  X  in  the  computer  programme  embodying  the  theory 
is  a  perfectly  straightforward  matter;  all  that  is  needed  is  a  systematic -series  of 
experiments  designed  to  establish  the  influence  of  the  X  quantitatively. 

One  crucial  and  related  experiment  would  be  the  measurement  of  s  in  two  separating 
(7<e  =  0)  boundary  layers,  one  on  an  impermeable  wall  with  an  adverse  pressure  gradient, 
the  other  in  a  unform  stream  with  mass  transfer  through  the  wall.  In  Sections  2.2 
and  2.3  it  has  been  regarded  as  probably  that  the  s  values  are  the  same.  Is  this  so? 
And  if  not,  what  are  the  magnitude  and  cause  of  the  difference?  The  answers  to  these 
questions  will  have  important  implications  for  the  future  development  of  the  theory. 

4.2.2  Extension  to  situations  having  non-uniform  density 

As  has  been  mentioned,  it  is  possible  to  make  reasonable  proposals  about  the  way 
in  which  8  is  influenced  by  the  non-uniformity  of  density  which  arises  in  problems 
involving,  for  example;  the  injection  of  a  light-gas  coolant  into  a  boundary  layer, 
flow  at  high  Mach  number  or  combustion  of  a  fuel  jet  near  a  wall.  The  proposals 
would  be  founded  on  the  assumptions: 

(i)  That  the  velocity  profile  can  still  be  described  by  Equation  (3.3-1),  although 
the  relation  between  l'  and  sg  would  be  modified  in  accordance  with  some  theory 
of  compressibility  effects  in  a  Couette  flow,  ror  example  that  of  Spalding  and  Chi 
(1964). 

(ii)  That,  Zg,  V  and  m  being  fixed,  the  shear  stress  at  any  point  is 
proportional  to  «  definite  function  of  velocity  and  to  the  local  density.  The  function 
of  velocity  will  be  more  or  less  complicated  according  to  the  extent  of  our  knowledge; 
for  example,  if  the  simple  hypotheses  of  Section  3.2(b)  were  adopted,  we  might  take 

it  as  a  constant  equal  to  0.008(1  -  Zg)2Ug  . 

(Hi)  That  the  density  at  any  point  in  the  profile  is  deducible  from  the 
thermodynamic  properties  of  the  fluid  together  with  profile  assumptions  and 
differential  equations  expressing  conservation  principles. 

Some  progress  could  be  made  theoretically,  simply  by  working  out  the  implications 
of  these  proposals  quantitatively  and  in  detail.  This  is  probably  worth  doing. 

However,  before  long  it  will  certainly  be  necessary  to  carry  out  experiments  to  check 
both  the  assumptions  and  the  implications.  There  is  much  work  of  this  kind  to  do 
because  no  studies  have  been  made  for  compressible  flows  in  the  detail  of,  say,  that 
of  Schubauer  and  Klebanoff  (1951)  for  subsonic  flows.  Yet  there  are  more  quantities 
to  be  measured  when  the  density  varies;  and  most  of  the  measurements  are  more 
difficult  to  make. 

4.2 .3  A  short  list  of- further  problems 

In  Section  4.1.4  it  has  already  been  mentioned  that  the  theory  can  probably  be 
extended  to  three-dimensional  flows,  to  flows  in  which  the  distance  Irons  the  symmetry 
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axis  is  not  largo  compared  with  the  boundary  layer  thickness,  and  to  flows  with  more 
complex  velocity  profiles  than  have  so  far  been  considered.  It  will  be  profitable, 
in  the  present  author's  opinion,  to  investigate  each  of  these  lines. 

Another  situation  which  requires  study  is  that  in  which  transverse  body  forces  act 
on  the  boundary  layer.  There  are  two  main  types  of  force,  those  associated  with 
curvature  of  the  body  surface  in  the  stream  direction,  and  those  concerned  with 
density  variations  in  a  gravitational  field;  the  first  occurs,  for  example,  when  a  jet 
is  blown  over  a  flap  to  prevent  boundary  layer  separation;  the  second  occurs 
predominately  in  the  earth’s  atmosphere  where  the  direction  and  magnitude  of  the 
temperature  gradient  can  vary  the  shear  stresses  in  the  flow  by  several  orders  of 
magnitude.  At  present,  there  is  no  knowledge  of  the  quantitative  relationships 
governing  these  effects;  but  their  importance  is  such  as  to  make  detailed  Ltudy 
desirable. 

Finally  one  might  add  the  problem  of  laminarisa! ion,  i.e.  the  disappearance  of 
turbulence  in  the  downstream  region  of  an  initially  turbulent  boundary  layer  under 
the  influence  of  a  favourable  pressure  gradient.  This  process,  which  is  of  practical 
importance  in  rocket  nozzles  for  example,  could  be  brought  within  the  scope  of  the 
present  theory  if  the  s-function  were  extended  so  as  to  possess  a  term  proportional  to 
the  fluid  viscosity.  If  the  assumptions  of  Section  2.2(h)  are  made,  but  the  extra 
effect  of  viscosity  is  added,  -it  is  not  hard  to  show  that  Equation  (3.2-2)  should  be 
extended,  so  as  to  become: 


,  (1  -  Z-.) 

s  =  (Sg  +  mzE/2)zE  +  0,008(1  -  Zg)3  +  - —  .  (4.2-1) 

2HRj 

If  an  additional  modification  is  made  to  the  Sg(Zg,  I')  relationship,  which  causes  it 
to  reduce  to  the  appropriate  form  at  low  Reynolds  number,  we  should  possess  a  theory 
which  permits  calculation  of  the  transition  for  turbulent  to  laminar  flow;  indeed  it 
might  serve  for  transition  from  laminar  to  turbulent  flow  also. 

4.3  Conclusions 

The  main  results  of  the  study  here  reported  appear  to  be: 

(i)  Formal  relations  exist  between  the  entrainment  function  of  the  mass -conservation 
method  and  the  dissipation  integral  of  the  kinetic-energy  method. 

(ii)  Use  of  these  relations  has  permitted  both  methods  to  be  improved:  the 
arbitrariness  of  the  outer  boundary  of  the  layer  can  now  be  discarded  from  the 
entrainment  function;  and  a  dissipation-integral  expression  has  been  discovered  which 
agrees  better  than  previous  expressions  with  experimental  data  for  boundary  layers 
nearing  separation,  and  which  extends  into  the  region,  not  previously  charted,  of  flows 
exhibiting  velocity  maxima. 

(iii)  Many  research  pioblcms  remain;  however,  the  prospects  of  a  major  extension  of 
the  scope  of  the  theory  are  bright. 
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Pi6. 1  Relations  between  shape  factors  H  and  H}  for  boundary  layers  having 

uniform  density  and  the  velocity  profile 

Z  =  Zg{l  +  (10ge£)/l'}  +  }(1  -  ZgMl  -  COS7f£) 

The  dotted  curves  correspond  to  tho  family  of  velocity  profllo:  z  = 


Variation  of  shear  stress  with  velocity  for  an  enulllbrlura-flat* plate  boundary 
layer,  (experimental  measurements  of  Klcbnnoff,  1955) 


Pig.  3 


Relation  between  shape  factors  H  and  for  boundary  layers  having 
'  uniform  density  and  the  velocity  profile 

Z  S  Zg{ 1  +  (log a£)/l'}  +  i(l  -  Jfe)(l  -  C057t£) 

The  dotted  curvos  correspond  to  the  family  of  velocity  profile:  z  =  £n 


The  Unenr  velocity  profile  described  by  Equation  (2.4-6) 


Shear  stress  distribution  in  a  Couette  flow  with  mass  transfer  through  the  wall 
(where  z  =  0)  at  dimensionless  rate  m 


Recommendation  for  s  made  by  Rubcrt  and  Persh  (1951) 
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Pig.  11  Some  theoretically  based  shear  stress  distributions  in  free  turbulent  flows, 

each  embodying  one  empirical  constant 
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Pig. 13  Some  s  ~  z  distributions  deduced  from  the  measurements  of  Schuhauer  and 

Klebanoff  (1951) 


Fig.  14  Smoothed  data  for  s  and  sg  deduced  from  the  measurements  of  Schubauer 
and  Klebanoff  (1954)  and  some  theoretically  based  curves  for  comparison 
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Pig.  15  Bie  s  ~  z  distributions  deduced  from  the  measurements  of  Sandtiorn  and 

Slogar  (1955) 


Fig.  16  Data  for  s  and  sg  deduced  from  Snndborn  and  Slogar  (1955).  With  some 

theoretically  based  curves  for  comparison 
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Sketch  of  velocity  and  shear  stress  profiles  across  a  wall  jet 
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Fig. 21  Hie  S(Zg,  I')  function  for  an  impermeable  wall  which  corresponds  to  the 

proposal  of  Rotta  (1950) 


Fig.  22  The  s(Zg,  I')  function  for  an  impermeable  wall  which  corresponds  to  the 

proposal  of  Truckenbrodt  (1951) 
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Fig.  24 


The  ^(Zj,,  V)  function  for  an  impermeable  wall  which  corresponds  to  the 
proposal  of  Rubert  and  Persh  (1951);  the  pressure  gradient  is 

taken  as  zero 


The  ?(■  I')  function  for  an  impermeable  wall  corresponding  to  the 

ant-eddy-viscosity  hypothesis,  expressed  by  Equation  (3.4-2) 


|-ooo8(2E-i)3  I Z-Z-Z-Z./-J 

Fig.  25  The  s  ~  z  relation  cci responding  to  the  constant-viscosity  hypothesis  and 
the  linear  velocity  profile  of  Equation  (2.4-6).  This  diagram  is  the 
Zg  <  1  counterpart  of  Figure  12,  which  was  valid  for  zg  <  1 
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2G  The  !')  function  for  wi  impermeable  wnll  deduced  from  Equation  (3.4-5) 

and  the  entrainment  low  of  Equation  (3.4-4) 
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SUMMARY 


In  addition  to  the  Krfrnrfn  momentum-integral  equation,  two  further 
equations  are  required  for  the  purposes  of  calculating  the  development 
of  the  incompressible  turbulent  boundary  layer  -  a  "skin- friction  law" 
and  an  "euxilinry  equation".  The  problem  of  deriving  a  satisfactory 
form  of  auxiliary  equation  is  a  major  one.  Indeed,  despite  the  effort 
dovoted  to  this  equation  for  many  years,  few  derived  forms  of  auxiliary 
equation  can  be  relied  upon  to  account  for  the  boundary-layer  development 
in  more  than  a  restricted  numbor  of  cases. 

As  a  contribution  to  the  elucidation  of  the  problem  on  examination  is 
made  of  several  sets  of  experimental  data  covering  different  typos  of 
pressure  distribution.  Among  the  data  certain  basic  types  of  boundary- 
layer  behaviour  can  be  distinguished.  The  equilibrium  boundary-layer  may 
be  regardod  as  a  datum  condition  and  the  other  types  of  behaviour  aro 
discussed  in  the  context  of  tendencies  towards,  or  departures  from, 
equilibrium. 

Simple  forms  of  auxiliary  equation  are  postulated  and  an  examination 
is  mado  of  the  extent  to  which  thoy  con  bo  reconciled,  even  qualitatively, 
with  the  observed  types  of  boundary-layer  behaviour.  It  is  shown  that 
several  forms  of  tho  equation  must  be  rejected  as  inadequate.  Tho  most 
economical  form  which  appears  to  be  capable  of  dcrcribing  all  tho  various 
trends  oi  the  data  is  a  seoond-ordor  differential  equation  involving  the 
Bhapo  factor.  A  limited  muobor  of  comparisons  with  experiment  Indicate 
that  values  can  bo  ascribed  to  tne  free  constants  in  tho  equation  which 
lead  to  quantitatively  acceptable  predictions'. 
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a,P.k  etc st acts  in  equation  (22). 

f-f..  fj.f.  and  ?  denote  arbitrary  functions. 

Tile  suffix  o  denotes  initial  values. 
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turbulent- roundary- i.ayer  behaviour 

AND  THE  AUXILIARY  EQUATION 
John  F.  Nash 


1.  INTRODUCTION 


Hie  purpose  of  this  paper  Is  to  discuss  the  two-dimensional,  Incompressible 
turbulent  boundary- layer  developing  on  a  smooth,  plane,  unpemeablo  wall  in  an  adverse 
pressure  gradient. 

Basic  to  most  methods  of  treating  the  incompressible  turbulent  boundary-layer  Is 
the  Krfrmrfn  momentum-integral  equation  which  expresses  the  rate  of  change  of  momentum- 
defect  in  terms  of  the  pressure  gradient  and  the  wall  shear  stress: - 


8* 


(1) 


If  the  pressure  p  (or  the  velocity,  u#  ,  at  the  edge  of  the  bound ary -layer)  is 
given  as  a  function  of  x  ,  Equation  (1)  contains  three  unknowns:  the  momentum 
thickness,  0  ,  the  displacement  thickness,  8*  ,  and  the  local  wall  shear  stress, 

Tw  .  Thus,  for  the  purposes  of  calculating  the  development  of  the  boundary  layer, 
two  further  equations  Involving  these  quantities  are  required.  Using  the  conventional 
nomenclature,  these  are  referred  to  as  the  "skin-friction  law”,  and  the  "auxiliary 
equation"  or  "shape- factor  equation". 


As  usually  formulated,  skin- friction  las*s  relate  the  local  wall  shear  stress  to  a 
Reynolds  number  based  on  a  length  scale  typical  of  the  boundary- layer  thickness  and  a 
parameter  (such  as  11  .  =  S*/r?)  which  describes  the  shape  of  the  velocity  profile. 

A  brief  review  of  some  skin- friction  laws  in  current  use  was  made  in  Reference  1. 


The  auxiliary  equntion  essentially  describes  the  effoct  of  pressure  gradients  on 
the  shape  of  the  mean  velocity  profile.  Attempts  have  been  made  for  more  than  thirty 
years  to  derive  a  satisfactory  form  of  auxiliary  equation  but  recent  reviews  of  this 
problem7,  3  hnvc  shown  that  few  forms  of  this  equation  can  be  relied  upon  to  account 
for  the  boundary- layer  development  faithfully  in  more  than  a  limited  number  of  cases. 


In  the  next  Section  a  brief  discussion  will  bo  made  of  the  principal  forms  of 
auxiliary  equation  to  bo  found  in  the  literature.  The  point  will  be  mado  that  most 
of  these  were  originally  based  on  dntn  relating  to  only  ono  typo  of  boundary-layer 
development.  As  a  contribution  to  the  general  work  in  this  fiold  an  examination  is 
made  in  Section  3  of  the  various  types  of  boundary- lay or  behaviour  which  can  be 
distinguished  from  an  analysis  of  existing  experimental  data.  Finally,  in  Section  4 
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staple  foms  of  auxiliary  c-quatioD  will  be  discussed  in  relation  to  these  types  of 
boundary-layer  behaviour,  and  an  attempt  will  be  nade  to  find  an  equation  which  will 
account  for  thes  at  least  qualitatively. 


2.  RF.V1EI  OF  EXISTING  AUXILIARY  EQUATIONS 

2.1  Mott  published  fores  of  the  auxiliary  equation  (e.  g.  see  Ref.  2)  are  formulated 
on  the  assumption  that  the  wean  velocity  profiles  in  the  turbulent  boundary  layer 
reduce  to  a  two-parameter  family.  i.e.  that  they  can  he  described  adequately  by  a 
thickness  parameter  and  a  single  "shape  factor".  Thus  the  auxiliary  equation  takes 
the  fore  of  an  expression  relating  the  shape  factor  and.  usually,  its  derivatives  to 
the  Reynolds  number  and  the  pressure  gradient. 

Basically,  there  are  two  types  of  shape  factor  in  general  use.  One  type  is  a 
paraaeter  based  simply  c-a  the  geometry  of  the  velocity  profile:  the  ether  type 
involves  the  wall  shear  stress  in  addition,  tost  of  the  auxiliary  equations  fourd  in 
the  literature  are  forxulated  in  teras  of  the  geometric  type  of  shape  factor.  In  some 
cases  this  is  the  ratio.  H  .  of  displacement  to  momentum  thickness;  ie  ethers  the 
shape  factor  is  based  on  such  ratios  as 


There  is  no  essential  difference  between  any  of  these  -eometric  shape  factors  and.  in 
the  light  of  the  assumption  that  the  velocity  profiles  tom  a  two-parameter  family, 
they  can  all  be  related  to  one  another  (at  least  ia  principle).  Accordingly,  our 
remarks  will  refer  explicitly  to  auxiliary  equations  based  ca  H  but  they  can  be 
takes  to  apply  to  equations  involving  otaer  geometric  shape  factors  also. 

This  interchangeability  of  shape  factors  djes  not  extend  to  these  which  involve 
the  wall  shear  stress.  Among  these  are  Claaser's  parameter,  G  .  which  is  based  on 
the  velocity- defect  profile',  and  COics'  wake-component  coefficient5  which  is  also 
used  hy  Spalding*.  Reference  to  shape  factors  of  this  category  will  be  left  to 
another  Section. 


2.2  Despite  the  coafusiag  variety  of  auxiliary  equations  in  current  use.  only  two 
basic  typos  caa  be  distinguished.  Use  f'ist  is  represented  by  the  method  of  Beri7  and 
is  a  direct  enaloeue  of  the  Pclhausen  n-.thod  for  the  laninar  boundary-layer  and  the 
naaerous  later  methods  which  owe  their  inspiration  to  the  Pclftausen  approach 
(e.g.  see  Ref.8).  Burl  postulated  that  the  shape  factor.  H  .  was  a  iuncticr.  of  the 
Reynolds  number  and  the  pressure  gradient:  - 


H 


£ 

ue  dx  / 


(2) 


This  fore  of  the  auxiliary  equation  has  never  commanded  ouch  attention.  largely  as  s 
result  of  Frandtl’s  criticism9  teat  it  ignored  the  effects  of  the  upstream  histcry  cf 
the  boundary  layer.  In  the  light  of  tore  recent  knowledge  it  would  be  fairer  tc  iay 
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that  it  is  valid  so  loni:  ns  the  la.vei  is  in  local  equilibrium  at  each  streanvise 
station.  i!ore  sill  be  said  about  this  point  later  in  the  papei. 

2.3  The  second  form  of  the  auxiliary  equation  is  reprecented  by  some  thirteen  methods 
listed  by  Rotta’  to  »hich  must  be  added  recent  methods  such  as  Head's10.  This  fora 
can  be  written 


UH.RCj, 


6  du 


ue  dx/ 


(3) 


BQr  virtue  of  its  being  a  differential  equation  of  the  first  order  in  H  .  Equation  (3) 
requires  the  specification  of  an  initial  value  of  H  with  which  to  start  the 
calculation.  Thus  in  broad  teres  Equation  (3)  contains  a  mechanism  by  which  the 
upstreac  history  can  be  taken  into  account  in  so  far  as  it  affects  the  velocity 
profile.  Consequently,  as  far  as  this  auxiliary  equation  is  concerned,  two  boundary 
layers  *?ith  the  same  initial  velocity  profile  subsequently  subjected  to  the  sane 
pressure  distribution  will  develop  alike  whether  or  not  their  previous  history  was 
the  same,  fio  provision  is  made  for  the  possibility  that  their  initial  shear-stress 
distributions  could  be  dissimilar.  The  distribution  of  shear  stress  across  the 
boundary -layer  is,  of  course,  related  not  to  the  local  velocities  in  the  layer  but, 
via  the  equation  of  motion,  to  their  derivative  with  respect  to  x  .  Therefore  some 
estimate  of  the  effect  of  tne  initial  shear  distribution  could  be  made  by  specifying, 
in  addition  to  H  .  the  initial  value  of  dH/dx  .  say.  Equation  (31  would  then  need 
to  be  replaced  by  a  second-order  differential  equation  in  H  .  So  far  as  is  known  to 
the  author.  no  attempt  to  do  this  bas  been  reported. 

It  is  not  intended,  here,  to  give  a  detailed  discussion  of  the  merits  or  demerits 
of  the  various  auxiliary  equations  grouped  under  Equation  (3).  Useful  work  bas  already 
been  done  in  this  respect  ty  Rotta*  and  Thompson3.  Their  work  has  shown  that  the 
confidence  with  which  the  state  of  the  art  has  been  viewed  in  many  of  the  text  books 
could  net  be-  substantiated  and  that  many  of  the  auxiliary  equations  have  a  severely 
United  validity  cf  application.  Essentially  they  are  correlations  of  experimental 
data  whether  or  not  some  physical  concept  -  for  instance  the  kinetic  energy  or  moment  - 
of  -  moment  equations  (e.  g.  see  Ref.  12),  or  the  entrainment  equation  (Refs. 6. 10. 11)  - 
bas  been  invoked  as  the  basis  for  the  correlation.  Consequently  auch  depends  on  the 
range  of  types  of  boundary-layer  development  which  has  been  examined  in  the  correlation. 
Nearly  all  the  auxiliary  equations  ir.  the  literature  have  been  derived  from  an 
analysis  of  boundary -layers  of  a  single  type,  naaely.  where  the  shape  factor  H 
increases  with  distance  downstreen.  This  is  typical  of  boundary- layers  growing  on 
aerofoils  or  in  diffusers.  Bearing  this  in  mind  it  is  not  difficult  to  see  why 
these  methods  are  of  doubtful  validity  when  applied  to  either  equilibr.us:  boundary 
layers  (where  H  is  app roxisstely  constant)  or  boundary- layers  where  H  is 
decreasing  with  x  (see  Refs. ?.3>.  Even  when  applied  to  the  sure  sort  of  boundary- 
layer  develeprent  as  the  ones  on  which  they  were  originally  based,  some  auxiliary 
equatioiis  have  exhibited  limitations  such  as  en  unlikely  sensitivity  to  initial 
conditions1’.  In  this  respect,  however,  it  must  be  pointed  out  that  there  is  little 
experimental  data  to  elucidate  the  question  of  the  extent  to  which *initi el  conditions 
affect  the  boundary-layer  development  at  appreciable  distances  downstream. 
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3.  TYPES  01'  BOUNDARY-LAYER  BEHAVIOUR 
3.1  Tlic  equilibrium  boundary- layer 

The  first  typo  of  boundary-layer  behaviour  which  we  shall  discuss,  and  the  most 
important  from  a  fundamental  standpoint,  is  tho  equilibrium  boundary- layer.  This 
topic  has  received  considerable  attention  in  recent  years.  The  early  experimental 
work  of  Clauser*1  and  the  analysis  of  Rotta15  served  to  demonstrate  that  equilibrium 
boundary-layers  in  non-zero  pressure  gradients  could  exist  (at  least  in  an  approximate 
form)  on  a  smooth  surface.  Their  work  has  been  udd^d  to  by  a  number  of  theoretical 
treatments,  among  which  those  of  Townsend16  and  Mellor  and  Gibson17  are  important  in 
the  present  context,  and  by  the  recent  experiments  of  Bradshaw18. 

The  particular  aspect  of  equilibrium  boundary-layers  which  is  of  prime  importance 
in  our  present  work  is  the  observation  that  a  certain  type  of  strearawise  pressure 
distribution  can  support  a  boundary-layer  growth  characterised  hy  similarity  of  the 
velocity-defect  profiles.  The  pressure  distribution  is  one  of  constant  "severity” 
in  so  far  as  the  ratio  of  pressure -gradient  forces  to'skin-friction  forces  acting  on 
an  element  dx  of  boundary- layer  is  the  sane  at  each  streamwise  station.  The 
appropriate  pressure-gradient  parameter  which  expresses  this  ratio  is  H 
(e.  g.  see  Rei.2)  where 


n 


S*  dp 
dx 


(4) 


and  n  is  independent  of  x  for  an  equilibrium  boundary-layer.  Fo-  a  particular 
value  of  this  pressure-gradient  parameter,  the  velocity-defect  profile  in  the  boundary- 
layer  bas  a  given  shape  independent  of  Reynolds  number: - 


-  ft') 

’  'll/' 


(5) 


Clauser"  has  suggested  that  a  convenient  "shape  factor”  for  describing  the  velocity- 
defect  profile  could  be  defined  by 


G  can  also  be  related  to  the  geometric  shape  factor  H  by 


1 


(6) 


(7) 


The  value  of  G  is  about  6,5  for  the  flat-plate  case  and  tends  to  infinity  for  the 
equilibrium  boundary- layer  with  zero  wall  shear  stress1’. 
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Thus  for  eq'.ii librium  boundary- layers  G  is  a  unique  function  of  I:  .  Some 
relevant  experimental  data  is  shown  in  Figure  1  along  with  the  relation  between  G  and 
!1  indicated  by  the  theories  of  Townsend16  and  Mollor  and  Gibson17.  The  former  is 
restricted  to  values  cf  ii  greater  than  about  2;  the  latter  makes  no  such  restriction 
but  states  that  no  equilibrium  boundary-layer  can  exist  for  values  of  fi  less  than 
-0.5.  Over  the  common  range  Mellor  and  Gibson  predict  higher  values  of  G  than  are 
given  by  Townsend’s  theory.  Judging  by  the  experiment  of  Bradshaw18  and  Clauser’ s 
"Boundary-layer  1"*.  Townsend's  theory  seems  'he  more  accurate.  Clauser’ s  "Boundary- 
layer  HM  has  a  measured  value  of  G  higher  than  that  predicted  by  either  theory  if 

one  takes  the  value  of  !:  indicated  in  Reference  14,  namely  7.  However  Mellor  and 

Gibson  found  from  ar:  examination  of  Clauser’ s  data  that  the  actual  value  varied 
between  about  6  and  13  over  the  course  oi  development  of  the  layer.  Thus  it  would 
seem  that  the  value  of  7  is  to  be  taken  only  as  a  guide  and  the  discrepancy  indicated 

in  Figure  1  is  of  little  significance.  For  small  values  o:  R  ,  Mellcr  and  Gibson’s 

theory  appears  to  predict  values  of  G  which  agree  satisfactorily  with  experiment. 

For  Lie  purposes  of  our  later  calculations  a  relation  between  G  and  n  will  be 
required  covering  the  whole  range  of  R  .  An  empirical  curve  has  therefore  been  dram, 
in  Figure  1  representing  a  synthesis  of  experiment  and  theory.  Ibis  curve  is  given 
by  the  function 


G  =  6.1(0  *  1.81)*  -  1.7  . 


(8) 


3.2  Tendency  towards  equilibrium 

If  the  pressure  distribution  appropriate  to  a  particular  equilibrium  boundary- layer 
is  set  up  but  the  initial  value  of  G  is  not  the  equilibrium  value,  one  of  two  things 
can  happen.  If  the  boundary-layer  has  "downstream  stability”  (see  Ref.  2)  the  value 
of  G  will  approach  the  equilibrium  value  6  ,  say,  as  the  layer  progresses  downstiean; 
if  it  is  “unstable”  the  value  of  G  will  diverge  from  the  equilibrium  value.  The 
only  direct  experimental  evidence  there  is  concerning  the  approach  to  equilibrium 
relates  to  the  flat  plate  case.  Tillcann7r  aid  Klebanoff  and  Diehl7’  carried  out 
tests  to  observe  the  downstream  behaviour  of  constant-pressure  boundary-layers  which 
had  been  disturbed  initially  giving  a  value  of  G  higher  than  6.5.  Recently  one  of 
Bradsha-r’ s  experiments18  consisted  of  setting  up  an  equilibrium  boundary-lay er  and 
subsequently  (i.e.,  downstream  of  same  x-posltion)  removing  the  pressure  gradient  so 
thr.t  the  layer  could  return  to  the  fiat-plate  type. 

It  might  be  supposed  that,  at  least  some  distance  dc-nstreara  of  the  disturbing 
agency,  the  return  to  equilibrium  would  exhibit  some  universality  independent  cf  the 
particular  form  of  the  disturbance.  For  instance,  the  rate  of  change  of  G  might  be 
uniquely  related  to  the  amount,  G  -  G  ,  say.  by  which  G  was  out  of  equilibrium. 

Such  corsiderat ions  lead  us  tc  inquire  whether  an  expression  of  the  form 

dG 

l  —  ~  f (G  -  G)  (9) 

dx 

has  any  general  validity.  In  Kquation  (91  G  is  the  particular  equilibrium  value  of 
G  (6.5  tor  the  flat -plate  case)  and  l  is  some  length  scale  typical  of  the  boundary - 
layer  thickness.  Integration  of  Equation  (9)  yields  an  expression  fer  G 
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where 


x  = 


F(x) 

n  o) 

dx 

— 

•■ii> 

1 

and  xQ  is  an  arbitrary  constant.  Three  sets  cf  experimental  data  are  show  in 
Figure  2  in  the  lore  of  a  plot  of  G  against  x  ,  using  5*  for  2  ,  and  choosing  xQ 
such  that  all  the  curves  pass  through  the  point  "A”.  Figure  2  indicates  little 
evidence  that  a  universal  function  of  the  form  of  Equations  (9)  or  (10)  exists;  now 
dees  it  seen  likely  that  a  better  correlation  could  be  achieved  by  using  some  other 
length  scale  in  Equation  (11). 


TTie  failure  of  this  exercise  casts  considerable  doubt  on  the  suggestion  that 
boundary  layers  with  the  same  initial  velocity  profile  will  develop  in  the  same  way 
if  subjected  to  the  same  pressure  distribution  downstream  of  the  initial  station. 

It  will  be-  recalled  that  this  assertion  is  implicit  in  nearly  all  the  auxiliary 
equations  appearing  in  the  literature  fsee  Section  2  above). 


Before  massing  to  the  next  topic  it  is  instructive  to  note  from  Figure  2  how  long 
it  can  take  for  a  disturbance  to  die  out.  The  data  of  Klcbanoff  and  Diehl,  and 
Eradshaw  indicate  that  G  is  unlikely  to  approach  the  equilibrium  value  closely  for 
a  distance  of  hundreds  of  tines  the  displacement  thickness.  This  observation  strongly 
sup’V'rts  the  comments  of  Coles  in  Appendix  A  of  Reference  22. 


3.3  Departures  from  equilibrium 

The  equilibrium  boundary- layer  develops  in  a  pressure  gradient  of  constant  severity 
(see  Section  3.1  above).  The  parameter  II  (Eqn.  (4))  is  constant  with  respect  to  x 
and  the  shape  factor  G  is  also  constant.  On  the  other  hand,  if  the  severity  of  the 
pressure  gradient  changes,  the  boundary-layer  will  cease  to  be  in  equilibrium  and  both 
FI  aid  G  will  be  functions  of  x  .  In  a  sense  H  can  be  regarded  as  the  independent 
and  G  the  dependent  variable,  or,  to  use  Clauser’ s  "black-box”  terminology14,  there 
is  a  certain  response  in  G  to  h  giveu  input  function  H(x). 


The  severity  of  the  pressure  grauient  esn  either  increase  (dH/d  >  0)  or  decrease 
(dll/dx  <  0).  We  shall  now  proceed  to  examine  experimental  data  relating  to  each  of 
these  possibilities. 

An  increasingly  “severe”  pressure  gradient,  is  typical  of  the  boundary-layer 
developing  on  an  aerofoil  surface  or  ir.  a  diffuser.  The  actual  pressure  gradient 
dp/dx  may  be  constant  but  due  to  the  increase  in  8*  and  the  decrease  in  rw  with 
incrensiag  x  ,  the  value  of  II  increases  with  x  ,  reaching  infinity  at  a  separation 
point  (zero  tw).  Some  experimental  results  obtained  under  such  conditions  are  shown 
in  Figure  3*  as  a  plot  of  G  against  H  .  Since  fi  is  increasing  with  x  each 
curve  represents  a  trajectory  whose  sense  is  indicated  by  the  arrow  head. 


•  To  reduce  the  data  to  this  form  one  requires  values  of  the  wall  shear  stress.  These  were 
found  using  the  skin-friction  law  derived  in  Reference  1. 
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One  of  the  important  features  of  the  da'a  in  Figure  3  is  the  fact  that  the  curves 
lie  close  to  the  curve  G(TT)  lfcich  represents  the  locus  of  all  possible  equilibrium 
boundary -layers.  LThis  curve  has  been  drain  according  to  Eqp. (8).}  The  significance 
of  a  trajectory  vhicfc  coincides  with  the  carre  G(I!)  is  not.  of  course,  that  the 
boundary-] ever  is  in  eqtnlibriux*  bet  that  the  variation  in  shape  factor  is  the  sane 
as  if  the  layer  rere  passing  through  each  possible  equilibria*  state.  This  situation 
sight  be  referred  to  as  “local  equilibrium*  at  each  stresasise  station.  To  illustrate 
the  point  farther  Figure  4  shows  the  variations  in  S  corresponding  to  the  spread  cf 
the  data  in  Figure  3  about  the  curve  G(IT).  The  dotted  curves  represent  the  loci  of 
points  for  wMcfc  H  is  the  given  percentage  above  or  belov  the  value  corresponding 
to  “local  equilibria"  at  a  Reynolds  nasber  {Re^}  of  10*.  It  will  be  noted  that  the 
data  lie  within  about  5  or  19  percent  of  the  “eqjilibricai”  values  of  H  .  One  sight 
eipe-ci  a  boendary- layer  trajectory  to  resain  close  to  the  G(II)  curves  so  loog  as  the 
value  of  ll  was  increasing  very  slowly.  However  this  does  not  sees  tc  be  a  necessary 
condition.  The  curve  in  Figure  3  derived  free  Schubauer  and  Klebanofrs  data23  is 
close  to  the  “local  equilibria®"  condition  although  a  typical  value  of  5*dT{/dx  is 
0.3  (when  IT  =  8). 

To  tern  to  the  case  where  the  seventy  cf  the  pressure  gradient  is  decreasing, 
figure  £  shows  sene  experiaental  dels  presented  in  a  sin  liar  way  to  that  in  Fig  ire  3. 
The  data  of  Ludwic-g  and  Tiilcann1*  relate  to  the  case  where  II  first  increases  with 
x  tad  subsequently  decreases.  Bradshaw's  boundary  layer1*  is  initially  in  eqwllihrino 
with  H  =  5.5  ;  subsequently  V  falls  to  zero. 

Compared  with  the  data  in  Figure  3,  that  in  Figure  5  gives  a  quite  different 
picture.  Whereas  for  dT/dx  >  0  the  trajectories  were  confined  to  a  narrow  corridor 
about  the  curve  G(I?».  in  the  present  case  the  trajectories  diverge  markedly  fro*  the 
equilibriun  locus.  This  is  »ost  evident  in  the  cases  where  n  is  initially  increasing 
with  x  ;  the  subsequent  reduction  of  II  Is  accompanied  by  little  sympathetic  response 
in  G  .  The  impression  is  gained  that  soae  kind  of  “inertia”  effect  is  causing  G  to 
continue  increasing  even  after  dlVdx  has  decreased  to  zero  and  is  increasing 
negatively.  Even  in  the  case  o'  the  boundary-layer  initially  in  equilibrium  there  is 
a  "sluggish’’  response  of  G  to  the  decrease  in  H  to  zero.  Nor  is  0  changing 
Particularly  rapidly.  The  maximum  value  of  -S’dTI/dx  in  tbe  case  of  Bradshaw*  s  test 
was  about  0. 25;  this  may  be  compared  with  the  value  quoted  above  for  the  data  of 
Schubauer  ar.d  Klobaaoff  which  lay  close  to  the  conditions  of  “local  equilibria*". 


3.4  Summary 

Before  proceeding  to  the  n°xt  Section  it  will  be  useful  to  list  the  main  points 
which  have  emerged  from  this  study  of  the  data:- 

■  - 

1.  The  equilibrium  boundary- layer  is  specified  by  values  of  G(=  G)  and  11  which 
are  independent  of  a  .  From  a  synthesis  of  experimental  data  and  theory  the 
function  G(P)  can  be  defined  fairly  precisely. 


Vor  instance,  the  shear-stress  distribution  would  he  expected  to  differ  considerably  frwo 
that  in  an  ec 1 1  ibrium  boundary -layer. 
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2.  The  retc  at  which  an  initially-disturbed,  flat-plate  b  rundary-layer  tends  to 
equilibriua  is  not  deterained  solely  by  the  initial  \alu«  of  the  shape  factor 
and  the  boundary -layer  thickness.  This  would  appear  to  indicate  that  in  core 
general  cases  also  knowledge  of  the  pressure  distribution  downstream  of  soae 
initial  station  together  witn  tne  initi?.1  value  of  the  shape  factor  is 
insufficient  information  fra  which  to  coapute  the  rr-imda  y-layci  growth. 

3.  Boundary -layers  in  pressure  gradients  of  increasing  "severity’*  (dr/tix  >  0) 
resain  close  io  the  conditions  of  "local  equilibrium”:  i.e.  G  -  G(I7).  This 
appears  to  be  true  trren  if  H  is  changing  quit*  rapidly. 

4.  Boundary-layers  in  pressure  gradients  o<  decreasing  "severity"  (d ~/dx  <  C) 
depart  aarkedly  fro®  the  condition  cf  "local  equilibria*”.  This  is  particularly 
so  in  the  case  where  d^/dx  is  initially  positive  but  subsequently  changes 
sign,  suggestive  cf  soce  kind  of  “inertia”  effect. 


4.  THE  AUXILIARY  EQUATION 

4.1  We  return  now  to  the  problem  of  the  auxiliary  equation.  Stated  briefly  the 
prcblaa  is  one  of  finding  soate  algebraic  or  differential  equation  involving  the  shape 
factor  which  exhibits  a  response  to  various  changes  of  pressure  gradient  which  is 
siailar  to  thar  observed  in  the  eiperieental  date.  It  was  seen  in  the  previous  Section 
that  certaiu  basic  trends  can  be  distinguished  in  the  data  and  that  these  trends  car 
be  interpreted  in  the  context  of  tendencies  towards,  or  departures  fro®,  a  condition 
of  “local  equilihriua”.  It  would  see*  that  this  way  of  exasining  the  dale  is  an 
important  one  which  can  sake  ".any  of  the  observed  trends  Eeaningful  and  coherent. 
Moreover  it  is  likely  to  facilitate  the  pr  cess  of  deriving  a  satisfactory  auxiliary 
equation. 


With  the  object  of  Baking  caxiBua  use  of  this  concept  of  variations  about  an 
equilibriun  state.  G  is  selected  as  the  appropriate  shape  factor,  and  T  becomes 
the  corresponding  pressure-gradient  parameter.  A  fundamental  requirement  of  cur 
auxiliary  equation  is  that  a  solution  must  exist  of  the  fora 

G  =  constant 
11  =  constant 

4.2  One  possibility  is  the  algebraic  auxiliary  equation: - 

G  =  G(H)  .  (12) 


Clearly  this  equation  satisfies  the  conditions  for  equilibrium  boundary- layers. 
Moreover,  as  was  seen  in  Section  3.3  atove,  it  is  a  reasonably  good  approximation  in 
the  case  of  boundary-layers  of  the  “aerofoil"  or  “diffuser”  typo,  (i.e.  for  which 
dll/dx  >  0).  If  a  givt-n  form  foi  Equat  ion  ^12)  is  assumed  -  Equation  (8)  for  example  - 
together  with  a  suitable  skin-friction  law,  the  geometric,  shape  factor,  11  ,  can  be 
expressed  as  a  function  of  Re^  and  ttc  local  pressure  gradient: - 


ue  "dx  j 


H 


H 


(13) 


which  is  identical  tc  Equation  (2).  If  the  necessary  calculations  are  perfcTtcd  one 
docs  n.-'t  arrive  at  an  expression  of  tie  saae  detected  fora  as  Buri’s,  namely 


H  =  I! 


flfty  *0\ 

ue  6x) 


bat  one  wore  nearly  of  the  fora 


(8  da  \ 

H,(nee) 


Nevertheless,  in  so  far  as  Equation  (13)  ^presents  bis  fundaaental  assumption  Buri’s 
work  appears  to  be  con fi rued. 

Ob  the  other  hand  Equation  (12)  is  incapable  c.  describing  the  return  to  equilibrium 
following  a  perturbation  -  indeed  perturbations  from  equilibrium  ere  themselves 
inadmissible  -  ncr  can  it  account  for  the  type  of  observed  behaviour  illustrated  in 
Pigure  5  for  pressure  gradients  of  decreasing  “severity”. 

4.3  If  Equation  (15)  is  equivalent  to  Buri’s  approach,  an  auxiliary  equation 
corresponding  to  that  of  east  other  investigators  (see  Etyi,  (3))  would  be  of  the  for* 

dG 

—  =  «(n.G)  •  as) 

dx 

with  I  as  a  non -dimensional  distance  defined,  say,  by 


dx  =  —  dx  .  (17) 

S» 

A  fora  sinilar  to  this  has  been  suggested  by  Rotta2.  If  the  function  $  in 
Equation  (IS)  is  of  a  form  which  vanishes  for  G  =  G(H)  the  equilibrium  case  would 
be  taken  into  account.  Thus  we  night  postulate  some  expression  like 


—  =  (^n)  .  (G  -  G)n  . 
dx 


Equation  (18)  also  goes  some  way  to  accounting  for  a  return  to  equilibrium  following 
some  disturbance,  with  <p  and  n  determining  the  degree  of  downstream  stability. 
However  the  remarks  in  Section  2.2.  sho'lr  serve  to  show  that  no  combination  of  values 
of  4H.0)  and  n  can  lead  to  an  expression  which  can  account  quantitatively  for  all 
the  data  in  Figure  2.  This  is  because  the  experimental  results  indicate  different 
degrees  of  stability  for  the  same  value  of  G  . 

Passing  to  the  cases  where  n  is  a  function  of  x  this  problem  of  fitting  either 
Equation  (16)  or  Equation  (18)  to  tne  data  becomes  even  more  difficult.  Figures  3 
and  5  show  that,  at  any  given  value  of  H  ,  the  data  are  not  even  consistent  as  far 
as  the  sign  of  stability  is  concerned,  at  least  so  long  as  the  “stability"  is 
interpreted  in  the  sense  of  Equations  (1C)  or  (18).  Furthermore  Equations  (16)  or  (18) 
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contain  no  mechanism  for  taking  into  account  the  apparent  "inertia”  effect  suggested 
by  the  data  in  Figure  5. 

It  soon  becomes  clear  that  an  auxiliary  equation  of  the  fora  of  Equation  (16)  is 
inadequate  in  describing  the  different  types  of  behaviour  which  we  have  distinguished 
in  the  experimental  data.  The  bnsi  that  could  be  done  with  Equation  (16)  is  to  ma!  e 
it  strongly  stable  about  the  "local  equilibrium”  condition.  In  this  wav  the 
advantages  of  the  simple  form.  Equation  (15).  would  be  retained,  in  that  the  equation 
would  predict  values  of  G  close  to  G  which  is  correct  for  tne  "aerofoil  type" 
boundary-layers,  and  also  in  that  the  approach  to  equilibrium  following  ar.  initial 
perturbation  would  be  accounted  for  at  least  qualitatively.  It  is  possible  that  this 
provides  the  explanation  for  the  partial  success  of  some  of  the  auxiliary  equations  in 
the  fora  of  Equation  (3),  that  of  Reference  1C  for  example. 


4.4  Some  of  the  disadvantages  of  Equation  (16)  can  be  minimised  bj  the  use  of  an 
auxiliary  equation  formed  by  a  combination  of  Equations  (15)  and  (16).  In  a  fairly 
general  fora  this  could  be  written  as 


dG 

dx 


(19) 


However,  this  equation  still  cannot  account  for  the  different  rates  of  approach  to 
equilibrium  exhibited  by  the  data  is  Figure  2.  nor  for  tne  apparent  inertia  effect 
suggested  by  the  data  in  Figure  5.  For  these  reasons  it  will  not  be  considered 
further  in  this  paper. 


4.5  The  two  effects  which  it  has  not  been  found  possible  to  ate  ::  for  -  the  return 
to  equilibrium  and  the  inertia  effect  -  appear  to  demand  that  the  a.>iiiary  equation 
be  of  the  second  order  in  G  .  Starting  with  the  former,  it  was  seer,  in  Section  3.  2 
that  Equation  (9)  was  inadequate  because  the  behaviour  of  a  flat-plate  boundary-layer 
following  a  disturbance  did  not  depend  solely  on  the  initial  value  of  G  .  This  point 
was  mentioned  in  Section  2.3  also,  and  it  was  suggested  that  there  were  good  grounds 
for  expecting  that  the  first  derivative  of  the  shape  factor  might  be  a  necessary 
additional  starting  condition.  Accordingly,  we  postulate  that  the  approach  to 
equilibrium  can  be  described  by 

dG 

—  =  f 
dx 


where  the  suffix  o  denotes  an  initial  condition.  Differentiating  Equation  (20) 
throughout  with  respect  to  x  and  eliminating  (dG/dx)0  between  this  new  equation  and 
Equation  (20)  leads  to  an  expression  of  the  form 


d?G 

if2 


=  i  a 

f|  —  (G  -  G)  ,  G  -  G 
j_  dx 


(21) 


since 


G 


is  assumed  constant. 
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To  give  the  function 


e 

f  some  definite  fora  we  suggest 


(22) 


By  a  suitable  choice  of  the  constants  X  ,  a  and  y3  ,  Equation  (22)  can,  in  fact,  be 
fitted  satisfactorily  to  the  experimental  data  relating  to  the  approach  to  constant" 
pressure  equilibrium.  But  what  is  more  important,  however.  Equation  (22)  also  appeals 
to  be  capable  of  describing,  at  least  qualitatively,  each  of  the  other  types  of  boundary- 
layer  behaviour  discussed  in  Section  3.  In  these  latter  cases,  of  course,  G  is  not 
constant  but  is  a  function  of  x  by  way  of  its  relations  with  II (x).  Thus  in  the 
sense  of  Equation  (22)  G  can  be  regarded  as  equivalent  to  a  pressure-gradient 
parameter. 


By  trial  and  error  the  values  of  the  coefficients  X  ,  a  and  /3  in  Equation  (22) 
have  been  assessed  to  give  satisfactory  agreecent  with  two  or  more  sets  of  boundary 
layer  data  from  each  class  discussed  in  Section  JL  Alien  a  comparison  is  made  with 
■ore  data  it  may  be  necessary  to  modify  these  assessments,  but  the  provisional  values 
obtained  are  as  follows:- 


d 

—  (G  -  G)  >  0  :  - 
dx 

X  =  -0.25  ,  cl  =  3  .  /?  =  -2 
d 

—  (G  -  G)  <  0  :  - 
dx 

X  =  5  ,  a  =  2  ,  y3  =  -2 


(23) 


H»e  distinction  between  the  values  of  X  and  a  ,  depending  on  the  sign  of 
d(G  -  G)/dx  ,  is  of  prime  importance  in  describing  the  different  type  of  response  of 
G  according  to  whether  dH/dx  is  positive  or  negative. 


Since  yS  is  negative,  Equation  (22)  is  singular  at  G  =  G  .  This  behaviour  has 
only  local  repercussions  but  it  is  an  embarrassment  for  a  number  of  reasons  and  it  is 
suggested  that  the  term  (G  -  G)'2  in  Equation  (22)  be  replaced  by 


<(G  -  G;2  +  a2}'1 


where  a  is  some  small  number.  Insufficient  experience  of  the  equation  has  been 
gained  so  far  to  estimate  the  precise  significance  of  the  value  of  a  but  in  the 
calculations  it  has  been  taken  as  0.1. 


Some  comparisons  between  the  new  auxiliary  equation  and  experimental  data  are  shown 
in  Figures  6  to  11.  In  this  exercise  the  measured  variation  of  FI  ini  S*  with  x 
have  been  assumed  as  data  and  the  variation  of  G  with  x  has  been  calculated  using 
Equation  (22).  In  Figures  6  to  11  the  solid  curve  represents  the  predicted  values  of 
G  ,  the  dots  showing  the  intervals  in  the  computation.  The  measured  values  of  G  are 
shown  as  square  data  points.  In  each  case  suitable  initial  values  of  G  and  dG/dx 
have  bad  to  be  assumed  in  the  calculations. 
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In  Figures  6  and  7  two  boundary -layers  of  the  "aerofoil"  type  are  considered. 
Equation  (22)  strongly  portrays  the  tendency  of  boundary- layers  of  this  type  to  remain 
close  to  the  "local  equilibrium"  condition.  The  initial  conditions  need  to  be  chosen 
fairly  critically  if  the  precise  small  departure  from  "local  equilibrium”  is  to  be 
correctly  represented.  If  the  initial  values  of  G  and  dG/dx  had  been  appreciably 
higher  the  predicted  values  of  fi  would  soon  have  coincided  with  the  G-curvos  . 

As  it  is,  the  small  departure  from  "local  equilibrium”  is  somewhat  exaggerated.  Hie 
significance  of  this  sensitivity  to  initial  conditions  needs  to  be  examined  more 
carefully,  but  allowing  fur  this  the  comparisons  in  Figures  6  and  7  can  be  regarded 
ao  satisfactory. 

Figure  8  shows  Sau'uora’ s  relating  to  his  "zero  suction”  conditions.  The 

pressure  distribution  is  ot  the  same  general  form  as  that  considered  in  Figures  6  and 
7  but  the  initial  value  of  G  is  higher  than  the  local  value  of  G  .  Agein  the 
agreement  between  the  predicted  and  the  measured  vaiues  of  G  is  very  encouraging. 

Figure  9  shows  uie  of  the  sets  of  data  obtained  byXudwieg  and  Tillmapn211.  This 
boundary-layer  vas  subjected  to  a  pressuie  gradient  of  initially  increasing,  and 
subsequently  dec -casing,  "severity”.  Over  the  first  part,  with  IT  increasing,  the 
value  cf  G  rr-mnins  close  to  G  ,  as  was  the  case  in  Figures  6  and  7.  For  larger 
values  of  x  ,  where  II  and,  consequently,  G  are  decreasing,  G  continues  to 
increase  -  exhibiting  the  apparent  “inertia”  effect.  Hie  predicted  variation  of  G 
with  x  is  seen  to  represent  these  different  types  of  behaviour  adequately. 

Another  case  in  which  IT  decreases  with  increasing  x  is  illustrated  in  Figure  10. 
This  shows  the  data  from  Bradshaw’ s  experiment  in  which  a  boundary-layer  initially 
in  equilibrium  at  a  value  of  IT  o'  about  5.5  is  subsequently  subjected  to  constant 
pressuie.  FI  falls  rapidly  te  zerc  but  G  responds  only  slowly  and  would  take  a 
distance  of  several  hundreds  of  times  the  displacement  thickness  to  approach  the  new 
equilibrium  state  closely.  The  predicted  variation  of  G  follows  the  observed 
behaviour  very  well. 

vor  values  of  x  greater  than  about  65  in,  IT  =  0  ,  and  the  data  in  Figure  10 
correspond  to  the  case  of  a  perturbed  flat-plate  boundary-layer.  Figure  11  shows 
another  set  of  data  relating  to  this  class  of  boundary-layers,  namely  tiie  results  of 
Klebanoff  and  Diehl  for  the  0.25  in  rod  (Ref.  21).  Again  the  agreement  between  the 
measured  and  the  predicted  variation  of  G  with  x  is  very  satisfactory. 

These  comparisons  between  calculations  based  on  Equation  (22)  and  experimental 
data  are  far  from  exhaustive.  Nevertheless  they  serve  to  show  that  the  proposed  form 
of  auxiliary  equation  can  be  fitted  to  a  range  of  different  types  of  boundary-layer 
development,  and  that  it  is  probably  the  most  economical  one  which  can  be.  There  is 
scope  for  a  considerable  amount  of  further  work.  Comparisons  must  be  marie  with  a 
far  greater  number  of  sets  of  data  before  Equation  (22)  can  be  used  with  confidence 
in  making  boundary-layer  predictions.  When  further  comparisons  have  been  made  it 
may,  of  course,  be  necessary  to  modify  the  values  of  the  constants  to  give  the  best 
overall  agreement. 
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5.  CONCLUDING  RR.MARKS 

5.1  A  review,  in  broad  terms,  of  existing  forms  of  the  auxiliary  equation,  used  in 
tho  calculation  of  the  incompressible  turbulent  boundary  layer  in  two  dimensions, 
reveals  two  basic  types.  One  is  an  algebraic  equation  involving  the  shape  factor 
(Burl);  the  other  is  the  familiar  first-order  differential  equation  on  which  attention 
has  been  concentiutcd  for  more  than  thirty  years, 

5.2  Prom  an  analysis  of  tho  experimental  data  certain  fundamental  types  of  boundary- 
layer  behaviour  can  be  distinguished,  Those  arc 

(a)  The  equilibrium  boundary-layer  which  is  characterised  by  a  pressure  gradient 
of  constunt  “severity"  and  similarity  of  tho  velocity-defect  profiles. 

(b)  The  return  to  equilibrium  conditions  following  an  initial  perturbation. 

(c)  The  departure  from  equilibrium  when  the  "severity"  of  the  pressure  gradient 
is  changing  with  x  .  Two  possibilities  can  be  considered,  according  to 
whether  the  “severity’'  of  the  pressure  gradient  is  increasing  or  decreasing 
with  x  . 

5.3  A  synthesis  of  experiment  and  theory  relating  to  equilibrium  boundary- layers 
enables  a  relation  to  bo  defined  fairly  accurately  between  a  shape  factor  G  (based 
on  the  velocity-defect  profile)  and  a  pressure-gradient  parameter 


Tho  function  G  =  fi(H)  thus  represents  all  possible  equilibrium  boundary  layers. 

5.4  At  least  in  the  particular  cbro  of  IT  =  0  ,  the  rato  at  which  the  shape  factor 
G  approaches  the  equilibrium  value  6  ,  following  an  initial  perturbation,  is  not 
solely  determined  by  the  Initial  value  of  G  and  the  scale  of  the  boundary-layer. 

Prom  thiR  it  can  be  deduced  that,  in  the  general  case  alsi>,  knowledge  of  the  initial 
velocity  profile  together  with  the  subsequent  pressure  distribution  is  insufficient 
information  from  which  to  compute  the  development  of  the  boundary-layer. 

5.5  If  tho  pressure-gradient  parameter  n  is  a  function  of  x  tho  “response"  of 
G  tnkes  alternat  ive  forms  depending  on  the  sign  of  dFT/dx  .  In  casos  where  FI  is 
continuously  increasing  G  remains  close  to  the  vnluo  <5  corresponding  to  an 
equilibrium  boundary-layer  at  tho  local  value  of  Tl  .  This  situation  .night  bo  referred 
to  os  “local  equilibrium"  at  each  atrenmwiso  station.  On  the  other  hand,  if  T1  is 
decreasing  with  increasing  x  .  0  departs  markedly  from  the  "local  equilibrium" 
condition.  This  typo  of  behaviour  appoars  to  bo  acccntuntod  when  FI  decreases 
subsequent  to  an  initial  increase,  i.e.  when  dFl/dx  is  first  positive  and  then 
nogatlvo.  Under  such  conditions  G  can  continue  increasing  although  tho  local  valuo 
of  G  is  decreasing  with  increasing  x  .  Fly  analogy  with  dynamical  systems  one 
might  attribute  this  to  a  kind  of  "lnortin"  effect. 
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5.6  The  main  points  which  emerge  from  the  examination  of  experimental  data  are  used 
as  a  basis  for  evaluating  various  possible  forms  of  auxiliary  equation.  It  is  seen 
that  for  an  important  class  cF  boundary-layers  -  including  typical  ones  on  aerofoils 
or  in  diffusers  -  the  assumption  of  "local  equilibrium"  could  lead  to  predictions  of 
H  which  are  accurate  to  better  than  10  percent  under  most  conditions.  This  assumption 
is  equivalent,  to  the  type  of  algebraic  auxiliary  equation  proposed  by  Buri. 

The  ace  of  an  algebraic  auxiliary  equation  implies  that  the  upstream  history  of  the 
boundary -layer  has  no  significant  influence  on  the  shape  factor  except  by  way  of  its 
effect  on  the  thickness  of  the  layer.  To  take  direct  account  of  the  effect  of 
upstream  history  one  requires  a  differential  equation.  But  in  view  of  the  comment 
in  5.4,  above,  it  would  seem  that  a  first-order  auxiliary  equation  involving  one 
initial  condition  (the  initial  value  of  the  shape  factor)  must  be  inadequate.  This 
gees  some  way  to  explaining  why  the  use  of  a  first-order  equation  is  only  marginally 
more  effective  in  describing  the  various  types  of  boundary- layer  behaviour  than  the 
alcebraic  auxiliary  equation  mentioned  in  the  previous  paragraph. 

The  use  of  a  second-order  differential  equation  offers  considerably  more  promise 
of  success.  Two  initial  conditions  are  required,  and  these  may  be  regarded  as 
specifying  information  about  the  initial  velocity  profile  and  shear-stress  profile. 

The  demand  for  an  additional  starting  condition  thus  has  a  strong  physical 
justification. 

A  tentative  proposal  is  made  as  to  a  suitable  form  for  a  second-order  auxiliary 
equation.  It  would  seem  that  this  new  auxiliary  equation  is  capable  of  describing 
all  the  types  of  boundary -layer  behaviour  listed  above  at  least  qualitatively,  and  a 
limited  number  of  comparisons  with  experiment  indicate  that  acceptable  quantitative 
agreement  can  be  obtained  also. 

The  work  described  in  this  pa,  er  is  at  an  interim  stage.  Further  comparisons 
between  the  auxiliary  equation  proposed  and  experimental  data  will  probably  require 
some  adjustment  of  the  constants  in  the  equation  to  maintain  the  best  overall  agreement. 
But  in  any  event  it  is  thought  that  the  results  which  have  already  been  obtained  are 
of  sufficient  interest  to  merit  presentation  at  this  stage.  Furthermore  it  is 
hoped  that  the  paper  will  stimulate  discussion  ox  the  more  general  points  raised,  and 
of  their  relevance  and  possible  repercussions  on  the  current  work  of  other 
investigators. 


ACKNOWLEDGEMENTS 

Hie  author  is  indebted  to  Prof,  J.C.  Rotta,  of  the  Aerodynamische  Versuchsanstalt. 
Gottingen,  for  making  available  certain  unpublished  A.V.A.  material. 

The  author  also  wished  to  acknowledge  fruitful  discussions  with  Mr.  P.  Bradshaw,  of 
the  Aerodynamics  Division  NPL,  and  Dr.  B.G. J.  Thompson,  of  the  Engineering  Laboratory, 
Cambridge  University,  during  the  course  of  this  work. 

The  work  described  above  has  boon  carried  out  as  part  of  the  research  programme  of 
the  National  Physical  Laboratory,  and  this  paper  is  published  by  remission  of  the 
Director  of  the  Laboratory. 


( 

( 


REFERENCES 


267 


1.  Nash,  J.F. 

2.  Rotta,  J.C. 

3.  Thompson,  B.  G.J. 

4.  Clauser,  F,H. 

5.  Coles,  D, 

6.  Spalding.  D.B. 

7.  Buri,  A. 

8.  Curie,  N. 

9.  Prandtl,  L. 

10.  Head,  M.R. 

11.  Thompson,  B.G.J. 

’2.  Tetcrvin,  N. 

Lin.  «,*.  C. 


13.  - 


A  note  on  skin-friction  laws  for  the  incompressible 
turbulent  boundary  layer.  NPL  Aero  Rep.  1135. 

December  1964. 

Turbulent  boundary- layers  in  incompressible  flow. 
“Progress  in  Aeronautical  Sciences",  Vol.II.  Pergamon 
Press.  1962. 

A  critical  review  of  existing  methods  of  calculating  the 
turbulent  boundary -layer.  ARC  26,  109.  August  1964. 

Turbulent  bounda-y-layers  in  adverse  pressure  gradients. 
J.  Aero.  Sci.  Vol.21,  No. 2.  February  1PS4. 

The  law  of  the  wake'  in  the  turbulent  boundary-layer. 

J.  Fluid  Mech.,  Vol.l,  Part  2.  July  1956,  p.191. 

A  unified  theory  of  friction,  heat  transfer  and  mass 
transfer  in  the  turbulent  boundary -layer  and  wall  jet.. 
ARC  25,  925.  March  1964. 

Eine  Berechnungsgrundlage  fur  die  turbulente  Grenzschicht 
bei  beschleunigter  und  verzogerter  Grundstromung. 

Diss.  eidgen.  tech.  Hochsch. ,  Zurich  652.  1931. 

(Transl.  as  RTP  Translation  2073). 

7 he  laminar  boundary- layer  equations.  "Oxford 
Mathematical  Monographs”.  Clarendon  Press.  1962. 

The  mechanics  of  viscous  fluids.  Turbulent  friction 
layers  in  accelerated  and  retarded  flows.  Vol,3  of 
“Aerodynamic  Theory”,  W.F.  Durand  (Ed.).  Julius  Springer 
(Berlin).  1935. 

Entrainment  in  the  turbulent  boundary-layer.  ARC  R  &  M 
3152.  September  1958. 

The  calculation  of  turbulent  boundary- layei  ? .  Ph.D. 
Dissertation,  Cambridge  University.  November  1963. 

A  general  integral  form  of  the  boundary- layer  equation 
for  incompressible  flow  with  an  application  to  the 
calculation  of  the  separation  point  of  turbulent 
boundary  layers.  NACA  Rep.  1046.  1951. 

Incompressible  aerodynamics.  Edited  by  B.  Thwaites, 
Clarendon  Press.  1960,  p.69. 


268 


14.  Clauser,  r.  H. 

15.  Rotta,  J.C. 

16.  Townsend,  A.  A. 


17.  Mellor,  G.L. 
Gibson,  D.M. 

18.  Bradshaw,  P. 

19.  Townsend,  A.  A, 


20.  Tillmann,  W. 


21.  Klebanoff,  P.S. 
Diehl,  Z.ff. 


22.  Coles,  D.E. 


23.  SchuDauer,  G.  B. 
Klebanoff,  P.S. 

24.  Ludwieg,  H. 
Tillmann,  ',Y. 


25.  Sandborn,  V.A. 


26.  Smith,  D.W, 
Walker,  J.H. 

27.  Newman,  b.  G. 


28.  Schubauer,  G.  B 
Cpangenberg,  W.  G. 


The  turbulent  boundary- layer.  "Advances  in  applied 
mechanics”,  Vol.4.  Academic  Press.  1956,  p.  1. 

Beitrag  zur  Berechnung  der  turbulenten  Grenzschichten. 
Ing.  -Arch.  Heft  19.  S.  31,  1951. 

Equilibrium  layers  and  wall  turbulence.  J.  Fluid  Mech. 
Vol.ll,  Part  1.  August  1961,  p.97. 

Equilibrium  turbulent  boundary  layers .  Princeton  Univ. 
M.E.  Dept.  Rep.  FLD  13.  November  1963. 

(Unpublished  work). 

The  development  of  turbulent  boundary  layers  with 
negligible  wall  stress.  J.  Fluid  Mech.,  Vol.8,  Part  1. 
May  I960,  p.  143. 

Untersuchungen  uber  Be  sonde rhei ten  bei  turbulenten 
Beibungsschichten  an  PI  at  ten.  Z. W. B. ,  Kaiser-Wilhelm 
Inst.,  Gottingen.  U  &  M  6627.  1945.  (Transl.  as 

ARC  9732). 

Some  features  of  artificially  thickened  fully  developed 
turbulent  boundary- layers  with  zero  pressure  gradient. 
NACA  Rep.  1110.  1952. 

The  turbulent  boundary  layer  in  a  compressible  fluid. 
RAND  Corp.  Rep.  R-403-PR.  September  1962. 

Investigation  of  separation  of  the  turbulent  boundary- 
layer.  NACA  Rep.  1030.  1951. 

Untersuchungen  iiber  die  Wandschubspannung  in  turbulenten 
Reibungsschichten.  Ing. -Arch.  Heft.  17,  S.  288.  1949. 

(Transl.  as  NACA  TO  1285). 

Preliminary  experimental  investigation  of  low  speed 
turbulent  boundary- layers  in  adverse  pressure  gradients. 
NACA  TO  3031.  October  1953. 

^  .in-frirtion  measurements  in  incompressible  flow. 

NASA  TR  R-26.  1959. 

Some  contributions  to  the  study  of  the  turbulent 
boundary-layer  near  separation.  Dept,  of  Supply 
(Australia).  Rep.ACA-53.  March  1951. 

Forced  mixing  in  boundary-layers.  J.  Fluid  Mech., 

Vol.8,  Part  1,  May  1960,  p.  10. 


Experimental  data: 


270 


Experimental  data 


o  Bradshaw  (18^ 

O  Tillnann  (ledge),(20) 

A  Klebanoff  and  Diehl 

(o-25in  rod), (21) 


20 


h 


Pig.  2  Return  to  equilibrium  (H  =  0)  following  a  perturbation 


10 


The  shaded  orea  indicates 
the  spread  of  the  data  in 
Fig.  3 


J _ I _ I _ l _ l _ I 

2  4  6  8  yT  10  12 


Fig. 4  Proximity  to  “local  equilibrium”  in  boundary-layers  with  increasing  pressure 

gradients 


"  2  Ludwicg  and 
Tlllwann  (24) 

Bradshaw  (l$) 

Fig.  5  Turbulent  boundary-layer  trajectories  -  alleviation  of  pressure  gradient 


t 


Scbubauer  an 


Measured  values  of  G 


P 


Fig.  10  Comparison  between  new  auxiliary  equation  and  exper  ment:  Bradshaw,  (Ref.  18) 


5 


6 

x,(ft) 

tween  new  auxiliary  equation  and  e; 

Diehl.  (Ref.  21) 


THE  MEAN  FLOW  IN  THE  OUTER  REGION 
OF  TURBULENT  BOUNDARY  LAYERS 


by 


T.  Neil  Stevenson 


Mechanics  of  Fluids, 

The  University  of  Manchester, 
Manchester  13,  U.K. 


281 


282 


SUMMARY 

A  dimensional  analysis  is  used  to  indicate  the  equation  for  the  mean 
velocity  distribution  in  the  outer  region  of  incompressible  turbulent 
boundary  layers  in  terms  of  a  function,  P  .  In  the  intermediate  region 
this  function  which  occurs  in  boundary  layers  in  small  pressure 
gradients,  at  separation  and  with  transpiration  is  the  same  as  that  in 
zero  pressure  gradient  flow.  Experiments  in  boundary  layers  in  zero 
pressure  gradient,  with  injection  and  at  separation  show  that  P  is 
virtually  a  function  of  y/S  only.  The  similarity  flow  in  which  P 
is  a  function  of  y/S  only  is  then  considered  for  boundary  layers  in 
small  pressure  gradients. 

The  calculations  involve  the  functions  and  constants  which  occur  in 
zero  pressure  gradient  flow,  but  no  other  experimentally  determined 
constants  or  functions  are  used. 

Hie  theoretical  total  shear  stress  variations  across  boundary  layers 
with  injection  and  at  separation  are  consistent  with  measured  distributions. 


SOMMAIRE 


On  a  recours  4  une  analyse  dimensionnello  pour  formuler  1’  Equation 
de  la  distribution  moyenne  des  vitesses  dans  la  region  externe  de 
couches  limites  turbulentes  incompressibles,  par  rapport  &  une  fonction 
P  .  Dans  la  region  intermddiaire,  cette  fonction  qui  se  pre'sente  dans 
les  couches  limites  aux  faibles  gradients  de  pression  est  la  ra&ne  au 
ddcollement  et  avec  la  transpiration  que  d’ un  dcoulement  a  gradient  de 
pression  nul.  Des  experiences  ef features  dans  des  couches  limites  4 
gradient  de  pression  nul,  avec  injection  et  au  ddcollement,  montrent 
que  virtuellement,  P  est  uniquement  fonction  de  y/S  .  on  consid&re 
ensuite  1* dcoulement  similaire  dans  lequel  P  est  uniquement  fonction 
de  y/S  ,  pour  des  couches  limites  aux  gradients  de  pression  faiblc. 

Les  calculs  impliquent  les  fonctions  et  constants  qui  existent  en 
rfcoulement  4  gradient  de  pression  nul,  mais  11  n’ est  fait  usage 
d* aucune  autre  constante  ou  fonction  ddterminde  expdrimcntalement. 

Les  variations  the'oriques  totales  de  1’  effort  de  cisaillemeut  4 
travers  les  couches  limites  avec  injection  et  au  ddcollement  sont  en 
accord  avec  les  distributions  mesurdes. 
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Subscripts 


coordinates  along  and  normal  to  the  wall 

boundary  layer  thickness  (as  far  as  possible  in  the  calculations 
S  l.as  been  asumed  to  be  1.4  S0) 

value  of  y  at  which  P  -  K 

displacement  thickness 

momentum  thickness 

y/o 

kinematic  viscosity 

function  of  x  only,  Section  6 

density 


total  shear  stress, 


p  (-u'v'  + 


defined  by  Equation  (4.6) 


wall  conditions 


i 


conditions  at  outer  edge  of  boundary  layer 


THE  MEAN  FLOW  IN  THE  OUTER  REGION 
OF  TURBULENT  BOUNDARY  LAYERS 

T.  Neil  Stevenson 


1.  INTRODUCTION 

The  approximate  theory  presented  in  this  paper  attempts  to  correlate  the  mean 
velocity  in  the  outer  region  of  incompressible  turbulent  boundary  layers  in  small 
pressure  gradients,  at  separation,  and  with  injection  cr  suction  through  a  porous 
wall. 

A  dimensional  analysis  indicates  that  the  outer  region  depends  on  a  function  of 
the  form  f(Uj)  -  f(u)  and  not  necessarily  on  a  velocity  defect  term,  (Uj  -  u). 
which  has  been  used  by  Clauser1,  Mickley  and  Smith2  and  Black  and  Sarnecki3. 

Uickley  and  Smith2  found  by  experiment  that  the  mean  velocity  in  the  outer  region 
of  turbulent  boundary  layers  with  small  injection  velocities  through  a  porous  wall, 
collapsed  onto  one  curve  when  <Uj  -  u)/u*  was  plotted  against  y/S  .  u*  corres¬ 
ponds  to  the  maximum  value  of  the  Reynolds  dress  which  occurs  in  a  particular  profile. 
This  is  an  interesting  approach  but  requires  an  accurate  experimental  determination 
of  the  Reynolds  stress. 

Coles"  introduced  a  wake  function,  which  represents  the  departure  of  the  mean 
velocity  profile  from  the  ‘law  of  the  wall’  velocity  profile.  The  wake  function, 
which  is  tabulated  by  Coles,  is  considered  to  be  independent  of  the  skin  friction  and 
pressure  gradient  Coles  analysed  available  experimental  data  and  showed  that  the 
wake  function  represented  the  velocity  profiles  reasonably  well  except  near  separation. 
Black  and  Sarnecki3  were  unsuccessful  when  they  tried  to  use  Coles’  wake  function  when 
there  was  suction  or  injection.  The  present  theory  correctly  predicts  that  there  is 
no  ‘wake’  in  turbulent  boundary  layers  over  porous  surfaces  through  which  there  is  a 
large  suction  velocity. 

Clauser1,  realising  that  the  past  history  of  the  boundary  layer  is  very  important, 
managed  to  adjust  the  pressure  gradient  in  his  experiments  so  that  the  mean  velocity 
profiles  at  different  positions  along  the  flow  collapsed  onto  one  curve  when 
(i\l  -  u)/uT  was  plotted  against  y/8  .  The  present  analysis  reduces  to  that  of 
Clauser  in  a  particular  case. 

The  Inner  region  of  a  turbulent  boundary  layer  adjusts  itself  to  the  local  rail 
conditions  reasonably  quickly  whereas  the  outer  region  witn  its  slow  rates  of  energy 
transfer,  takes  some  time  to  relnx  to  its  new  form.  The  theory  will  not  hold  during 
this  relaxation  period,  however  it  is  shown  to  be  quite  c-.eful  when  considering 
non-equil  ibriun  1  lyers. 
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In  the  following  sections  the  inner  region  solutions  will  be  reviewed  before  the 
new  approach  is  introduced. 


2.  THE  INNER  REGION 


The  momentum  and  continuity  equation  for  the  mean  flow  in  a  two  dimensional 
turbulent  boundary  layer  are  approximately 


and 


3uv  3(u'2  -  v'2)  Bu'v' 

2y  3x  cfcr 


dP 

dx 


(2.1) 


3u  Bv 
3x  3y 


0 


(2.  2) 


where  u  and  v  are  the  mean  velocity  components  in  the  x  and  y  directions,  u' 
and  v'  are  the  components  of  the  velocity  fluctuations  and  dP/dx(=  -UjdUj/dx)  is 
the  pressure  gradient.  In  most  cases  the  term  BCu77  -  T^l/dx  is  small  and  it  will 
be  neglected  in  the  following  analysis.  We  shall  assume  that  3u/3x  .  d  chr/3y  are 

small  compared  with  Bu/3y  in  the  inner  region,  the  region  close  to  the  wall.  The 
momentum  and  continuity  equations  therefore  simplify  to 


dP 

dx 


(2.3) 


in  the  inner  region.  (vw  is  the  injection  velocity  normal  to  a  porous  wall.)  The 
equation  is  integrated  with  respect  to  y  in  order  to  obtain  an  equation  for  the 
shear  stress  distribution  in  the  inner  region: 


T 

P 


—  +  v„u  + 

p 


(2.4) 


The  total  shear  stress,  r  ,  is  the  sum  of  the  viscous  shear  stress  ^v/'dy  and  the 
Reynolds  stress  -pn'v'  ..  rw  is  the  shear  stress  at  the  wall. 


The  momentum  transfer  or  mixing  length  hypothesis  of  Prandtl  together  with  the 
usual  assumption  that  the  mixing  length  is  proportional  to  the  distance  from  the  wall 
yields  the  relation  between  the  shear  stress  and  the  velocity  gradient,  <W3y  : 


T 


|  3u  3u 

I  9y 


(2.5) 


irhere  K  is  ven  Ka'rman' s  constant.  This  equation  will  not  be  valid  in  the  region 
,ery  close  to  the  wall  where  the  viscous  shear  stress  predominates. 

The  mixing  length  hypothesis  Is  used  by  Rubesin\  Dorroncc  and  Dore6  and  Black  and 
Sarnecki1  to  derive  the  equations  for  a  turbulent  boundary  layer  with  transpiration 


through  a  porous  wall.  Stratford7  uses  the  same  hypothesis  when  considering  a 
turbulent  boundary  layer  with  negligible  wall  shear  stress.  However  Stratford  is 
able  to  derive  the  same  equation  by  dinensional  arguments. 
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Equation  (2.5)  is  further  substantiated  by  Townsend8  who  considers  regions  of 
turbulent  shear  flow  in  which  chere  is  equilibrium  between  the  local  rates  of  energy 
production  and  dissipation. 

Rotta7  reviews  the  inner  region  approximations  in  detail  and  shows  that  the 
available  experimental  results  verify  Equation  (2.5). 

The  total  shear  stress  in  Equation  (2.4)  is  eliminated  by  using  Equation  (2.5), 
and  the  resulting  equation. 


)j. 
‘ 


is  integrated  with  respect  to  y  for  the  following  cases: 


(a)  When  the  transpiration  velocity  is  zero. 


K  —  =  2(py 


+  1)*  + 


i  (py  +  » j  -  i 

I  (py  +  1)^  +  1 


"(9 


where  p  =  (l/u*)(dP/dx),  and  Bt  is  independent  of  y  . 

(b)  When  there  is  no  pressure  gradient, 

where  B2  is  independent  of  y  . 

(c)  When  the  blowing  velocity  and  the  pressure  gradient*  are  zero, 

u  1  yu_ 

—  =  -loge— 1  +  B  (2.8) 

u  K  v 

T 

where  B  is  a  constant.  Experiment  (Ref. 10)  has  shown  that  Equation  (2.8), 
the  ‘law  of  the  wall'  ,  is  also  valid  in  small  pressure  gradients.  Equations 
(2.8)  und  (2.6)  will  be  compared  in  Section  5.3.  Millikan11  derived  Equation 
(2.8)  by  a  purely  dimensional  analysis. 


(d)  When  the  skin  friction  and  the  transpiration  velocity  are  zero, 


i  /  1  dP  V  /  dP 
2yM  —  —  +  B,  v  — 

\K3  d x  /  3  ^  dx 


where  B,  is  a  constant.  Stratford7  was  able  to  derive  this  equation  by 
dimensional  arguments. 
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(e)  When  the  skin  friction  and  pressure  gradient  are  zero, 

.  i 


y 


1 

2K 


log. 


yv* 


+ 


(2.10) 


where  3  s  r.  constant. 


Throughout  the  derivation  of  the  above  equations  it  has  been  assumed  that  the 
inner  region  is  independent  of  the  conditions  at  the  outer  edge  of  the  boundary  layer. 


3.  THE  EQUATIONS  FOR  THE  OUTER  REGION 

The  analysis  follows  that  of  Millikan11  but  now  includes  an  unknown  function  of 
u/uT  and  Q  in  place  of  the  usual  u/uT  in  the  zero  pressure  gradient  equation. 

Q  may  be  a  dimensionless  pressure  gradient  or  transpiration  velocity  parameter  or  a 
combination  of  any  other  relevant  parameters. 

An  overlap  or  intermediate  region  is  defined  as  that  region  in  which  a  solution 
for  the  inner  region  cf  the  form  fj(u/uT,Q)  =  yu Jv  and  a  solution  for  the  outer 
region  of  the  form  Fj(u/ut,  Uj/uT,  Q)  =  y/8  are  simultaneously  valid. 

When  the  inner  region  equations  were  derived  in  the  previous  section,  the  equation 
which  was  integrated  (Eq. (2.4))  was  independent  of  both  v  and  8  .  It  is  therefore 
not  surprising  that  the  inner  region  equations  (2.6)  to  (2.10)  are  solutions  for  the 
intermediate  region. 

The  details  of  the  dimensional  analysis  are  given  in  the  Appendix.  It  is  shown 
that  the  equations  for  the  outer  region  may  be  written  in  the  form 


—  »  Q ]  =  f  f  -  .  Q)  -  log. 


OU 


(3.1) 


and 


(3.2) 


(3.3) 


where  S  =  log^/S  in  the  Intel-mediate  region. 

It  will  be  shown  that  these  outer  region  equations  arc  useful,  because  experimental 
results  in  different  turbulent  boundary  layers,  i.e.  in  pressure  gradients,  with 
suction  v.r  injection,  at  separation,  may  be  compared  by  plotting  either 
f(u/uT,Q)  -  logc(&uT/v)  or  {f(u,/uT,Q)  -  f(u/uT,Q)}  against-  y/8  .  Hie  approximate 
form  of  the  function,  f  ,  is  known  from  the  solutions  in  the  overlap  legion  which 
were  outlined  in  the  previous  section.  By  plotting  experimental  results  in  this  way 
it  should  be  possible  to  establish  the  way  in  which  P  and  S  depend  on  u,/uT  and 
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*+? 

In  'he  following  section  the  equations  for  the  overlap  region  will  be  used  to 
derive  specific  equations  for  the  outer  region  which  will  be  compered  with  experimental 
results. 


4.  T’.St  FUNCTIONS  S  AND  F 


4. 1  Zero  pressure  gradient 

The  equations  for  the  outer  region  are  derived  by  rearranging  Equation  (2.8)  to 
give 


y  /  u  \  u_8 

lo*'i  *  KUrrloe*t 

in  the  intermediate  region,  and  by  replacing  ioggy/8  by  S  to  give 

f'-v 


s  =  s 

in  the  outer  region.  When  y/8  =  1  then 


and  therefore 


SI 


4i) -  ‘fe 


(4.1) 


(4. 2) 


(4.3) 


(4.4) 


If  experimental  results  are  plotted  as  y/5n  against  (ut  -  u)/uT  ,  they  fall  close 
to  a  single  curve  (see  Clauser1  and  Townsend12).  §0  is  defined  as  the  value  of  y 
at  which  F  =  K  .  Thus  F  is  virtually  independent  of  Uj/uT  and  Equation  (4.4) 
may  be  written 


M  ■  ■© 


(4.5) 


This  is  the  accepted  velocity  defect  law  equation  for  the  outer  region  of  turbulent 
boundary  layers  in  zero  pressure  gradient  and  with  zero  transpiration. 


It  is  more  difficult  to  show  that  S  is  a  function  of  y/8  only  because  the 
equation  for  S  includes  the  skin  friction,  the  boundary  layer  thickness  and  the 
constants  in  the  law  of  the  wall  equation,  all  of  which  are  difficult  to  determine. 
Some  experimental  results  are  plotted  as  S  against  y/8  in  Figure  1.  Within  the 
experimental  accuracy  S  ~  S(y/8). 

S( 1)  is  related  to  Coles'  constant  0(1)  by  the  equation 


S(l) 


K(0(1)  -  B) 


(4.6) 
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Coles13  has  recalculated  the  majority  of  the  published  zero  pressure  gradient 
turbulent  boundary  layer  mean  flow  results  and  has  evaluated  the  size  of  the  wake 
component  which  is  related  to  <b{  1)  .  Coles  shows  that  the  wake  component  and 
therefore  c£(l)  are  constant  above  Reynolds  numbers,  Ri>2  >  3,000  ,  in  equilibrium 
flows. 


4.2  With  Transpiration 


The  equations  for  the  outer  region  are  obtained  by  rearranging  Equation  (2.7)  to 
give 


y  u_ 

log,-  =  2K  — 
e  S  Y_ 


in  the  intermediate  region  and  thus 

S  =  2K 


1  + 


vwu 


-  n  -  BK  -  log. 


uj> 


uT  [  (  v  u\T  -  u  S 

-  lt-7  -  1-  BK  -  log  -Z- 

M\  J 


and 


v. 


-  i  + 


v„u  X'1 


(4.7) 


(4.8) 


(4.9) 


in  the  outer  region.  Equation  (4.9)  is  the  modified  velocity  defect  law  with 
injection  (Ref. 14).  For  high  blowing  velocities  uT  has  negligible  effect  on  the 
outer  region  and  Equation  (4.9)  reduces  to 


v 


(4. 10) 


The  experimental  results  show  that  the  function,  F  ,  in  Equation  (4.9)  is  virtually 
independent  of  vw/'uT  and  Uj/uT  and  is  the  same  function  as  that  in  the  velocity 
defect  equation.  Some  of  the  experimental  results  reproduced  from  Reference  14  are 
presented  in  Figures  2  and  3. 


Some  experimental  results  are  plotted  as  S  against  y/S  in  Figure  4  and, 
considering  the  difficulties  in  evaluating  the  function  S  \  the  results  fnlJ 
reasonably  close  to  the  zero  pressure  gradient  curve. 


4.3  At  separation 

Stratford  and  Townsend  show  that  the  equation  for  the  inner  region  at  separation 
(Eq.  2. 9  with  B3  =  0  )  is 


a 


(4-11) 


*  B2  was  assumed  constant  and  equal  to  B  . 
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where  dP/rix  Is  the  pressure  gradient.  This  equation,  which  is  valid  in  the 
intermediate  region,  is  rearranged: 


(4.12) 


and  therefore 


or 


(4. 13) 


(4.14)  ' 


in  the  outer  region. 

Some  of  the  experimental  results  of  Schubauer  and  Klebanoff15  and  Stratford16  are 
plotted  as  y/S0  against  (2/K)log'e(Uj/u)  in  Figure  5.  The  results  again  fall 
close  to  the  zero  pressure  gradient  velocity  defect  curve. 

In  this  section  the  equations  for  the  outer  region  together  with  the  solutions  for 
the  intermediate  region,  have  been  compared  with  experimental  results  and  it  has 
shown  that  S  and  F  are  virtually  functions  of  y/8  only.  In  the  remainder  of 
this  paper  we  shall  consider  the  similarity  flow  in  which  S(y/S)  and  F(y/S)  are 
universal  functions.  The  resulting  equations  will  then  be  compared  with  experiment. 
The  values  for  S(y/8)  which  are  used  in  the  calculations  are  given  in  the  Table  and 
were  evaluated  using  F(y/8)  from  the  velocity  defect  curve  together  with  a  value  of 
1. 05  for  S(l)  . 


5.  TURBULENT  BOUNDARY  LAYERS  IN  A  PRESSURE  GRADIENT 


5.1  From  Equation  (2.6)  the  equation  for  the  outer  region  is 


where 


u  E  -  1 

K  —  =  2E  +  logc  -  +  B 

uT  e  E  +  1 


(5.1) 


(5.2) 
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At  the  outer  edge  of  the  boundary  layer 


u.  E,  -  1 

K  -L  =  2E.  +  log  — -  +  B, 

u  1  e  Et  +  1  1 


Ej  =  (pSexpSj  +  l)1  ;  Sj  -  S(l)  (5. 

Equation  <5. 1)  is  subtracted  from  Equation  (5.3)  in  order  to  eliminate  the  unknown 
function.  Bj  ,  and  the  equation  is  then  rearranged, 


u 

—  =  1 
u. 


-  |ei  -  E  +  { 


Et  -  1  E  +  1  j  I  2  uT 


e  E,  +  1  E  -  1  |  J  K  ux 


E  may  be  written  in  terms  of  the  pressure  gradient  parameter,  D[=  -(5/u1)du1/dx]  , 


E  =  I  expS  +  1 


Several  velocity  profiles,  u/ux  against  y/S  ,  which  have  been  calculated  from 
Equation  (5.5)  for  particular  values  of  D  ,  are  shown  in  Figur  5. 

5.2  Flows  with  negligible  wall  shear  stress 

When  the  skin  friction  is  very  small  Equation  (5.6)  reduces  to 


U  2D^  f  5.  sl 

—  =  1 - ^exp  —  -  exp  . 

ux  K  |  2  2 J 


This  equation  is  more  general  than  that  in  Section  4.3  where  Ba  was  assumed  to  be 


In  Figures  7,  8  and  9  Equation  (5.7)  is  compared  with  some  reattachment  profiles 
after  a  separation  bubble  (McGregor17),  two  separation  profiles  (Newman18  and  Schubauer 
and  Klebanoff15)  and  some  zero  skin  friction  profiles  (Stratford1*) .  The  shape  of  the 
experimental  profiles  are  in  very  good  agreement  with  the  theoretical  curves,  and  the 
theoretical  values  cf  D  are  reasonably  close  to  those  in  the  experiments. 

If  Equation  (5.7)  is  used  to  evaluate  the  displacement,  thickness,  8j  ,  and  the 
momentum  thickness,  8?  ,  it  is  found  that  the  form  parameter,  H  ,  is  given  by 


1  -  5. 99  D* 


1"1'51_8 


The  theoretical  curves  of  H  against  Sj/S  are  presented  in  Figure  10  and  are 
compared  with  some  measurements  near  separation  reproduced  from  Sandborn33.  The 


296 


Equation  (5.6)  is  now  rearranged  to  give 


(5.11) 


.  x 

where  E  =  (p5  exp  S  +  1) 1  .  This  form  of  equation  describes  Clauser’ s  equilibrium 
flow  providing  pS  is  constant.  This  pressure  gradient  condition  is  the  same  as 
that  found  by  Clauser.  In  Figure  11  it  is  shown  that  the  curves  representing  Equation 
(5.11)  are  the  same  shape  as  the  experimental  curves.  There  is  a  difference  between 
the  theoretical  and  experimental  values  of  p8  and  this  needs  further  investigation. 


5.5  Experiments  in  non-equilibrium  boundary  layers 

Von  Doenhoff  and  Tetervin20  showed  experimentally  that  curves  of  u/uj  against  H 
for  particular  values  of  y/82  were  almost  independent  of  the  skin  friction  and  the 
pressure  gradient.  The  theoretical  velocity  profiles  of  Figure  5  were  used  to 
evaluate  the  displacement  and  momentum  thicknesses  to  enable  curves  of  u/Uj  against 
H  to  be  plotted.  The  curves  are  compared  with  the  experimental  results  of 
von  Doenhoff  and  Tetervin  in  Figure  14  and  with  the  results  of  Schubauer  and 
Klebanoff  in  Figure  15.  The  present  theoretical  curves  of  u2/Uj  against  H  are 
compared  with  the  semi-empirical  curves  of  Ludwieg  and  Tillmacn,  and  Spence21  in 
Figure  16.  (u2  is  the  value  of  u  at  y  =  82)  . 

The  velocity  profiles  and  the  parameters  based  on  the  profile  shapes,  which  are 
predicted  by  the  present  analysis  compare  very  well  with  previous  theories  and  with 
available  experimental  results. 

The  experimental  pressure  gradient  is  usually  much  higher  than  the  theoretical 
value  and  it  is  now  suggested  that  the  boundary  layer  adjusts  itself  as  quickly  as 
possible,  trying  to  attain  an  energy  equilibrium  state  but  usually  not  succeeding 
until  the  separation  point  is  reached.  It  is  only  after  the  boundaiy  layer  has 
separated  that  it  is  able  to  modify  the  external  flow  sufficiently  to  reduce  the 
external  pressure  gradient  and  thus  achieve  an  equilibrium  state. 


6.  SHEAR  STRESS  DISTRIBUTIONS 

The  inner  and  outer  region  equations  may  be  used  together  with  the  momentum 
equation  to  derive  the  shear  stress  distribution  across  turbulent  boundary  layers. 
The  momentum  Equation  (2.1)  is  integrated  from  0  to  tj  to  give 


where  77  -  y/8  and  £  is  a  func  tion  of  x  only.  The  term  B(u'2  -  v,2)/Bx  in 
Equation  (2.1)  is  usually  small  and  it  has  been  neglected  in  the  derivation  of  the 
integrated  momentum  Equation  (G.l). 


1 
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separation  criterion  derived  by  Sandborn  is 
the  velocity  profile  at  separation  to  be  of 

u 

.  “I 

where  n  is  a  constant.  This  equation  results  in  a  unique  relationship  between  the 
momentum,  displacement  and  boundary  layer  thicknesses.  Sandborn  shows  that  Equation 
(5.9)  is  a  reasonable  representation  of  the  velocity  profile  at  separation  in 
Reference  15.  This  profile  has  a  form  parameter,  H  ,  of  2.75  and  therefore  corres¬ 
ponds  to  the  region  in  which  the  present  cf  =  0  curve  crosses  that  of  Equation  (5.10) 
(see  Pig. 10). 


also  shown  in  Figure  10.  Sandborn  assumed 
the  form 


Kutateladze  and  Leont’ev19  express  the  shear  stress  across  a  turbulent  boundary 
layer  in  terms  of  a  cubic  parabola  which  is  used  together  with  an  equation  similar  to 
Equation  (2.5)  to  evaluate  the  limiting  velocity  profile  at  the  point  of  separation. 
They  use  Equation  (2.5)  across  the  whole  of  the  outer  region  but  include  a  varying 
'mixing  length’  evaluated  at  zero  pressure  gradient.  The  result  is  shown  in  Figure  10 
and  falls  close  to  the  curves  predicted  by  the  present  analysis  but  is  far  from  the 
condition  B3  =  0  which  corresponds  to  a  value  of  2. 69  for  the  form  parameter,  H  . 


5.3  A  hypothetical  equation  for  the  inner  region 

When  p  -  co  ,  Equation  (2.6)  must  reduce  to  the  separation  Equation  (5.7)  and  when 
p  -  0  it  must  reduce  to  the  ‘law  of  the  wall’  Equation  (2.8).  If  B,  is  zero  a 

v 

simple  form  for  Bx  ,  which  satisfies  the  two  limiting  conditions  is 


Bj  =  KB  -  2  +  loge 


(5.10) 


Hypothetical  velocity  profiles  in  the  inner  region  may  now  be  evaluated  for 
particular  values  of  cf  and  P2[=  -(r/UjldUj/dx]  .  Some  of  the  profiles  when 
cf  =  0.002  and  0.0002  are  shown  in  Figures  12  and  13.  The  higher  values  of  P2  in 
the  figures  corresponds  to  near  separation  conditions.  The  figures  are  interesting 
because  they  show  that  the  inner  region  profiles  with  pressure  gradient  are  almost, 
the  same  as  those  with  zero  pressure  gradient  at  the  same  value  of  skin  friction. 
This  has  been  shown  experimentally  by  Ludwieg  and  Tillmann  and  it  is  now  often 
accepted  that  the  'law  of  the  wall*  holds  in  pressure  gradients. 


This  intuitive  analysis  for  the  intermediate  region  in  pressure  gradients  indicates 
that  the  equation  for  tbe  intermediate  region,  which  was  used  in  the  derivation  of  the 
equations  for  the  outer  region,  is  not  necessarily  very  different  from  the  ‘law  of 
the  wall’  equation. 


5.4  Ttie  experimental  results  of  CUuscr1 

Clauser  measured  the  mean  velocity  profiles  in  turbulent  boundary  layers  subject 
-o  two  small  pressure  gradients.  The  pressure  gradients  were  adjusted  so  that  the 
mean  velocity  profiles  at  different  positions  along  the  flow  collapsed  onto  one  curve 
when  Uj  -  u/uT  was  plotted  against  y/S  .  The  experiments •  curves  ere  shown  in 

Figure  11. 
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In  the  case  cf  boundary  layers  with  injection  but  no  pressure  gradient  £  was 
equated  to  Uj/uT  ,  and  B2  was  assumed  equal  to  B  .  The  shear  stress  across  the 
boundary  layer  was  then  evaluated  (Ref. 14)  using  Equation  (6.1)  and  the  results  were 
found  to  compare  favourably  with  that  reported  by  Leadon22. 

When  there  is  a  pressure  gradient  but  no  transpiration  it  is  convenient  to  let 


i  =  PS  = 

u*  dx 


iu  the  case  of  a  flow  with  negligible  skin  friction  Equation  (6. 1)  reduces  to 


r  I 

!  u  ] 

i  j 

!  U  J.  .  u 

dS  I 

r  «  i 

P*\  "  | 

r2JiV‘j 

ri 

J2  -  Ji - i  +  *  —  y 

[  1  U,  2  U,  J 

•  +  —  i 
dx  ] 

KJ‘] 

where 


and 


Ji 


J2 


&y 


N 


5  dD 
D  dx 


A  shear  stress  profile  in  a  flow  with  zero  skin  friction  and  with  N  =  0  and  with 
D  =  0.013  has  been  calculated  from  Equation  (6.3)  and  is  shown  in  Figure  17. 
Schubauer  and  Klebanoff’s  measurements  of  the  shear  stress  at  separation  compare 
quite  well  with  the  theoretical  shear  stress  distribution.  It  must  be  remembered 
that  the  turbulence  term  <3(u'2  -  v'2)'dx  has  not  been  included  in  the  shear  stress 
calculation  and  this  may  have  an  effect  at  separation. 


The  outer  region  includes  the  logarithmic  overlap  region  and  by  comparison  with 
experimental  results,  the  outer  region  is  valid  for  almost  all  the  boundary  layer; 
all  except  the  region  very  close  to  the  wall  where  y/8  is  less  than  about  0.04.  In 
evaluating  the  integrals  the  errors  involved  in  neglecting  the  sublayer  are  negligible, 


7.  CONCLUSIONS 

A  dimensional  analysis  has  been  used  to  indicate  the  form  of  the  equations  for  the 
mean  velocity  distribution  in  the  outer  region  of  turbulent  boundary  layers  in  terms 
of  either  a  function,  F  ,  or  a  function.  S  .  In  the  intermediate  region  these 
functions,  which  occur  in  boundary  layers  in  small  pressure  gradients,  at  separation 
and  with  transpiration  are  the  same  ns  those  in  zero  pressure  gradient  flow.  Towards 

K 

the  outer  edge  of  the  boundary  layer  the  functions  may  in  general  differ  for  the 
various  types  of  boundary  layer.  However  by  comparison  with  experimental  results  in 
boundary  layers  in  zero  pressure  gradient,  with  injection  and  at  separation,  F 
appears  to  be  virtually  a  function  of  y/S  only  and  it  is  the  same  function  as  that 
in  the  velocity  defect  law  equation. 
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The  velocity  profiles  in  zero  pressure  giadient,  with  injection  and  at  separation 
(providing  B3  =  0)  can  be  expressed  in  terms  of  F  ,  and  the  profiles  evaluated  in 
this  way  agree  reasonably  well  with  experiment.  The  velocity  profiles  in  a  pressure 
gradient  also  require  a  knowledge  of  S  at  the  outer  edge  of  the  boundary  layer.  A 
similarity  flow  has  been  considered  in  which  S  is  assumed  to  be  a  function  of  y/8 
only.  The  resulting  family  of  velocity  profiles  and  the  parameters  based  on  tlie 
profile  shapes  are  in  good  agreement  with  the  experimental  results.  However,  before 
any  definite  conclusions  can  be  made  with  regard  to  the  comparison  between  the 
theoretical  and  the  experimental  pressure  gradient  parameters,  more  experiments  are 
required.  To  improve  the  analysis  it  may  be  necessary  to  find  how  S( 1)  varies  in 
different  pressure  gradients. 
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TABLE  I 


The  Function  S(y/S) 


S(y/8) 

y/8 

S(y/8) 

y/8 

-4.04 

0.0174 

-1.62 

0.19 

-3.68 

0.0251 

-1.35 

0.23 

-3.22 

0.0398 

-0.7 

0.35 

-2.87 

0.0575 

-0.32 

0.43 

-2.  58 

0.0794 

+0. 175 

0.55 

-2. 30 

0. 105 

0.57 

0.67 

-2.03 

0.138 

0.875 

0.80 

-2.0 

0.140 

1.05 

1.0 
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APPENDIX 

A  Dimensional  Derivation  of  the  Equations  for  the  Outer  Region 


The  method  follows  that  of  Millikan  and  Rotta  but  now  includes  a  dimensionless 
parameter,  Q  ,  which  is  independent  of  y  .  Q  can  be  a  pressure  gradient  parameter, 
a  transpiration  velocity  parameter,  a  relaxation  parameter,  etc. 

The  influence  of  the  kinematic  viscosity,  v  ,  is  restricted  to  a  very  small 
sublayer  region  of  thickness  8g  .  In  the  outer  portion  of  the  boundary  layer, 
y  >  8_  ,  it  follows  from  the  processes  of  turbulent  energy  dissipation  and  the  cUffu- 
sion  and  convection  of  vorticity  that  the  stress-producing  motion  is  independent  of 
viscosity  (see  Rotta).  The  mean  flow  in  the  outer  region  will  therefore  depend  on 
y  ,  u  ,  u,  ,  uT  ,  Q  and  8  ,  so  that  the  dimensional  equation  for  the  or  er  region 
may  be  wi itten  in  the  form 


F 


1 


(A.l) 


A  total  shear  stress  parameter  is  not  included  because  it  is  assumed  that  the  shear 
stress  may  be  evaluated  from  the  momentum  equation  when  the  shape  of  the  velocity 
profile  and  the  conditions  near  the  wall  are  known.  (This  implies  that  the  turbulence 
term  9(u73"-  v^/Bx  is  negligible.)  Similarly  the  inner  region  is  independent  of 
the  conditions  at  the  edge  of  the  boundary  layer  and  thus 


in  the  inner  region.  (Q  may  be  a  function  of  8  and  Uj  :  Q+  may  be  a  function 
of  v). 


In  Section  2  the  momentum  equation  is  solved  approximately  for  the  turbulent 
region  close  to  the  rail  and  it  is  shown  that  the  velocity  gradient  is  independent 
of  the  viscosity,  v  ,  and  of  the  conditions  at  the  edge  of  the  boundary  layer,  i.e. 
chv'cty  is  independent  of  v  ,  u:  and  8  .  This  region  corresponds  to  an  overlap 
between  an  inner  region  in  which  the  total  shear  stress  is  independent  of  the  condi¬ 
tions  at  the  edge  of  the  boundary  layer,  and  an  outer  region  in  which  the  shear 
stress  (Reynolds  stress)  is  independent  of  the  viscosity. 


x 


If  Equations  (A.l)  and  (A. 2)  are  differentiated  with  respect  to  y  at  constant 
then 


du  dF^  1 

dy  du  8 


du  df(  _  uT 
dy  du  v 


(A.3> 


and 
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du  y/8  v 

dy  dFj/du  dfj/du 


(a  function  independent  of  u:  ,  8  and  v) 


in  the  overlap  or  intermediate  region.  Hence 


1  dF^  1  dfj 

Fj  du  fj  du  2 

where  F2  is  independent  of  Uj  ,  8  and  v  . 


iogeF1  =  <jF2du>  +  F^~  .  q).=  loge^ 


loge  fx  =  (jF2du)  +  f3(ft+)  =  loge  — 


Therefore  an  ‘overlap  condition’  exists  of  ths  form 


f/-  .  q)  =  f ,<«♦>  -  ~  . 


The  solutions  for  the  overlap  region  in  the  form  of  Equation  (A. 4)  are  derived  in 
Section  4. 

The  equation  for  the  whole  of  the  outer  region  may  be  written  in  the  form: 

'  ~  '  ~  (JFjdu)  independent  of  Uj.v,  8  +  ^3(^~  ’  ^ 

r  8u  _ 

=  (jF  du)  +  f  ,(Q+)  -  log  — -  (A 


ft)  ■<;■«) 


-  ft 

V 


where  S  =  logc  y/8  in  the  overlap  region. 


Velocity  Proxil-j  in  a  Pressure  Gvadiept 


E 


Variation  of  S./S  with  the  form  Parameter  H 
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The  Intermediate  Region 


Doenhoff  and  Tetervin' s  Measureaents 


Fig.  15  Schubauer  and  Klebanoff’ s  Measurements 
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SUMMARY 


Come  properties  of  iurbulent  asymptotic  layers  in  zero  pressure 
gradient  Kith  uniform  suction,  which  are  equilibrium  layers  in  +he  sense 
defined  b.v  Clauser,  are  discussed.  A  provisional  skin  friction  law  for 
asymptotic  layers  is  given.  It  is  shown  that  mixing  length  theory  is 
unable  to  account  for  the  similarity  of  the  experimental  cata.  The 
assumption  of  a  constant  eddy  viscosity  in  the  cuter  part  of  asymptotic 
layers  leads  to  a  fair  representation  of  the  experimental  da+~  The 
magnitude  of  the  eddy  viscosity  of  asymptotic  layers  is  only  one  fifth 
of  the  eddy  viscosity  of  turbulent  boundary  layers  on  impervious  ...Us. 


SOMMAIRE 


L' auteur  e-  jose  oertaines  propriety  dcs  couches  turbulentes 
asymptotes  avec  gradient  ;ie  pression  nul  et  aspiration  uuiforme,  c’est 
A  dire  des  couches  d' ^quilibre  au  sens  de'fini  par  Clauser.  II  pr&ente 
une  loi  provisoire  de  frottement  du  rev£tement  pour  les  couches 
asymptotes,  et  d&nontre  que  la  theorie  de  longueur  du  melange  ne  peut 
rendre  oompte  de  la  similitude  des  donne'es  experimentales.  L’hypoth£se 
d’une  viscosite  de  tourbillon  constante  dans  la  partie  extdrieure  des 
coaches  asymptotes  permit  de  se  faire  une  juste  presentation  des  donndes 
experimentales.  Le  degrd  de  viscosite’  de  tourbillon  d.s  couches 
asymptotes  ne  repres^nte  qu’un  einquieme  de  la  viscosite  de  tourbillon 
des  couches  Unites  turbuleptes  le  long  de  parois  dtanches. 
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THE  TURBULENT  ASYMPTOTIC  LAYER 
il.  Tennekes 


1.  INTRODUCTION 

Of  all  Incompressible  turbulent  boundary  layers  flowing  along  a  flat  plate  in  zero 
pressure  gradient  with  uniform  suction,  the  asymptotic  layer  merits  special  attention. 
An  asymptotic  layer  is  characterized  by  constant  thickness  and  constant  properties  in 
streamwisc  direction.  It  will  be  seen  that  asymptotic  layors  are  "equilibrium  layers" 
in  the  sense  defined  by  Clauser1.  Some  properties  of  this  particular  class  of 
equilibrium  layers  will  be  discussed.  The  discussion  will  be  based  on  the  similarity 
laws  for  sucked  and  blown  turbulent  boundary  -layers  given  in  an  earlier  paper  of  the 
author2,  which  contains  only  a  brief  outline  of  the  behavior  of  asymptotic  layers. 

The  similarity  laws  for  sucked  turbulent  boundary  layers  mentioned  above  are  based 
on  the  concept  that  turbulent  boundary  layer  flow  can  be  described  tay  a  "law  of  the 
wall”  and  a  "velocity  defect  law"  which  are  related  through  a  common  velocity  scale 
and  a  semi- logarithmic  velocity  profile  in  the  region  where  those  laws  overlap.  It 
has  been  shown2  that  for  turbulent  boundary  layers  at  moderate  suction  rates 
(0.04  <  -v0/uT  <  0.10  approximately)  the  two  similarity  laws  are 


These  laws  arc  called  the  "limit  law  of  the  wall"  and  the  "limit  velocity  defect  law", 
respectively2. 

If  the  velocity  profiles  of  asymptotic  layers  are  plotted  according  to  Equation  (2), 
they  exhibit  similarity,  as  is  shown  in  Figure  1.  Note  that  8  is  takon  as  the  value 
of  Xj  at  which  U,  =  0.99  U0  .  Note  also  that  in  the  innermost  part  of  the  boundary 
layer  Equation  (2),  which  is  a  defect 'law,  is  not  supposed  to  be  valid.  This  accounts 
for  the  lack  of  similarity  of  the  data  points  for  x?/8  <  0.1  .  Since  the  velocity 
profiles  of  different  asymptotic  layors  are  similar  in  the  appropriate  volocity  defect 
law  plot,  asymptotic  layors  are  equilibrium  layors  in  the  sense  defined  tay  Clauser1**. 

It  has  been  shown2  that  the  velocity  dofect  law  given  os  Equation  (2)  is  consistent 
with  the  equations  of  motion  for  the  outor  part  of  tho  boundary  layer.  It  has  been 
shown  also2  that  at  small  suction  rates  (-v0/uT  <  0.04)  no  asymptotic  layers  can 
exist.,  slnco  tho  velocity  scale  would  thon  bo  no  longer  proportional  to  u*/v0  , 
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Aems  Uk  t^atioci  of  roticn  for  unrtotSc  lijers  Kbit  only  e  Telocity  scale 
proper* :e**l  to  a^/v,  the  related  defect  lav.  E^aatiaa  (2).  la  the  fclloaisf 
sect  loos  e  fee  other  properties  of  as?  aptotic  layers  »ill  be  Itsccssed.  The  asic rial 
of  Sect  leas  2  aai  3  is  teles  frog  the  aotber's  snyobl  ished  dissertaiioe1. 


2.  A  fS6Ti$mU  SKIN  FfICTION  LAE 

•iter*  1  indicates  that  a  sajor  part  of  the  wicitj  profile  of  asymptotic  layers 
is  seed- loptr itiaic.  The  see i- Iocs.*! theic  par*  eitwis  almost  to  the  cater  ed*e  of 
the  beradary  layer.  la  this  respect  the  asyEpto;  le  layer  resembles  tsrtalest  dusel 
floe.  Ia  the  latter  flee,  all  strtaois*  derimins  are  also  zero.  A  se*i- layer itmic 
tart  cf  the  eelecity  profile  is  as  essestia!  part  of  tie  description  of  tarbeleat 
kwhi?  layer  flea  ia  tens  cf  separata  siailarity  leas  far  the  floe  is  the  inter 
layer  sad  the  flee  Is  the  aster  layer*.  Per  asymptotic  layers,  the  logarithmic 
eeloelty  profile  aay  he  represented  by  the  fellwisj  formula; 

--  _  (*', 

-  —  C*.  -  C,>  -  O.S€  loy.  ’  —  >  -  d.UI  .  (3) 

*  \  *  1 
f 

4 x  ezpertaeotai  limtlpMoe  ef  the  effects  of  »r'aT  «  the  velocity  prefile  ia 
the  inter  layer1,  of  »hic4  the  details  cannot  he  fives  here,  bar  shown  that  the 
Iccanthslc  part  of  the  velocity  profile  aay  provisionally  be  represented  by 

r,r,  /-  ij,\  v, 

-  =  v.as  ;  — =-*•  -  ii  -2-  *  9.is  .  («> 

*T  v  -  i  tr_ 

Scoatlsa  (C>  is  valid  foe  flea  at  moderate  sorties  rates  alms  saocti  surfaces.  Since 
most  porous  sarfhees  are  seat  ay ttrerfraaadical  iy  sicoth.  care  s&nli  observed  eften 
aWlyiit  Bpiatiatt  (41. 


Espial  iocs  t3>  mad  if)  say  he  ca afelsed  to  yield  tie  f-jllovicc  siia  fricticc  lav  for 
taxtalest  asymptotic  layer*;. 


t~r  s\ 

»-•*  i«si— 

\  V  } 


(5; 


Sate  tiat  fer  asymptotic  layers  zf  =  -TjCj  .  «!tiA  felloes  Iron  ti*  zooectoc  irtsjral 
equation*.  Eartre.  rT/'t-  ~  *zd  2  c^  =  c.  .  so  that  £?ss tioc  (o'1  ray  he 

rewritten  is 


II 


=  e  sc  -  t-K  itf  ;  — —  j . 

*  v  -  ; 

V  ~  / 


cs;- 


Talii  col;  fc*  asymptotic 


layers  floats?  clot;  sacrcth.  porecs  mails. 


t 
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3.  THE  IX«DF.qi-4CT  OF  IUIXG  1  E.NGTH  THEORY 


Id  alaost  all  the  cwrnt  liUratare  eo  sacked  and  blocs  tartalest  bcoadary  layers. 
t.{.  4.  5.  6.  Prasd tl’s  ncaealna  transport  rersioa  of  itii2(  leopth  theory 

is  nsed  to  obtain  a  prediction  of  the  of  the  velocity  profile.  Tbe  basic 

hypothesis  of  raestm  transport  theory  is.  fcr  floe  Bear  a  solid  surface7 


=  i 


,/'s,V 


ft) 


Fbr  the  floe  ;s  the  felly  tarbslect  part  of  as  asymptotic  layer,  the  creations  of 
aotiae  redoc*  ic 


T.c:  ~  t354 


■i  “i 


(S> 


Sebstitaties  of  Egeetiaa  (7)  into  G'taatloc  (9)  yields,  after  integration 


Taci  -  T*Be 


[a  \tf/J 


(*) 


The  erstazt  of  Micaticn  d  la  B;uiiat  3)  reaaias  as  yet  amfetersuced-  Since  a 
lo*arttaa  occurs  is  Eqrcatioa  (31.  it  is  called  tbe  "h.i-le*aritlaaic  la*"5-*. 


He  hi-xecarithate  las  presides  a  sharp  eaatrmst  si  tit  the  sesl-Ioerrithmie  Telocity 
profiles  sheas,  is  Pfpse  1  sad  represented  fiy  Epatiob  f3).  Bsenr.  the  sals  objec¬ 
tion  to  Elpiatiar  (9>  is  that  it  eaaaac  accoost  for  the  oteerred  similarity  of  the 
eolocity  profiles  in  a  plat  aeeardlK  to  Bptatioa  (2).  This  is  stem  as  folloas. 
Strtecil 1  states  that  for  asymptotic  layers  th*  salacity  profile  departs  cxly  silently 
fron  Bioat ion  13).  *****  near  the  edje  ef  the  tendary  layer.  If  this  conjecture, 
ahich  is  ased  also  Sy  Stcroon1.  Is  * tcephed.  ue  parmeier  £  sScarld  he  Identified 
with  the  botodsry  layer  thiemess  9  .  since  accord!  a*  to  Bjoation  £3)  C.  -  Cj  at 
i  =  d  .  This  implies  that  Bpaitloc  (9J  can  be  noc-diceasicsalized  as  felloes: 


,  f*,\  V 


(IS) 


Ejiaticc  flS':  vhTiccsIy  contradicts  the  limit  *el*city  delect  las.  Eccaticn  -12>.  ice 
to  the  presetc*  if  the  parameter  at  the  rijit  hard  side.  It  car  he  shoe 

easily1  that  the  discrepancy  hetaeec  Ec^-ticc.  (2;  ini  £3)  is  sat  reconciled  ahec 
instead  of  c  mother  lenpth  scale  £o  chosen  to  ecci- dimensional  ire  i2  . 


4-  THF  E93T  YISCOSITT  CONCEPT 

Since  the  Iiait  Telocity  defect  is*.  Erratics  (2).  in  first  instance  cines  rot 
prescribe  a  particular  shape  of  the  Telocity  profile,  rac  is  tapted  tc  irtrcdcee  a 
ccestaot  ediy  T.iccsity  is  order  to  obtain  a  formal  solstice  of  the  ec-atioes  of 
ac'ioe.  This  approach  has  been  esed  successfolly  fir  the  description  of  the  flo»  in 
lac  oater  part  of  tcriol^t  tcccdary  layers  on  i^erriccs  ssrfaces1*1.  For  asymptotic 
layers  a  sinilar  analysis  aill  be  carried  cut  here.  Suppose  the  tarbclect  shear  str'^o 
in  tb*  cater  layer  can  be  represented  br  \ 
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-Cjn,  =  vT-^  .  < 

in  which  *<y  does  sot  depfad  oo  x,  .  Sabstitcticn  of  this  erpressioc  into  thr 
eqaatica  for  the  eraa  flew.  Eqozt ioc  (8).  ud  subsequent  integration  yield 

*.  _  /t.i 

£  *c  -  V  =  C:  •  « 

ia  which  C,  is  a  so  far  arbitrary  integration  constant. 

The  bocadary  layer  thickness  of  the  velocity  profile  given  in  Equation  (12)  is 
derived  as  folSc-vs.  Assae  that  £  is  the  nice  of  x}  at  which  C,  =  C.S9  U3 
Eqpatioa  (12)  Ikes  yields.  lies  a*  is  replaced  hr  t{D.  . 


0.01  =  C,  eip 


This  i 


t.i 

—  =  C,  .  (141 

y. 

C£  cad  Cj  being  related  thresgh  C.exp  C?  “  O.Ql  .  By  safest t tat ioa  of  Eqcatioft  (M) 
iato  Bjwtiaa  (12)  ok  obtains 


rt  _  (  x  \ 

4  <c:  -  C.)  =  ct  ,w  f  c.  4,  . 

*-  V  » 


Ctagirlsoe  of  this  Telocity  profile  with  the  general  expression  for  the  I  is  it  defect 
la*  shoes  that  C.  sad  C2  should  be  coas.aats.  it  r. spender t  of  ear  parameter. 
Qooslac  C£  =  0.2  zed  C2  =  -3  .  a  fair  representation  cf  the  actual  velocity 
profile  is  ohtaiaced.  This  toaclosiac  is  dress  from  Figure  2.  which  compares  tie 
Telocity  profiles  given  by  Eraticcs  (3>  sac  (15  .  It  is  therefore  very  sell  possible 
to  describe  the  aeza  ilo*  ia  the  outer  layer  of  ssyiptotiO  layers  as  if  it  cere  caused 
hy  a  str  .iai  eddy  viscosity.  Co  tie  other  h act*,  it  is  surprising  that  for  asyaptotic 
layers  the  stai-locuitiair  velocity  profile  ia  the  region  cf  overlap  between  tie 
sisiliritj  laws  for  the  outer  layer  and  the  iner  layer  coincides  to  a  larpe  extent 
with  the  Telocity  profile  Lo  tie  outer  Itjer  as  described  by  a  constant  eddy  Tiscosity. 

The  cxgnitede  of  the  eddy  Tiscosity  is  found  ty  substituting  C2  =  -3  irto 
^satl'o  (14): 

vr  -  -0.33  Tj?.  .  (IS) 

Por  turbeltat  boundary  layers  or.  icper&eable  walls  cn  the  contrary,  the  eddy  risccsity 
Is  given  by1 


vT  -  0.016  0ft5«  . 
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Before  attesting  as  interpretation  of  these  data.  Equations  (15)  and  (17)  should  be 
rearranged  in  order  to  obtain  expression  ahich  contain  the  sane  variables. 


If  Equations  (16)  and  (17)  are  to  be  rearitter  in  a  suitable  set  of  variables,  the 
“logarithaic  velocity  scale"  (a*)7*3  has  to  be  introduced: 


*•  =  x 


(18) 


taken  in  the  sesi-lognrithaie  part  cf  the  velocity  profile,  so  that  a*  is  independent 
of  Xj  .  For  turbulent  boundary  layers  os  3 ape rv iocs  surfaces 


»*  =  2.3  uT  . 

who  revs  for  tnrbulect  boundary  layers  at  node:  ate  suction  rates 


=  -9.C5  —  . 

T, 


(12) 


C2C) 


Equation  (30)  can  be  verified  directly  hr  differentiation  of  Equation  (3).  Equation 
(19)  is  cerely  the  differential  fo»s  oiT  the  aell-kncan  velocity  profile  for  snsseked 
trrbilnt  boccdary  layers1. 

The  lossntbaic  velocity  scale  can  be  ased  to  define  a  suitable  bocedcxy  layer 
ttidowss: 


-  r*«  -  pt 

i  ,  ** 


da. 


=  It 


f 

•s 


P,  -  C- 

—2 - L 


so  that 


e*A  =  2,5*  .  (21) 

Equation  (21)  is  valid  for  ill  tarbclrat  boundary  layers  in  ahich  a  logarithaic 
velocity  scale  caa  be  defined. 

In  oreer  to  ariie  Equation  (16)  is  a  suitable  fora,  the  relation  fcetaeea  e  and 
A  for  asjap toxic  layers  is  needed.  This  ratio  can  fee  calculated  by  substitution  of 
Equations  (15)  and  (20)  into  the  deticitioc  cf  -  given  above.  The  resalt  is 
(C,  =  0.2.  C,  =  -3) 


a  =  0.9A.  (22) 

Satstit&t:n{  Equation  (22)  into  Equation  (16).  one  cbta.-s  for  asyn»totic  layers 

vr  =  -0.3 At,  .  (23) 

Substituting  03  the  other  hand  Equation  (21)  into  Equation  (37).  one  obtains  for 
turbulent  bcundsrr  layers  on  isperaeable  surfaces 


S24 


vT  =  0.016AV  .  (24) 

The  final  step  of  the  "transforsation”  into  suitable  variables  can  be  taken  by 
noticing  that  for  turbulent  boundary  layers  at  noderate  suction  rates  vc  =  -0.06  uj/w* 
tad  that  fer  nnsucked  boundary  layers  a*  =5.3  aj/v*  (using  Eqs.  (20)  and  (19). 
respectively).  Substitution  of  these  expressions  into  Equations  (23)  and  (24)  gives 
for  asymptotic  layers 

Ac’ 

v-  =  0.0 18 — (25) 

T  v* 

and  for  boundary  layers  on  inperrieas  vails 

An* 

vT  =  0.035 — -  .  (26) 

I  •• 


Equations  (25)  and  (26)  should  be  conpared  with  the  definition  of  v-  given  in 
Equation  (11).  The  velocity  gradient  3^/5*,  is  proportional  to  v/A.  t*  being 
the  velocity  scale  and  A  a  clearly  defined  boundary  layer  thickness.  The  shear 
stress  -iijii'j  is  propcrtional  to  the  sail  shear  u*  .  It  any  be  concluded  teat  the 
eddy  viscosity  should  be  proportional  to  ulArr*  .  so  that  Equations  (25)  and  (26) 
are  at  least  dimensionally  correct.  The  eddy  Tiscosity  of  asymptotic  layers  can  no* 
be  coopered  vith  the  eddy  visccsity  of  ucsucked  tnrbnlent  boundary  layers,  since  both 
are  written  in  tens  oi  the  star  variables.  It  is  seer,  that  the  eddy  viscosity  of 
asjaptotie  layer*  (and  possibly  of  all  equilibrium  layers  at  snderaie  action  tates) 

Is  only  one  fifth  ss  large  as  the  eddy  ri3ccsity  of  nnsucked  turbulent  boundary  layers. 

*  final  suggestion  *111  no*  be  Bade  concerning  the  lack  of  agreement  between 
Equations  (25)  and  (26).  If  Equation  (15)  is  substituted  into  Equation  (8).  one 
obtains  (C,  -  0.2.  C.  =  -2’- 


0.2  exp 


(27) 


valid  for  asymptotic  layers  only.  Close  to  the  vail  therefore  -u.u,  -  0.2  a* 
approxinately.  i.e.  in  this  cocteit  the  “representative  level  of  shear  stress”  is 
only  one  fifth  of  the  vail  shear.  On  the  other  hand,  for  Eisuciec  boundary  layers 
-BjOj  =  h*  close  to  the  vail.  If  not  u*  .  but  (-u:u;)rfj  is  used  in  ths  expres- 
sions  for  the  eddy  viscosity.  Equations  (25)  and  (26)  unite,  to  yield  approximately 


v-  = 


0.09 


A 

i' 


(28) 


This  expression  is  obviously  provisional.  It  is  not  presented  as  a  final  result,  but 
rather  to  indicate  a  direction  in  vhich  further  progress  say  be  eirected. 
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SUMMARY 


T»o  direct  metrical  eethods  are  used  to  obtain  eigenvalues  and 
eigenfunctions  of  tbe  complete  linearized  stability  equations  and  of 
the  inriscid  stability  equations.  For  the  inviscid  equations,  ne» 
families  of  amplified  solutions  are  found.  Tbe  eaxiaaa  amplification 
rates  and  frequencies  of  these  solutions  are  caapcled  as  functions  of 
Kj  ,  the  free-streca  Mach  ncsber,  and  as  functions  of  sail  temperature 
(cooled  nil  only)  at  k,  =  5.8  .  It  is  found  that  one  of  the  nev 
faailics  of  solutions  is  the  aost  unstable  and  is  destabilized  bar 
cooling.  For  finite  Reynolds  matbevs.  neutral  staliity  curTes  are 
computed.  and  at  a  fixed  Reynolds  nunber  tbe  saxiaua  aapl if ication  of 
disturbances  of  constant  frequency  is  computed  as  a  function  of  ST, 
and  of  the  rail  temperature  at  M.  =  5. S  .  The  maxim®  asplificat.on 
decreases  aith  increas'ng  at  leer  supersonic  Sack  numbers.  rises  to 
a  peak  near  R,  -  5  .  and  then  decreases  aith  further  inc-eascs  in  t,  . 
Cooling  the  »all  is  found  to  hare  little  effect  oa  the  maxious 
amplification. 


StfSAIBE 


Oa  utilise  deux  m«?thodes  nuaeriques  directes  pour  la  determination 
des  valeurs  et  f one t iocs  propres  des  equations  linearise'es  completes  de 
la  stabilite  aissi  que  des  equations  de  1?.  stabilite  sans  frotteneut. 

Pour  les  equations  sans  frotteaent.  on  troure  de  nouvelles  fanilles  de 
solutions  aarplifie'es.  Les  taux  et  frequences  maxima  d' amplification  de 
ces  solutions  sont  calcale'es  cease  des  fonctions  de  Jl,  ,  le  nombre  de 
Mach  en  courani  litre,  et  cocae  de-  frictions  de  la  temperature  pari^tale 
(parol  refroiaie  seulesent),  pour  if,  =  5.8  .  On  constate  que  1’une  des 
nouvellcs  families  de  solutions  est  la  plus  instable,  et  se  trouve 
rfloigne'e  de  la  stabilite'  par  le  refroidissement.  Pour  les  nombres  de 
Reynolds  finis,  on  calcule  les  courbes  de  stabilite  neutre  et  peur  un 
certain  nooibre  de  Reynolds  1’ amplification  naximale  des  perturbations  de 
frequence  constante  est  calculee  cossie  une  fonction  de  et  de  la 
temperature  parietale  pour  ilj  =  5.8  .  L' amplification  maximale  decroft 
a  mesure  que  M  croft  aux  faibles  nombres  de  Mach  supersoniques,  croft 
ensuite  Jusqu’ a  une  valeur  limite  aux  alentours  de  M  =  5  ,  et  decroft 
de  nouveau  a  mesure  que  M,  continue  de  croftre.  On  constate  que  le 
refroidisseaent  de  la  paroi  a  une  faible  influence  sur  1* amplification 
maximale. 


i 
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NOTATION 

A  disturbance  ampl iturie 

A,  amplitude  of  constant-frequency  disturbance  at  start  of  unstable  region 

A^  disturbance  amplitude  at  R  =  100 

c  dimensionless  complex  wave  velocity,  cr  +  iCj 

cg  phase  velocity  at  generalized  inflection  point 

f  amplitude  function  of  longitudinal  velocity  fluctuation 

F  dimensionless  frequency,  i^/V*2 

M  free-strean  Mach  cu»:ier 

II  local  Hack  number  of  mean  flow  relative  to  phase  velocity  cr  » 

n  mode  number 

p  pressure 

Q  typical  dependent  variable 

r  amplitude  function  of  density  fluctuation 

Rj  free-stream  x-Reynolds  number,  U*x'Vv* 

R  =  v^ 

Rj  Reynolds  number  at  start  of  unstable  region  for  constant- frequency 

disturbance 

t  time 

T  static  temperature 

Tw  wall  temperature 

Tr  temperature  of  insulated  wall 

u  x-component  of  velocity 

•J  free-stream  velocity 

v  y-component  of  velocity 

x  co-ordinate  parallel  to  free-stream  velocity 


co-ordinate  normal  to  free-strewn  velocity 


dependent  variable.  Equation  (6) 
dimensionless  rave  number.  (2n/k*) (x*/R) 

rave  number  of  inriscid  neutral  solution  with  phase  velocity  cg  ,  nth 
mode 

wave  number  of  invlscid  singular  neutral  solution  (cr  =  1),  ntJl  mode 

circular  frequency 

ratio  of  specific  heats 

Bl&sius  variable.  (y*/x*)R 

point  in  boundary  layer  where  u  =  cg 

point  in  boundary  layer  where  u  =  1  -  1/Mj 

anplitude  function  of  temperature  fluctuation 

wave  length 

free-stream  kinematic  viscosity  coefficient 

i 

anplitude  function  of  pressure  fluctuation 
density 

amplitude  function  of  normal  velocity  fluctuation 

Superscripts:  An  asterisk  (*)  refers  to  a  dimensional  quantity;  primes  (') 
to  derivatives  with  respect  to  rj  ;  a  tilde  (~)  to  a  disturbance  quantity. 


THE  STABILITY  OF  THE  COMPRESSIBLE  LAMINAR  BOUNDARY  LAYER 
ACCORDING  TO  A  DIRECT  NUMERICAL  SOLUTION 

L.M.  Mack 


1.  INTRODUCTION 

The  instability  of  the  compressible  laminar  boundary  layer  is  customarily  assumed 
to  play  the  same  rclc  in  the  transition  process  at  supersonic  speeds  as  it  does  in 
low  speed  flow.  However,  this  assumption  has  been  made  without  a  detailed  knowledge 
of  the  instability  characteristics  of  the  laminar  boundary  layer  over  a  wide  range  of 
llach  numbers  and  wall  temperatures.  The  results  presented  in  this  paper  are  from  an 
extensive  investigation  which  was  carried  out  in  order  to  remedy  this  lack  of 
information. 

Previous  calculations  of  the  stability  of  the  compressible  boundary  layer1,2, 3  have 
been  bunpered  by  the  inadequacies  of  the  asymptotic  method.  With  the  capabilities  of 
the  present-day  computer,  the  asymptotic  method  has  become  obsolete  for  the  production 
of  numerical  results.  It  is  now  possible  to  obtain  the  eigenvalues  and  eigenfunctions 
of  the  linearized  stability  equations  of  Lees  and  Lin 4  directly  and  without  having  to 
neglect  any  terms.  A  direct  numerical  method  of  solution  and  a  few  results  were  first 
given  fay  Brown5’ 6,  originally  for  the  simplified  Dunn-Lin  equations7,  and  later  for 
the  complete  equations.  The  method  used  in  this  paper  was  developed  independently  of 
Brown's  method  and  is  described  in  detail  elsewhere8. 

The  compressible  boundary  layer,  unlike  the  boundary  layer  at  low  speeds,  is 
dynamically  unstable;  i. e.,  it  is  unstable  to  purely  inviscid  disturbances.  This 
instability,  which  is  slight  for  low  Mach  numbers,  begins  to  strongly  affect  the 
stability  characteristics  of  the  boundary  layer  along  an  insulated  wall  in  the 
Reynolds  number  range  of  interest  at  about  M x  =3  .  In  order  to  study  the  inviscid 
stability  separately,  a  second  numerical  method  was  developed  to  compute  the  eigen¬ 
values  and  eigenfunctions  of  the  inviscid  stability  equations. 

The  plan  of  the  paper  is  as  follows:  In  Section  2  a  brief  description  is  given  of 
the  numerical  methods  used  to  produce  the  results  to  be  presented  in  the  remainder  of 
the  paper.  Section  3  is  devoted  to  results  obtained  from  the  inviscid  stability 
equations.  The  maximum  amplification  rate  and  the  frequency  with  the  maximum  amplifi¬ 
cation  rate  are  given  as  functions  of  Mach  number  up  to  Mx  =  10  ,  and  as  functions  of 
the  wall  temperature  (cooled  wall  only)  at  M,  =  5.8  .  The  results  obtained  at  finite 
Reynolds  numbers  with  the  program  for  the  solution  of  the  complete  stability  equations 
are  given  in  Section  4.  The  effects  of  Much  number  on  the  neutral-stab: ‘ <ty  curve, 
the  maximum  over-all  amplification  of  constant- frequency  disturbances  at  a  fixed 
Reynolds  number,  and  the  frequency  of  the  disturbance  with  maximum  amplification  are 
all  given.  The  paper  concludes  with  a  presentation  of  the  effect  of  cooling  on  the 
amplification  characteristics  at  one  Reynolds  number  at  =  5,8  . 
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2.  METHODS  OF  SOLUTION 


2.1  Complete  Stability  Equations 

The  numerical  results  of  Section  4  are  obtained  from  the  linearized  two-dimensional 
stability  equations  of  Lees  and  Lin".  These  equations  are  derived  from  the  Navier- 
Stokes  equations  by  writing  each  dependent  variable  as  a  steady  mean- flow  term  plus  a 
time- dependent  disturbance  term,  linearizing  the  resulting  equations,  and  subtracting 
out  the  mean-flow  equations.  Next,  the  parallel-flow  assumption  of  no  x-variaMon  in 
the  mean-flow  is  applied,  and  the  equations  are  made  dimensionless  with  respect  to 
free-stream  quantities.  The  independent  variable  is  taken  to  be 


(1) 


i 


! 

1 


> 


the  Blasius  boundary- layer  variable,  where 

R  =  (2) 

and  Rx  is  the  free-stream  x-Reynolds  number,  finally,  the  five  dependent  disturbance 
variables  u  ,  v  ,  p  ,  p  .  f  are  written  as 

Q(x.i7.t>  =  Q(7j)  exp  [ia( x  -  ct}]  (3) 

where  Q (rj)  is  any  of  the  five  dimensionless  complex  amplitude  functions  f  ,  acj) , 
v  ,  r  ,  9  for  the  above  five  dependent  variables,  respectively.  The  dimensionless 
wave  number  a  is  defined  by 


a 


277  x* 

\*7 


(4) 


where  K*  is  the  wave  length.  An  asterisk  (*)  refers  to  a  dimensional  quantity. 
The  complex  velocity,  which  is  made  dimensionless  with  respect  to  the  free-stream 
velocity  U*  ,  is 


c  =  c  +  iCj 


(5) 


Hence,  cr  is  the  phase  velocity  of  the  disturbance  in  the  x-directior,  and  c;ci 
is  the  time  rate  of  amplification.  A  positive  means  the  disturbance  is  amplified, 
and  a  negative  c^  means  damping. 


zi 

Z4 


(6) 


The  primes  refer  to  differentiation  with  respect  to  i]  .  These  equations,  which  are 
much  too  lengthy  to  write  out  here,  are  in  a  convenient  form  for  numerical  integration. 
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The  boundary  conditions  are  that  the  two  velocity  fluctuations  and  the  temperature 
fluctuation  are  zero  at  the  wall,  t]  -  0  ,  and  that  all  disturbances  are  bounded  at 
infinity. 


at  7)  =  0 

Zj(0)  =  0  ,  Z3(0)  =  0 

CSJ 

w 

© 

II 

o 

as  Tj  -  oc 

2*1  •  ^3  <  ^5 

are  bounded  J 

(7) 


The  temperature  boundary  condition  is  appropriate  for  fluctuations  whose  frequency  is 
high  enough  so  that  the  folid  material  of  the  wall  remains  at  the  wall  temperature  of 
the  mean  boundary  layer. 


The  computer  program  is  written  in  FORTRAN  IV  for  the  IBM  7094  computer.  Double¬ 
precision  arithmetic  (16  significant  decimal  digits)  is  used  for  all  numerical 
operations.  The  numerical  method  consists  of  constructing  an  eigensolution  from 
three  linearly  independent  numerical  solutions.  These  solutions  are  obtained  by 
first  solving  the  equations  with  constant  coefficients  to  which  the  stability  equations 
reduce  outside  of  the  boundary  layer.  From  these  six  solutions,  the  three  which  are 
bounded  as  rj  co  are  selected.  The  numerical  integration  of  these  three  solutions 
from  the  edge  of  the  boundary  layer  to  tj  -  0  yields  the  needed  three  linearly 
independent  solutions.  An  eighth-order  Adams-Moulton  method  with  fixed  step  size  is 
used  for  the  integration.  It  is  possible  to  perform  this  integration  up  to  values  of 
aR  in  the  neighborhood  of  300,  with  the  exact  value  dependent  upon  c  ,  At  7)  -  0 
the  three  solutions  are  combined  to  satisfy  the  two  velocity  boundary  conditions. 

The  third  boundary  condition,  Z5(0)  =  0  ,  can  only  be  satisfied  by  a  non-tr'ivial 
solution  when  the  parameters  a  ,  c  ,  and  R  form  a  set  of  eigenvalues.  The  eigen¬ 
values  are  found  by  one  of  the  three  linear  search  procedures  provided  in  the  program. 
The  first  of  these  obtains  a  and  R  for  a  specified  c  ,  the  second  c  for 
specified  a  and  R  ,  and  the  third  c  for  specified  F  and  R  ,  where 


(8) 


is  the  dimensionless  frequency.  In  Equation  (8),  /3*  is  the  circular  frequency  and 
v*  is  the  kinematic  viscosity  coefficient.  Once  the  eigenvalues  are  known,  the 
eigenfunctions  are  obtained  by  combining  the  three  independent  solutions  at  the  edge 
of  the  boundary  layer  and  integrating  the  combined  solution. 


An  important  quantity  in  the  present  investigation  is  the  over-all  amplification 
between  two  Reynolds  numbers  of  a  disturbance  of  constant  frequency.  When  the 
amplification  at  a  specific  Reynolds  number  is  known  for  several  frequencies,  tne 
response  of  the  boundary  layer  at  that  Reynolds  number  to  any  known  disturbance  can 
be  computed.  The  time  rate  of  amplification  at  a  particular  x-location  in  tne  bouada’-j 
layer  is  assumed  to  be  the  same  as  in  the  parallel  flow  . x  the  theory.  From  Equation 
(3). 


1  dA* 
A*  dt* 


*  * 


a  c 


(9) 
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In  order  to  convert  the  time  rate  of  amplification  into  a  space  rate  of  amplification, 
the  velocity  at  which  the  disturbance  actually  travels  through  the  boundary  layer  is 
needed.  Although  it  is  customary  to  use  the  group  velocity  for  this  purpose9,  the 
phase  velocity  has  been  used  throughout  the  present  computation  for  reasons  of  economy. 
Also,  it  was  later  found  that  the  dispersion  (cr  vs  a  relation)  in  the  boundary  layer 
can  be  anomalous,  and  under  this  circumstance  the  use  of  the  group  velocity  is  no 
longer  correct.  The  dimensionless  space  rate  of  amplification  is,  from  Equation  (91 
and  with  the  use  of  the  phase  velocity. 


1  dA  otCj 

A  dR  Cj. 


(10) 


Therefore,  the  ratio  of  the  amplitude  A  at  Reynolds  number  R  to  the  amplitude  Ax 
at  Reynolds  r  inber  is 


The  program  is  ised  to  find  aCj/Cj.  at  several  Reynolds  numbers  for  a  given  frequency, 
and  the  integral  in  Equation  (11)  is  evaluated  graphically. 


2.2  Inviscid  Stability  Equations  and  Boundary-Layer  Equations 

The  inviscid  stability  equations  are  obtained  from  the  complete  stability  equations 
by  taking  the  limit  R  -  oo  .  The  resulting  equations  can  be  written  as  a  single 
second-order  equation.  However,  this  equation  is  unsuitable  for  numerical  ‘integration 
because  the  term  T  -  M*(u  -  c) 2  ,  which  occurs  in  a  denominator,  can  be  zero  (u  and 
T  are  the  mean  boundary  layer  velocity  and  temperature).  The  two  first-order 
equations, 


Z 


r 

4 


ia2(u  -  c) 
T 


(12) 


Z3 


+  1 


[T  -  M9(u  -  c)2] 


u  -  c 


(13) 


which  were  used  by  Lees  and  Lin  to  show  that  [t  -  M2(u  -  c) 2]  =  0  is  not  a  true 
singularity,  are  free  from  this  difficulty  and  are  the  equations  selected  for  the 
numerical  integral  ion. 


Equations  (12,  and  (13)  have  a  singularity  at  the  point  where  u  =  c  .  In  order 
to  avoid  both  this  singularity  and  the  need  to  expand  the  solutions  in  power  series 
about  the  singularity,  the  equations  are  integrated  along  an  indented  rectangular 
contour  in  the  complex  r,  plane.  This  method  has  been  used  successfully  by  Zaat10 
for  the  incompressible  boundary  layer.  In  accordance  with  the  requirements  of  the 
inviscid  stability  theory",  the  integration  contour  must  prss  below  the  singularity 
(a  result  that  is  also  obtained  by  requiring  the  inviscid  nuaorical  solutions  to  be 
the  R  -•  a.  limit  of  the  numerical  solutions  of  the  complete  equations).  The  mean 
boundary- layer  quantities  u.  u'  and  T  nrc  continued  onto  the  indented  contour  by 
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means  of  the  first,  three  terms  of  power-series  expansions  about  the  poirt  where 
u  =  cr  .  The  derivatives  needed  in  the  series  coefficients  are  obtained  along  with 
the  boundary  layer  solutions  described  below. 

h  sixth-order  Adams-Moulton  method  with  the  integration  step  size  controlled  by 
specifying  the  estimated  truncation  error  per  step  is  used  to  perform  the  numerical 
integration.  Double-precision  arithmetic  is  not  necessary.  The  integration  is 
carried  out  from  the  edge  of  the  boundary  layer  to  the  wall,  with  the  bounded  solution 

as  7}  -  02  being  used  for  the  initial  values.  The  boundaiy  condition  at  17  =  0 

z,(0)  =  0  (14) 

is  satisfied  by  using  a  linear  search  procedure  to  find  which  combinations  of  the 
parameters  a,  c  are  eigenvalues.  When  the  eigenvalues  are  known,  the  eigenfunctions 
are  produced  by  a  final  integration. 

In  order  to  compute  numerical  solutions  of  the-  stability  equations,  it  is  necessary 
to  have  mean  boundary  layer  solutions  available  as  input  to  the  two  programs  described 
above.  These  solutions  are  provided  in  tabular  form  from  a  separate  program  that 
yields  solutions  of  the  flat-plate  boundary  layer  equations.  These  solutions  are 
exact  within  the  perfect- gas  assumption.  The  air  properties  are  taken  from  Reference 
11,  and  the  permissible  temperature  range  is  from  40°K  to  1100°K.  The  boundary  layer 
equations  are  integrated  in  a  straightforward  manner  with  the  same  integration  sub¬ 
routine  used  for  the  inviscid  equations.  The  temperature  level  of  the  solutions  used 

in  this  paper  is  as  follows:  the  free-  stream  stagnation  temperature  is  311°K,  or  the 

free-stream  temperature  is  50°K,  whichever  gives  the  higher  free-stream  temperature, 

I 

The  air  properties  provided  in  the  two  programs  for  the  solution  of  the  stability 
equations  are  the  same  as  in  the  boundary  layer  program  except  that  the  specific  heat 
is  constant.  The  specific-heat  ratio  is  taken  equal  to  1.4,  and  the  second  viscosity 
coefficient  is  taken  equal  to  0.8  of  the  ordinary  viscosity  coefficient. 


3.  INVISCID  STABILITY  RESULTS 
3.1  Neutral  Solutions 

In  their  detailed  study  of  the  inviscid  stability  theory,  Lees  and  Lin1*  considered 
two  types  ©f  non-superscnic*  neutral  disturbances.  One  of  these  was  the  sonic  neutral 
solution  with  the  eigenvalues  a  ~  0  ,  cr  -  1  -  l/Mj  .  The  other  was  the  subsonic 
neutral  solution  with  the  eigenvalues  0  =  ac  ,  c  =  cc  ,  The  phase  velocity  c_  is 
equal  to  the  mean  velocity  at  the  generalized  inflection  point,  vs  ,  which  is  the 
point  in  the  boundary  isyer  where 


<u  VT) '  =  0  . 


(10) 


A  disturbance  is  subr-oni'*.  sonic,  or  supersonic  depending  upon  wh  thcr  cr  is  greater  than, 
equal  to,  or  less  than  1  -  l/Mj  . 
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At  M j  r  0  .  Equation  (15)  reduces  to  u*  =  0  tad  1$  t  true  inflection  point. 

The  existent?  of  in  inflection  point  is  the  necessary  and  sufficient  condition  for 
the  inviscid  instability  of  the  inrnopressible  boundary  layer.  Por  the  cospressible 
boundary  layer.  Lees  and  Besbotko*  here  computed  as  a  function  cf  Mj  .  Hie 
fact  that  the  uniqueness  proof  cf  Lees  and  Lin  for  as  a  function  of  cs  and 
Mj  applies  only  when  T  -  H*(u  -  c}7  <  0  led  Lees  and  ReshctVo  to  state  that  there 
is  sow*  question  of  the  uniqueness  cf  as  when  T  -  2lj(u  -  c)?  >  0  .  The  physical 
aeaning  of  this  inequality  cay  be  seen  acre  easily  if  the  aean  flea  is  viewed  relative 
to  the  phase  velocity.  The  local  Bach  nnzber  of  the  relative  flow  is 


Consequently  the  uniqueness  proof  is  ralid  only  when  the  neaa  flow  relative  to  the 
phase  velocity  is  subsonic  throughout  the  boundary  layer. 

In  the  course  of  the  present  investigation  it  becaae  apparent  that  there  Bust  be 
■oltiple  values  of  as  .  A  systematic  search  for  additional  neutral  solutions  of 
this  type  yielded  the  results  shorn  in  Figure  1  for  the  insulated- wall  boundary  layer. 
The  dashed  curves  in  this  figure  are  discussed  later.  The  lowest  curve,  for  as.  , 
is  a  recalculation  of  the  Lees-?.eshotko  result.  The  other  nine  curves  for  >  1) 

are  the  new  solutions.  With  cf  =  cs  .  the  free-stream  Mach  nuaber  for  which  M  is 
first  equal  to  unity  is  M,  =  2.2  .  and  no  aultipie  solutions  have  been  found  fer 
M1  <  2.2  .  A  recent  theory  of  Lees 17  con fires  that  the  additional  solutions  are 
associated  with  the  existence  in  the  boundary  layer  of  a  region  of  supersonic  relative 
flow.  Multiple  solutions  of  this  type  have  also  been  found  by  Gill13  in  a  study  of 
“top-hat"  jets  and  rakes. 

The  pressure- fluctuation  amplitude  functions  of  the  multiple  neutral  solutions 
reveal  a  regularity  which  suggests  that  these  solutions  are  a  sequence  of  vibration 
nodes  of  the  boundary  layer.  The  solution  for  ag,  ,  which  can  be  called  the  first 

node,  has  no  phase  change  in  the  pressure  fluctuation  across  the  boundary  layer.  The 

solution  for  ag2  .  the  second  mode,  has  a  single  180°  phase  change.  The  third  mode 
has  two  180°  phase  changes,  and  so  forth.  These  phase  changes  can  be  related  to  the 
streamline  pattern  of  the  steady  flow  relative  to  the  phase  velocity. 

In  addition  to  the  neutral  solutions  with  eigenvalues  asn,  cs  ,  another  sequence 
of  neutral  solutions  was  found  during  the  investigation.  These  solutions  have  the 
eigenvalues  a  =  aln,  cr  =  1  ,  and  ,  like  the  additional  neutral  solutions  (asn,  cs), 
exist  only  then  there  is  a  supersonic  relative- flow  region  in  the  boundary  layer. 

There  is  no  neutral  solution  of  this  type  for  the  first  mode.  As  each  of  these 

solutions  is  approached  from  nearby  amplified  solutions,  the  ratio  of  the  maximum 

amplitude  to  the  amplitude  at  the  edge  of  the  boundary  layer  increases  without  limit. 
Consequently,  they  are  called  singular  neutral  solutions.  It  is  not  possible  to  make 
a  direct  numerical  computation  of  «ln  ,  but  since  a  varies  linearly  with  cr  in 
the  limit  cr  -  1  it  is  possible  to  obtain  a  value  of  aln  by  extrapolation  from 
the  nearby  amplified  solutions.  The  few  numerical  results  that  are  available  for 
a  have  been  used  to  draw  the  two  dashed  curves  in  Figure  1.  The  dashed  curves 
extend  to  a  Mach  number  near  unity  because  with  cr  =  1  a  supersonic  relative- flow 
region  is  present  at  a  much  lower  Mach  number  than  2.  2.  The  importance  of  the  singular 
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neutral  solutions  lies  in  the  fact  that,  unlike  the  solutions  (agn,  cs),  they  exist 
for  all  boundary  layers  in  which  there  is  a  supersonic  relative- flow  region. 

Besides  the  subsonic  neutral  solutions  Just  discussed,  supersonic  neutral  solutions 
have  also  been  found.  Soire  of  these  solutions  are  of  a  singular  nature  and  serve  as 
limiting  solutions  for  families  of  amplified  and  damped  supersonic  solutions  as 
r.j  —  0  .  Xon-singular  supersonic  neutral  solutions  which,  physically,  are  undamped 
outgoing  raves  have  beBu  found  for  a  limited  number  of  cooled-wall  boundary  layers. 

3.2  Amplified  Solutions  -  Jnsulated-ffall  Boundary  Layer 

Associated  with  each  of  the  neutral  solutions  (asn,  cg),  there  is  a  family  of 
amplified  and  damped  solutions  which  includes  the  neutral  solutions.  The  eigenvalues 
of  these  solutions  can  be  plotted  in  the  manner  shown  in  Figure  2  for  the  =4.2 
insulated- wall  boundary  layer.  Each  point  on  a  curve  in  Figure  2  x-epresents  an 
inviscid  solution,  and  the  points  that  lie  on  the  axis  cA  =■  0  are  the  neutral 
solutions.  Two  families  of  amplified  solutions  appear  in  Figure  2.  The  first  family 
connects  the  sonic  neutral  solution  and  the  first-mode  neutral  solution  (asl,  cs). 

The  solutions  in  this  family  are  referred  to  as  the  first-mode  amplified  solutions. 

The  solutions  of  the  second  family,  which  connect  the  singular  neutral  solution 
(o,-x2.  1)  and  the  second-r'de  neutral  solution  (ag2,  cs).  are  referred  to  as  the 
second-*ude  amplif-iC'*  i.o..  ions.  The  third  and  higher  modes  also  have  amplified 
solutions  which  nnect  («In,  1)  with  (asn,  cs).  The  amplified  first-mode  solutions 
have  onlv  *  small  phase  change  in  the  pressure  fluctuation  in  agreement  with  the 
behavior  of  the  first-mode  neural  solution  (a„.,  c„).  The  amplified  seccnd’-mode 

O  A  W 

unstable  solutions  have  a  considerable  phase  change,  for  the  most  part  close  to  180°, 

1u  agreement  with  the  second-mode  neutral  solution  (ag2,  cg).  It  is  not  yet  clear 
Low  to  classify  the  damped  solutions  in  Figure  2,  which  include  a  family  of  supersonic 
solutions,  and  the  full  understanding  of  these  solutions  must  await  a  theoretical 
investigat.on  into  the  nature  of  the  amplified  and  damped  solutions  of  the  inviscid 
equation. 

The  eigenvalue  diagrams  at  Mx  =  5.  8  ,  where  a12  <  agl,  are  shown  in  Figure  3. 

At  this  Mach  number,  it  is  the  continuation  into  the  damped  region  of  the  family  of 

amplified  solutions  of  the  first  mode,  rather  than  the  second  mode  as  in  Figure  2, 
that  lends  to  the  supersonic  damped  solutions.  Further  increases  in  Mach  number 
bring  additional  changes  in  the  eigenvalue  diagrams.  In  particular,  the  first  and 
second-node  amplified  solutions  join  at  a  c^  >  0  ,  and  the  curve  that  starts  at  the 
sonic  neutral  solution  does  not  regain  the  neutral  axis  until  it  reaches  the  neutral 
solution  (a&2,  cs). 

It  has  been  found  that  the  i?  viscid  relationship  between  cr  and  a  is  closely 
preserved  at  finite  Reynolds  numbers.  Consequently,  the  statement  made  earlier  that 
the  dispersion  in  the  boundary  layer  car,  be  anomalous  may  be  verified  from  the 
eigenvalue  diagrams.  It  is  apparent,  that  as  a  increases,  cr  may  either  increase 
or  decrease  depending  upon  the  family  of  solutions  being  followed  and  the  range  of  a  . 

With  the  eigenvalues  known,  the  maximum  time  rate  of  amplification  and  the 

frequency  of  the  disturbance  with  the  maximum  amplification  rate  (referred  to  as  the 
most  unstable  frequency),  can  be  obtained  for  each  mode.  This  information  is  provided 
in  Figure  4  os  a  function  of  Mj  foi  the  first  three  modes.  In  dimensionless  form 
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it  is  necessary  to  plot,  instead  of  a  frequency  alone,  the  quantity  FR  ,  where  R 
is  the  Reynolds  number  of  the  boundary  layer  profile  whose  inviseid  stability  is 
under  consideration.  Figure  4  shows  that  the  most  unstable  mode,  at  least  for 
M,  >  2  ,  is  the  second  mode.  Above  Mj  =  6.5  the  third  mode  is  more  unstable  than 
the  first  mode.  The  maximum  amplification  rate  of  the  second  mode  occurs  at 
II s  =  4.6  ,  and  at  .  M,  -  10  has  only  one-third  of  its  value  at  Mj  =  4.6  .  At 
Mj  =  10  ,  the  most  unstable  frequency  of  the  second-mode  is  only  50%  higher  than  for 
the  first  mode,  but  at  Mj  “3.8  this  frequency  is  five  times  as  large  as  the  most 
unstable  first-mode  frequency. 

3.3  Effect  of  Wall  Cooling  at  Mj  =5.8 

One  of  the  most  interesting  results  of  the  stability  theory  has  always  been  the 
prediction  of  the  stabilizing  effect  of  cooling1.  This  prediction  follows  from  an 
investigation  into  the  influence  of  wall  cooling  on  the  minimum  Reynolds  number 
neutral  solution,  and  is  based  upon  the  asymptotic  theory.  Consequently,  it  is 
important  to  use  the  direct  numerical  methods  to  study  the  effect  of  cooling  on  both 
the  inviseid  and  finite  Reynolds  number  stability  characteristics.  In  this  section, 
the  inviseid  stability  of  cooled-wall  boundary  layers  at  M,  =5.8  is  considered. 

Cooling  the  wall  at  a  fixed  Mach  number  moves  the  generalised  inflection  point  7? 
in  the  direction  of  r)Q  ,  the  point  where  u  =  1  -  l/Mj  .  When  T^/T  ,  the  ratio  of 
the  wall  temperature  to  the  temperature  of  the  insulated  wall,  is  equal  to  0.20  at 
Mj  =5.8  ,  the  two  points  rja  and  rjQ  coincide.  When  =0.15  ,  the  point  rjs 

vanishes.  With  tjs  <  r;Q  or  non-existent,  the  subsonic  neutral  solutions  (asn,  cg) 
no  longer  exist.  Consequently,  no  first-mode  amplified  -olutions  are  possible  since 
they  are  bounded  by  the  sonic  neutral  solution  and  the  neutral  solution  (a^,  cs). 
However,  the  singular  neutral  solutions  exist  regardless  of  the  wall  temperature. 
Further,  asn  does  not  approach  aln  as  tjs  -  t}0  ,  and  cs  -  1  -  1/Mj  rather  than 
unity.  Consequently,  the  vanishing  of  the  neutral  solutions  (aSJJ,  c&)  does  not  imply 
the  stabilization  of  the  higher  modes.  Indeed  it  is  found  tuat  the  amplified  solutions 
of  the  second  and  higher  modes  exist  at  all  wall  temperatures. 

When  the  wall  is  cooled  so  that  rjB  is  near  r)Q  ,  a  neutral  supersonic  solution 
is  found  with  a  phase  velocity  slightly  less  than  1  •  l/'Mj  and  a  wave  number  slightly 
greater  than  aSJ  .  A  family  of  supersonic  amplified  solutions  with  small  acj  is 
associated  with  this  neutral  solution.  When  the  wall  is  cooled  further,  so  that  vs 
is  less  than  r)Q  or  does  nd  exid,  the  srccnd-uiode  amplified  solutions  originating 
at  the  singular  neutral  solution  (aIJt  1)  join  the  supersonic  amplified  solutions  at 
a  Cj  >  0  .  The  latter  solutions  eventually  regain  the  neutral  axis  at  a  singular 
supersonic  neutral  solution. 

The  effect  of  cooling  at  M,  =5  8  on  the  tine  rate  of  amplification  and  frequency 
of  the  most  unstable  disturbance  for  the  first  three  modes  is  shown  in  Figure  5.  As 
expected,  the  first  moae  is  completely  stabilized  by  cooling  at  Tw/Tr  =  0.20  .  In 
contrast,  cooling  destabilizes  both  the  second  and  third  modes.  Associated  with  the 
Increase  in  amplification  rate  is  an  increase  in  the  most  unstable  frequency.  For 
the  first  mode,  the  most  unstable  frequency  goes  to  zero  as  stabilization  hukes  place. 

The  only  other  Mach  number  at  which  a  computation  has  beer,  made  of  the  effect  of 
coding  on  the  inviseid  stability  is  Mj  =  7.1  .  At  this  Mach  number,  cc  ling  has  an 
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even  larger  destabilizing  effect  or,  the  second  mode  than  at  Mj  =  5. 8  .  For 
Tw/Tr  =  0-055  ,  the  maximum  second-mode  amplification  rate  is  increased  by  80%  and 
the  most  unstable  frequency  is  doubled  as  compared  to  the  insulated  wall  values. 


4.  STABILITY  AT  FINITE  REYNOLDS  NUMBERS 

4.1  Neutral -Stability  Curves  for  the  Insulated-Wall  Boundary  Layer 

It  is  possible  to  plot  the  eigenvalues  of  the  complete  stability  equations  in  the 
same  way  as  was  done  for  the  inviscid  eigenvalues,  but  with  a  separate  diagram  for 
each  Reynolds  number.  However,  it  is  customary  to  represent,  the  eigenvalues  by 
plotting  wave  number,  phase  velocity,  or  frequency  as  functions  of  the  Reynolds 
number  for  constant  Cj  or  acj  .  In  such  plots,  the  unstable  region  is  separated 
from  the  stable  region  by  a  curve  of  neutral  stability  =  0),  which  serves  to 
define  the  range  of  unstable  eigenvalues.  The  present  section  is  devoted  to  an 
examination  of  computations  of  the  neutral -stability  curve  at  M  =  2.  2  ,  and  to  a 
study  of  the  effect  of  Mach  number  on  the  neutraT  stability  curve. 

The  original  Lees-Lin  theory1*  was  applied  by  Lees1  to  compute  neutral-stability 
curves  up  to  Mx  =  1.3  .  The  present  author2  used  the  Dunn-Lin  theory7  at  M:  =  1.3  , 
1.6  and  2.2,  and  Lees  and  Reshotko3  used  an  improved  asymptotic  method,  which  includes 
terms  neglected  by  Dunn  and  Lin,  at  Mi  =2.2  and  5.6  .  The  direct  numerical  method 
agrees  satisfactorily  with  the  asymptotic  method  at  =1.3  and  Mt  =1.6  except 
in  the  minimum  Reynolds  number  region,  and  with  the  experimental  neutral  points  of 
Laufer  and  Vrebalovich 1 4  at  Mj  =  1.6  .  It  is  at  =2.2  that  wide  disagreements 
become  apparent. 

In  Figure  6,  three  computed  neutral-stability  curves  at  Mj  =2.2  are  given  in  the 
form  of  frequency  vs  Reynolds  number  along  with  the  experimental  points.  The  dashed 
curve  is  the  result  computed  from  the  Dunn- 1 in  theory2  .  The  innermost  curve  is 
obtained  from  the  complete  stability  equations  by  the  direct  numerical  method.  There 
is  a  large  difference  between  these  t*o  neutral  curves  at  all  Reynolds  numbers.  The 
Lees-Reshotko  neutral  curve  is  not  shown,  but  it  is  in  exact  agreement  with  the  Dunn- 
Lin  curve  on  the  upper  branch,  and  is  slightly -to  the  right  of  the  Dunn-Lin  lower 
branch. 

The  third  curve  in  Figure  6  is  the  neutral-stability  curve  obtained  from  the 
simplified  equations  of  Dunn  and  Lin  by  the  direct  numerical  method.  This  computation 
tests  both  the  adequacy  of  these  equations  and  the  success  of  the  Dunn-Lin  method  in 
solving  them.  It  is  apparent  from  Figure  6  that  the  asymptotic  theory  makes  a  greater 
numerical  error  ir.  solving  its  system  of  equations  than  is  inherent,  in  the  asymptotic 
equations  themselves.  The  close  agreement  of  the  Lees-Reshotko  nevti'il  curve  with 
the  Dunn-Lin  neutral  curve  also  indicates  that  the  source  of  trouble  with  the 
asymptotic  method  is  not  to  be  found  in  the  equations.  It  is  to  be  concluded  that 
the  asymptotic  theory  is  no  longer  adequate  for  numerical  computations  in  the  Reynolds 
number  range  of  interest  above  =1.6  . 

The  experimental  points  in  Figure  G  lie  very  close  to  the  upper  branch  given  by 
the  asymptotic  theory.  On  the  lower  branch,  they  fall  generally  along  the  neutral 
curve  obtained  from  the  complete  equations.  As  a  result,  the  experimental  unstable 
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region  is  markedly  larger  than  the  computed  unstable  region,  and  associated  with  this 
difference  is  almost  an  order  of  magnitude  difference  in  the  experimental  and  computed 
amplification  rates.  The  reason  for  the  disagreement  between  theory  and  experiment 
at  Mj  -  2.2  is  not  known. 

The  dependence  of  the  neutral -stability  curve  upon  Mach  number  is  best  shown  by 
plotting  the  eigenvalues  against  1/R  instead  of  R  in  order  to  emphasize  the  large 
Reynolds  number  region.  In  Figure  7,  plots  of  a  vs  l/R  are  given  for  =  1.3  , 
2.2,  2.6,  3.0  and  3.8.  Only  the  neutral-stability  curve  at  Mj  =  1.6  is  similar  to 
the  familiar  one  at  M,  =  U  .  The  increasing  value  of  asl  with  increasing  M, 
enlarges  the  range  of  unstable  wave  numbers  as  R  -  oc  ,  and  this  enlargement  gradually 
spreads  to  lower  Reynolds  numbers  as  M,  increases.  At  M,  =  3. 8  ,  this  process  is 
complete.  The  familiar  maximum  in  a  at  a  low  Reynolds  number  has  disappeared,  and 
a  increases  monotonically  as  the  neutral-stability  curve  is  followed  from  the 
inviscid  sonic  neutral  point  to  the  inviscid  neutral  point  asl  .  The  appearance  of 
the  neutral-staoility  curve  at  Mj  =3.8  is  reminiscent  oi  that  for  the  wake,  with 
the  difference  that  the  minimum  Reynolds  number  for  the  wake  is  much  lower.  This 
type  of  neutral  curve  implies  that  the  maximum  instability  occurs  as  R  -*  oo  , 
Consequently,  the  effect  of  viscosity  is  only  stabilizing,  in  contrast  to  the 
situation  at  low  Mach  numbers  where,  without  viscosity,  the  boundary- layer  is  either 
stable  or  nearly  so. 

Two  neutral-stability  curves  of  a  vs  R  are  given  in  Figure  8  for  Mj  =4.5 
and  Mj  =4.8  .  These  Mach  numbers  were  selected  because  a12  =  ocgj  at  Mj  =  4. 6 
(Fig.  1).  At  M,  =  4.  5  ,  where  <x12  >  usl  ,  there  are  two  distinct  unstable  regions 
and  two  distinct  neutral  curves.  The  l.wer  unstable  region  corresponds  to  the 
inviscid  first-mode  amplified  soluti:ns,  and  the  upper  region  to  the  inviscid  second¬ 
mode  unstable  solutions.  The  first-mode  neutral  curve  is  similar  to  the  Mj  =3.8 
neutral  curve.  The  lower  branch  approaches  a  =  0  as  R  -«  oo  ,  and  the  upper  branch 
approaches  as,  .  The  upper  branch  of  the  second-mode  neutral  curve  approaches  the 
second-mode  neutral  solution  <x&2  ,  and  the  lower  branch  presumably  approaches  the 
singular  neutral  solution  a12  .  Because  viscosity  is  only  stabilizing,  and  the 
second  mode  has  greater  inviscid  instability  than  the  first  mode  (Fig. 4),  the  second¬ 
mode  unstable  region  extends  to  a  lower  Reynolds  number  than  does  the  first  mode. 

At  II,  =  4.8  ,  where  «1Z  <  <*sl  »  the  two  unstable  regions  have  merged  into  a 
s.agle  large  unstable  region  enclosed  by  a  single  neutral-stability  curve.  This 
neutral  curve  expends  from  the  inviscid  sonic  neutral  point  to  the  inviscid  second¬ 
mode  neutral  point  ag2  .  A  further  increase  in  the  Mach  number  above  4.8  makes  the 
merger  of  the  two  unstable  regions  more  complete.  Also,  it  can  be  expected  that  the 
upper  bra.uch  will  tend  to  as3  when  oc13  <  ag2  and  to  <xs4  when  “l*  <  “S3  ' 

4.2  Amplification  in  the  Insulated-Hall  Boundary  Layer 

The  neutral- stability  curves  serve  to  locate  the  instability  regions  bu-.  ->t 
provide  any  information  concerning  the  actual  growth  of  disturbances  in  the  boundary 
layer.  The  maximum  rate  of  amplification  can  be  obtained  at  a  specified  Reynolds 
number,  but  of  more  interest  than  the  rate  of  amplification  is  the  amplitude  of  a 
disturbance  of  constant  frequency  as  a  function  of  Reynolds  number.  This  type  of 
calculation  has  beer,  performed  by  Lees9  at  Mj  =0.7  .  The  relevant  equation  is 
Kquution  (11). 
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It  is  found  that  the  ratio  of  the  amplitude  at  the  end  of  the  unstable  region  to 
the  amplitude  at  the  beginning  increases  indefinitely  as  the  frequency  F  decreases. 
Consequently,  any  desired  amplitude  is  possible  if  sufficiently  large  Reynolds  numbers 
are  permitted.  A  more  meaningful  computation  is  to  find  the  variation  with  frequency 
of  the  ratio  of  the  amplitude  at  a  fixed  Reynolds  number  to  the  amplitude  at  the 
start  of  the  unstable  region.  This  computation  will  yield  the  value  of  the  maximum 
amplitude  ratio,  or  amplification,  rather  than  the  maximum  amplification  rate,  that 
is  possible  at  a  given  Reynolds  number,  as  well  as  the  corresponding  frequency.  This 
frequency  is  referred  to  as  the  mos'  unstable  frequency.  It  differs  from  the  inviscid 
most  unstable  frequency,  as  the  latter  is  the  frequency  with  the  maximum  amplification 
rate. 

A  typical  result  is  shown  in  Figure  9  where  the  amplitude  ratio  A/Aj  at  M.  =5.8 
is  given  as  a  function  of  frequency  for  four  different  Reynolds  numbers.  When  the 
upper  branch  of  the  neutral  curve  is  located  upstream  of  the  specified  Reynolds  number 
for  a  particular  frequency,  the  damping  downstream  of  the  neutral  curve  is  not 
considered  in  computing  A/Aj  .  Hence  Figure  9  gives  the  available  amplification  at, 
or  upstream  of,  one  of  the  four  Reynolds  numbers.  The  maximum  amplification  rises 
from  five  at  R  =  1000  to  400  at  R  =  2500  .  At  R  =  1500  ,  the  most  unstable 
frequency  of  1.1  x  10'4  is  amplified  21  time's.  For  the  typical  wind-tunnel  condi¬ 
tion  of  Rj/in  =  105  ,  this  frequency  is  42,000  cycles/ rec.  The  half  frequency, 

21,000  cycles/sec,  docs  not  pass  through  the  ..  jeond-mode  unstable  region  and  is 
amplified  only  2.3  times. 

When  the  computation  of  Figure  9  at  R  =  1500  is  repeated  for  several  Mach  numbers, 
Figures  10  and  11  can  be  drava.  These  figures  give,  respectively,  the  maximum  ampli¬ 
fication  and  the  most  unstable  frequency  at  R  =  1500  as  functions  of  tue  Mach  number. 
From  =3.6  .  where  the  second-mode  unstable  region  first  appears  at  R  =  1500  , 
to  Mj  =  4.6  ,  the  merger  Mach  number*,  there  are  two  separate  unstable  regions  and, 
therefore,  two  separate  curves  in  the  figures.  Computed  points  were  available  at 
Mt  =0.7  (Ref.  9),  1.3,  2.2,  3.8,  5.8  and  7.0.  The  amplitude  ratios  for  the  second- 
mode  and  combined  regions  between  Mt  =3.6  and  5.8,  and  for  the  first-mode  region 
between  3.8  and  4.6,  have  been  estimated  from  the  neutral-stability  curves  and  the 
inviscid  amplification  rates.  The  estimated  portions  of  the  curves  ere  drawn  dashed 
to  emphasize  their  tentative  nature.  In  order  to  lave  a  continuous  second-mode  curve 
in  the  vicinity  of  the  merger  Mach  number,  it  i'  necessary  to  interpret  in  the 
following  manner.  For  3.6  <Mj  <  4.25  ,  the  most  unstable  second-mode  frequep.cy 
does  not  pass  through  any  part  of  the  first-mode  unstable  region.  For  Mj  >  4.25  , 
this  frequency  passes  through  the  first-mode  region  and  then  a  damped  region  before 
reaching  the  second-mode  neutral  curve.  At  some  Mach  number  less  than  the  Mach 
number  where  the  of  the  two  unstable  regions  is  completed  for  this  frequency, 

the  initial  amplitude  at  the  second-mode  neutral  curve  will  equal  the  initial  amplitude 
at  the  lower  branch  of  the  first-mode  neutral  curve.  Consequently,  above  this  Mach 
number  At  is  taken  to  be  the  amplitude  at  the  first-mode  neutral  curve  rather  than 
the  second-mode  neutral  curve. 

As  lij  increases  from  zero  to  two,  there  is  a  remarkable  decrease  in  the  maximum 
amplification.  Indeed,  at  Mj  =2.2  the  boundary  layer  at  R  =  1500  is  almost 


*  M  ■  4. 6  ia  the  aerger  Mach  nuaber  at  Infinite  Reynolds  number.  The  actual  merger  Mach 
nusbor  it  R  ■  1500  is  slightly  larger. 
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stable  to  the  assumed  disturbances.  The  numerical  reason  for  this  decrease  can  be 
seen  by  consideration  of  the  maximum  space  rata  of  amplification  acA/cr  of  the 
disturbance  with  maximum  amplification  at  R  =  1500  .  In  comparison  with  Mj  =  0  , 
a  and  cr  at  Mj  =  2.2  are  each  decreased  by  a  factor  nf  5,  and  cr  is  increased 
by  a  factor  of  2.  Consequently,  the  maximum  amplification  rate  at  =2.2  has 
only  l/  'O  of  Its  >  alu*1  at  M1  =0  .  The  decrease  is  interpreted  to  mean  the  virtual 
disappearance  of  me  viscous  instability  mechanism  that  is  responsible  for  the 
instability  of  the  incompressible  boundary  layer.  The  gradual  increase  in  the 
amplification  in  the  first-mode  region  between  Mj  =2.2  and  4.6  is  a  consequence 
of  the  increasing  inviscid  instability.  This  amplification  increase  is  accompanied 
by  more  than  a  four- fold  increase  in  the  most  unstable  frequency. 

At  Mj  =3.9  the  second-mode  amplitude  ratio  is  equal  to  that  of  the  first-mode. 
However,  the  most  unstable  second-mode  frequency  is  almost  four  times  the  most 
unstable  first-node  frequency.  At  the  merger  Macb  number  the  two  frequencies  differ 
by  just  under  a  factor  of  two.  The  merger  Mach  number  is  close  to  the  Mach  number  at 
which  the  second- mode  has  its  maximum  inviscid  amplification  rate  (Pig.  4).  Therefore, 
increasing  tfie  Mach  number  can  be  expected  to  lead  to  a  decrease  in  the  amplification. 
The  actual  decrease  in  amplification  is  not  as  large  as  would  be  expected  from 
Figure  4  because  the  unstable  "egion  is  enlarged  with  increasing  Mj  as  the  upper 
branch  of  the  neutral-stability  curve  gos. ,  ah  the  limit  R  -*  oo  ,  first  to  as3  at 
M,  =6.5  .  and  then  to  as4  at  some  higher  Mach  number.  It  is  estimated  that  at 

lit  =  10  .  A/Aj  at  R  =  1500  is  about  5. 

Before  any  use  can  be  made  of  the  amplification  results  in  interpreting  observed 
transition  Reynolds  numbers,  two  points  must  be  kept  in  mind.  First,  at  Mt  =  0  the 
experiments  of  Klebanofi,  Tidstrom  end  Sargent15  have  shown  that  after  the  linear 
range  of  the  stability  theory  two  other  events  precede  the  first  appearance  of 
turbulence.  A  strongly  three-dimensional  development  of  the  instability  wave  is 
followed  by  a  sudden  breakdown  in  the  most  amplified  portion  of  the  three-dimensional 
wave.  The  breakdown  can  perhaps  be  explained  as  a  secondary  linear  instability  of 
the  highly  distorted  time- dependent  boundary  layer  velocity  profile16.  If  either  of 
these  processes  depends  upon  Mach  number  in  a  different  way  than  does  the  linear 
stability  theory,  the  variation  of  the  transition  Reynolds  number  with  Mach  number 
will  not  follow  the  trend  of  the  linear  theory.  The  second  point  is  that  the  appli¬ 
cation  of  the  linear  theory  itself  requires  the  specification  of  the  disturbances 
present  in  the  boundary  laye1"  as  to  frequency  spectrum  and  amplitude  distribution  in 
the  flow  direction.  If  a  frequency  is  found  to  be  the  most  unstable  frequency  at  a 
certain  Reynolds  number,  but  the  energy  at  this  frequency  is  negligible  compared  to 
the  energy  of  other  frequencies,  then  the  observed  dominant  frequency  will  not  be  the 
one  calculated  as  the  most  unstable.  The  observed  frequency  spectrum  after  amplifica¬ 
tion  also  depends  on  whether  or  not  the  quantity  Aj  appearing  in  Figures  9  and  10 
is  a  function  of  x  .  Figure  9  is  the  actual  frequency  spectrum  at  any  of  the  four 
Reyoolds  numbers  only  if  the  initial  frequency  spectrum  is  flat  and  Aj  is  independent 
of  x  . 


4.3  Effect  of  Cooling  at  Mj  =5.8 

The  effect  of  coal  in*  on  the  Inviscid  stability  at  Mj  =5.8  has  been  discussed 
in  Section  3.3.  The  conclusion,  summarized  in  Figure  5,  was  that  cooling  can  com¬ 
pletely  stabilize  the  first-r.de.  but  destabilizes  the  second  and  higher  modes.  In 
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this  section,  tho  effect,  of  cooling  at  Mx  =5.8  on  wc  stability  * characteristics  at 
finite  Reynolds  numbers  js  presented. 

Neutral-stability  curves,  amplification  rates,  and  the  over-all  amplification  of 
constant  frequency  disturbances  have  been  computed  for  T/T„  =  0.65  ,  0.25  ami  0.05, 
The  effect  of  cooling  on  the  neutral-stability  curve  is  to  uncouple  the  merged  first 
and  second-code  unstable  regions,  and  at  the  same  time  to  move  the  first-mode  unstable 
region  in  the  direction  of  infinite  Reynolds  number.  The  second-mode  unstable  region 
extends  to  substantially  the  same  minimum  Reynolds  number  for  all  wall  temperatures 
but  shifts  to  higher  values  of  a  as  Tw/Tr  decreases. 

The  maximum  amplification  rate  at  a  given  Reynolds  number  is  given  within  a  few 
percent  by  the  inviscid  theory.  The  maximum  amplification  at  R  =  1500  is  given  in 
Figure  12  (upper  curve)  as  a  function  of  Tw/Tr  ,  and  the  most  unstable  frequency  at 
R  =  15G0  is  given  in  Figure  13.  As  shown  by  Figure  12,  the  maximum  amplification  is 
almost  independent  of  the  wall  temperature.  The  increase  in  the  amplification  rate 
with  decreasing  Tw/Tr  is  compensated  for  by  the  narrowing  of  the  unstable  region. 

The  most  unstable  frequency  is  increased  about  75%  over  its  insulated-wall  value. 

The  inviscid  most  unstable  frequency  doubles  over  the  same  temperature  range,  and  at 
R  =  1500  averages  about  15%  less  then  the  frequency  of  Figure  13.  Consequently, 
provided  the  Mach  number  is  high  enough,  the  maximum  amplification  rate  and  even  the 
most  unstable  frequency  can  be  obtained  satisfactorily  from  the  inviscid  theory. 
However,  for  the  computation  of  the  amplification  it  is  necessary  to  carry  out  a 
finite  Reynolds- number  calculation. 

Figure  12.  like  Figure  10,  gives  the  actual  amplification  at  R  =  1500  of  a 

disturbance  for  which  Aj  ,  the  initial  amplitude,  is  independent  of  Reynolds  number 

and  frequency.  A  different  type  of  disturbance  is  one  that  is  introduced  into  the 
boundary  layer  at  some  fixed  x-position,  say  at  R  =  100,  with  an  amplitude  A0  . 

For  this  disturbance,  the  stabilization  of  the  first-mode  by  cooling  replaces  a  region 
of  low  amplification  rate  by  a  damped  region  in  which  the  damping  rate  increases  with 
increasing  cooling.  This  change  will  have  a  large  effect  on  the  observed  amplitude 
of  the  disturbance  at  a  downstream  location.  The  lower  curve  in  Figure  13  gives  the 
amplitude  ratio  A/A0  as  a  function  of  Tw/Tr  .  The  most  unstable  frequency  at 

R  =  1500  is  the  same  for  the  localized  disturbance  as  for  the  uniformly  distributed 

disturbance.  Figure  13  shows  that  the  amplitude  of  the  disturbance  at  R  =,1500  is 
less  than  its  initial  amplitude  for  Tw/Tr  <0.24  .  In  this  special  sense,  cooling 
has  stabilised  the  boundary  layer. 
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FIr. 1.  Wave  numbers  of  inviscid  neutral  solutions  as  functions  of  free-streara  Mach 

number  Insulated-wall  boundary  layer. 
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Pig. 4.  Effect  of  free-stream  Mach  number  on  amplification  rate  and  frequency  of 
most  unstable  inviscid  disturbance  for  first  three  inodes. 
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Neutral-stability  curves  of  frequency  vs  Reynolds  number 

insulated-wall  boundary  layer. 
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Amplitude  ratio  of  most  unstable  disturbance  at  R  =  1500  as  a  function  of 
free-streaa  Mach  number.  Insulated-wall  boundary  layer. 
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Fig. 11.  Frequency  of  most  unstable  disturbance  at  R  =  1500  as  a  function  of 
free-stream  Mach  number.  Insulated-wall  boundary  layer. 
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SUMMARY 


Recent  theoretical  procress  in  the  field  of  boundary  layer  stability 
and  transition  as  influenced  by  a  compliant  surface  is  reviewed.  The 
main  physical  mechanisms  involved  in  boundary  layer  Instability  are 
explained,  and  it  is  demonstrated  that  for  any  stabilization  method  to 
be  effective  the  net  dissipation  associated  with  an  instability  wave 
must  be  reduced.  Results  of  extensive  numerical  calculations  show  that 
for  certain  combinations  of  compliant,  surface  parameters  it  is  possible 
to  reduce  the  spatial  amplification  rates  substantially,  although  the 
increase  in  critical  Reynolds  nunber  usually  is  small.  The  main  practical 
difficulty  associated  with  this  method  of  boundary  layer  stabilization  is 
to  find  a  compliant  surface  material  of  low  mass  density. 

The  qualitative  effects  of  a  wall  flexibility  on  the  later  non-linear 
stages  of  transition  are  also  discussed.  It  is  concluded  that  the  direct 
effect  on  the  non-linear  breakdown  process  is  likely  to  be  small  and 
that  the  main  effect  is  on  the  primary  wave  whose  nature  may  be  altered 
and  thus  the  condition  for  the  appearance  of  turbulent  bursts. 


SOMMAIRE 


Des  rdeents  progrfis  th^oriques  r^alisds  dans  le  domaine  de  la 
stability  de  la  couche  limite  et  de  la  transition  grfice  &  1’  introduction 
d'  un  plan  souple  sort  passds  en  revue.  Les  principaux  processus 
physiques  de  1’ instability  de  la  couche  limite  sont  expliquds  et  1’ on 
demontre  qu’  une  mdthode  de  stabilisation  n’ est  efficace  qu’  &  condition 
de  diminuer  la  dissipation  nette  lide  &  une  ende  d’ instability.  Les 
rdsultats  de  nombreux  calculs  numyriques  montrent  que  pour  certaines 
combinaisons  de  paramytres  des  plans  souples  il  est  possible  de  ryduire 
considyrable.r.ent  les  taux  d*  amplification  spatiale  '.uoique  1’ augmentation 
du  rombre  de  Reynolds  critique  soit  gyndralement  faible.  La  principale 
difficulty  pratique  1  iye  a  cette  indthode  de  stabilisation  de  la  couche 
limite  consiste  a  trouver  un  matyriau  pour  lo  plan  souple  possyoant  une 
faible  i  ensity  tnassique. 

Les  effets  qualitatifs  de  1’ elasticity  de  la  paroi  sur  les  stades 
ultyrieurs  non  lindaires  de  la  transition  sont  discutys.  On  conclut  oue 
1'  effet  direct  sur  le  processus  Je  dytyrioration  non  iinyaire  est 
vrai sembiablcment  restreint  et  que  cet  effet  s’ axerce  curtout  sur  l’onde 
primaire  dont  la  nature  peut  se  trouver  modifiye  et  6tre  par  la  suite 
la  condition  de  1’  apparition  de  poussyes  de  turbulence. 
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NOTATION 


(All  variables  have  been  made  dimensionless,  except  as  stated,  using  as 
references  quantities  S  ,  Um  and  p  .  Dimensional  versions  are  denoted 
by  a  star. ) 


c  = 


Cr  +  icA 


cn  =  /r/m 


=  s  ^ 


d 

d, 

3 

G 

H 

k 


R  = 


* 


b’(y> 
Uco 
U.  V 


complex  phase  speed  of  disturbance 
wave  speed  on  a  free  membrane 

group  velocity 

congressional  wave  speed  in  viscoelastic  material 

shear  wave  speed 

damping  constant  for  membrane 

damping  constant  for  viscoelastic  material 

modified  Tietjens  function 

shear  modulus 

depth  of  viscoelastic  layer 
spring  constant  of  membrane  support 
asvss  of  membrane  per  unit  length 
pressure 

Reynolds  number,  based  on  boundary  layer  thickness 

membrane  tension 
velocity  of  parallel  mean  flow 
free-stream  velocity  (dimensional) 
perturbation  velocity  components 
tangential  wall  admittance 
normal  wall  admittance 


3C8 


a  =  oty  +  iai 

Pf 

Pi 

8 

v1 

P 

Pi 


complex  wave  number 
frequency  of  disturbance  (dimensional) 
temporal  amplification  rate  (dimensional) 
boundary  layer  thickness  (dimensional) 
kinematic  viscosity  (dimensional) 
density  of  fluid  (dimensional) 
relative  density  of  viscoelastic  solid 


/?r* 

<•)  =  OCC-  =  -  — 

r  o. 

Ptv/vl 


=  vic/m 


non-dimensional  frequency,  based  on  boundary  layer  thickness 

non-dimensional  frequency  based  on  viscous  length  scale 
cut-off  frequency  of  spring-supported  membrane 


"o 
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THE  EFFECT  OF  COMPLIANT  WALLS  ON 
BOUNDARY  LAYER  STABILITY  AND  TRANSITION 

Marten  T.  Landahl  and  Richard  E.  Kaplan 


I.  INTRODUCTION 

In  recent  years  a  conceptually  new  idea  for  boundary  layer  stabilization  has 
attracted  great  ir  tevest.  This  idea,  introduced  by  Kramer1  >2,  is  that  the  dynamic 
properties  of  a  boundary  layer,  and  hence  its  stability  and  transition  characteristics, 
may  be  influenced  by  coupling  it  hydroelastically' to  a  compliant  wall.  Kramer’s 
original  hypothesis  was  that  by  distributing  damping  over  an  elastic  wall  that  was 
tuned  to  a  frequency  near  that  of  the  most  unstable  Tollmien-Schlichting  wave,  it 
would  be  possible  to  add  sufficient  dissipation  to  the  instability  waves  that  they 
would  become  attenuated.  On  this  principle  he  designed  a  flexible  coating  that,  in 
some  favorable  circi  astences,  was  shown  to  produce  a  substantial  drag  reduction  for 
towed  underwater  bodies,  thus  indicating  a  delayed  transition  to  turbulence. 
Unfortunately,  subsequent  attempts  to  veryify  Kramer’s  findings  under  more  controlled 
circumstances  have  been  rather  unsuccessful,  and  no  conclusive  experimental  results 
showing  extensive  stabilizing  effects  have  as  yet  been  published.  On  the  other  hand, 
theoretical  investigations  by  Benjamin3,  Betchov“,  Landahl6  and  others6'9  indicate 
that  a  substantial  stabilizing  effect  is  possible,  but  that  the  physical  mechanism  is 
rather  more  intricate  than  that  originally  envisaged  by  Kramer,  and  that  in  fact  any 
added  dissipation  must  by  itself  be  destabilizing.  Recent  extensive  numerical 
calculations  by  Kaplan9  give  a  possible  clue  to  why  the  experimental  findings  have, 
so  far,  been  largely  disappointing.  It  turns  out  that  large  stabilizing  effects  are 
predicted  to  occur  only  for  u  narrow  range  of  parameters  characterizing  the  flexible 
wall,  and  a  surface  chosen  more-or-less  at  random  is  most  likely  to  have  a 
negligible  or  unfavorable  effect.  There  is,  of  course,  also  the  explanation  that 
the  main  effect  in  reality  is  cn  the  fully  developed  turbulent  boundary  layer,  a 
possibility  that  has  been  tentatively  explored  in  a  recent  paper  by  Benjamin10, 

Apart  from  the  engineering  applications,  which  in  light  of  the  investigations 
carried  out  so  far  might  not  seem  too  promising  on  balance,  the  general  field  of 
problems  involving  a  boundary  layer  or  other  shear  flow  in  contact  with  a  flexible 
surface  is  of  great  general  scientific  interest.  Such  problems  appear  in  a  great 
variety  of  physical  situations  as,  for  example,  in  wind  induced  water  waves,  panel 
flutter  at  transonic  speeds,  flow  of  blood  in  arteries,  etc.  It  should  also  be 
emphasized  that  the  additional  “degree  of  freedom"  introduced  by  the  flexible  wall 
has  made  it  possible  to  gain  further  insight  into  the  physical  mechanisms  causing 
boundary. layer  instability;  specifically,  r  completely  new  explanation  of  the  role 
of  energy  dissipation  has  been  arrived  nt. 
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The  present  paper  will  be  primarily  concerned  with  the  influence  of  various  types 
of  flexible  surfaces  on  Tollmien-Schlichtinp  stability.  Recent  progress  will  bo 
reviewed,  in  particular  regarding  the  effect  on  spatial  (as  opposite  to  temporal) 
amplification  rates.  Some  discussion,  mostly  of  qualitative  nature,  will  be  given 
to  the  effect  on  secondary  instability,  i.e. ,  to  the  later  stages  of  transition. 


2.  GENERAL  FORMULATION  OF  PROBLEM 

The  physical  problem  considered  is  illustrated  in  Figure  1.  A  parallel  shear  flow 
of  width  8  characterized  by  a  velocity  distribution  U(y)  such  that  U(y)  =  U*  =  1 
for  y  J  1  is  bounded  by  a  compliant  surface  which,  when  the  system  is  at  rest,  is 
located  at  y  =  0  .  The  term  “compliant  surface”  should  be  understood  in  a  very 
general  sense;  thus  it  could  be  any  elastic  structure  with  properties  homogenous 
in  x  (for  example,  a  membrane  or  a  rubber  coating,  a  water  surface,  or  another  shear 
flow).  The  problem  of  the  stability  of  this  dynamic  system  to  infinitesimal 
disturbances  may  be  reduced  to  the  investigation  of  two-dimensional  infinite 
travelling  waves  characterized  by  a  stream  function  -^(x, y,t)  of  the  form 

'/'(x.y,  t)  =  <p(y)  eltx(x*ct)  (1) 

where  a  is  the  wave  number  and  c  the  phase  velocity.  The  function  is  governed  by 
the  familiar  Orr-Sommerfeld  equation 

iocr[<u  -  c -  a24>)  -  u"<$  =  4>""  -  2a 24>"  +  aty  .  (2) 


The  parameters  appearing  have  been  made  dimensionless  using  as  reference  quantities 
Ua,  and  8  .  Thus,  the  Reynolds  number  R  is  defined  as 

R  =  VaWv  .  (3) 


The  boundary  conditions  for  the  problem  are  determined  from  the  following  physical 
conditions: 

(i)  the  perturbations  vanish  far  from  the  boundary; 

(ii)  the  velocity  and  pressure  perturbations  at  the  compliant  surface  nust  be 
compatible  with  the  motion  of  the  surface  at  the  given  (a, c). 


The  first  of  these  gives  that 

-  0  as  y  -  co  . 


(4) 


We  turn  next  to  the  boundary  conditions  at  the  wall.  Ihe  dynamic  properties  of  the 
flexible  wall  are  most  conveniently  described  by  its  tangential  and  normal  travelling- 
wave  admittances  defined  as  follows: 


Y1?(a.c)  =  us/pw 


Y ?j(tt,  c)  -  -vs/p. 


(5) 

(6) 


More  us  usolc^*’rt^  and 
components,  respectively,  of 


v  =  v.eia(,*cl)  are  the 

S  5 

the  surface  velocity,  and 


tangential  end  normal 
PB  =  p.cia("-ct>  the 


wall 
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pressure.  The  compatibility  condition  (ii)  may  be  expressed  as  a  matching  of 
Y12  and  Y?2  to  their  corresponding  “fluid  admittances".  Let  superscript  f  denote 
the  admittances  of  the  shear  flow  considering  the  streamline  along  the  wall  as  the 
flexible  surface.  Then 


where  Vj  is  the  vertical  velocity  of  the  interface  streamline.  Now,  in  linearized 
approximation 

u  Cn)  -  u(0)  +  (9) 

v(V)  =  v£(l  -  Uw/c)  (10) 

where  subscript  w  denotes  values  at  the  wall  (y  =  0).  Normally,  (Jw  would  be  zero 
for  a  solid  wall  but  would  be  non-zero  if  the  compliant  wall  consisted  of  another 
shear  flow.  The  (dimensionless)  fluid  pressure  at  the  wall  may  be  obtained  from  the 
linearized  x -momentum  equation.  Ibis  yields 

p*  =  -  «*><*;•  +  .  (id 

Upon  combining  (7)  to  (11)  and  expressing  u  and  v  in  term  of  <f>  we  obtain 


Yf  _  %  .  K  yf 


=  iaqf^/pw  ( l  -  Uw/c) 


where  pw  is  given  by  (li).  The  second  term  in  (12)  results  from  replacing 
V  by  Vj/f-icnc)  and  expressing  vi  in  terms  of  Y22  and  pw  by  aid  of  (8).  Having 
thus  expressed  the  fluid  admittances  in  terms  of  and  its  derivatives  at  the  wall 
we  may  now  state  the  boundary  conditions  at  the  wall  as  follows: 


Here,  the  left-hand  sides  are  functions  of  the  shear  flow  only,  and  the  right-hand 
sides  depend  only  on  the  properties  of  the  flexible  wall.  A  slight  approximation  is 
actually  involved  in  the  above  derivation  in  that  the  induced  shear  stress  is  ignored 
ns  far  ns  the  motion  of  the  compliant  boundary  is  concerned.  This  is  certainly  an 
allowable  approximation  for  fluids  of  low  viscosity. 


The  four  boundary  conditions  (-1),  (14)  and  (15)  are  homogenous,  and  non-zero 
solutions  of  (2)  are  thus  possible  only  for  certain  eigenvalue  combinations  of  the 
parameters  a.  c  and  R  .  The  traditional  approach  in  hydrodynamic  stability  is  to 
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consider  a  and  R  as  real  and  given,  and  c  =  cr  +  iCj  as  complex.  Whenever  the 
imaginary  part,  Cj  ,  is  positive,  the  wave  will  grow  with  time  (temporal 
amplification  case).  However,  in  most  physical  situations  it  is  actually  more 
informative  to  consider  R  and  the  (dimensionless)  frequency  o>  =  ac  as  given  real 
numbers,  and  a  =  ar  +  iat  as  complex,  so  that  a  negative  at  indicates  that  a 
disturbance  of  given  frequency  will  grow  in  the  downstream  direction  (spatial 
amplification  case).  For  small  amplification  rates  the  temporal  and  spatial  eigen¬ 
values  are  related  by  the  formulas11 

cu  =  otcr  ar  =  a 


3 

where  c .  =  ~  (otc.)  is  the  group  velocity. 

*  3a  r 

A  practical  procedure  to  calculate  the  eigenvalue  i§  as  follows.  First,  the  two 
of  the  four  linearly  independent  solutions  of  (2)  satisfying  (4)  are  calculated. 

From  (14)  a  ratio  of  the  two  remaining  solutions  is  next  found  which  is  substituted 
into  (15)  giving  on*  single  eigenvalue  relation.  This  is  then  solved  employing  some 
numerical  procedure. 


3.  DYNAMICS  OF  THE  COMPLIANT  WALL 

For  a  realistic  evaluation  of  a  flexible  surface  as  a  stabilizing  device  it  is 
desirable  to  consider  simple  surface  models  permitting  the  variation  of  mass  density, 
elasticity  and  damping.  Two  such  model;,  have  been  extensively  studied.  One  is  a 
stretched  membrane  of  tension  pu£r  over  a  continuous  spring  support  of  spring 
constant  kpU^/S  .  For  this  one  obtai  .s  that 


ic 


22 


icd  cJi 

hx  {  c„  -  c2 - +  —2 

0  a  a2 


(17) 


where  m  is  the  mass  per  unit  length  divided  by  pS  ;  cg  =  v'T/m  the  propagation 
speed  of  free  surface  waves,  divided  by  Ua  ,  d  the  damping  constant,  divided  by 
S/Ujn  ;  and  <n0  =  vk/m  the  cut-off  frequency  divided  by  S/Ua,  .  The  tangential 
admittance  of  the  membrane  is  zero. 


The  second  model  investigated  consists  of  a  viscoelastic  layer  (Voight  solid)  of 
thickness  ll#  -  h5  free  to  slide  without  friction  on  a  rigid  support.  This  latter 
condition  W3S  chosen  partly  to  make  the  results  simple,  partly  to  use  this  surface  as 
a  simplified  model  of  dolphin  skin  which  Is  fairly  loosely  anchored  to  the  underlying 
muscle  tissue.  A  viscoelastic  solid  is  characterized  by  two  propagation  velocities 
ci*  =  “"d  c2*  =  .  where  c1<(  is  the  speed  of  compression  waves  and  cJ% 

that  of  shear  waves.  For  materials  like  rubber  and  fluids  like  water  one  can 
assume  c,#  =  cc  to  a  good  approximation,  and  the  results  for  the  admittances 
then  simplify  to 
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Y12  =  -c  0/y 
Y12  =  -ic(r2  -  l)/7 

where  r2  =  1  -  (c/c2)2 

/3  =  (1  +  r2)  cothaH  -  2r2  coth  r?OH 

y  -  psc2[(l  +  r2)2  cothaH  -  4r2cothr2aH] 

and  c2  =  (G  -  iacd2)/ps  , 

G*  =  AoUi»G  being  the  shear  modulus  of  the  material,  d2  a  non-dimensional  material 
damping  constant,  and  psir  =  psp  the  material  density. 

Certain  complications  arise  in  the  interpretation  of  the  results  using  the  above 
expressions  because  the  boundary  layer  thickness  was  used  as  a  reference  length. 

This  quantity  varies  with  Reynolds  number  and  hence  with  distance  along  the  wall.  If 
one  considers  the  effect  of  a  compliant  wall  of  given  constant  (dimensional)  thickness 
H+  ,  then  the  non-dimensional  thickness  H  should  vary  like 

H  =  H*(S0/8)  ’=  H*(R0/R)  (20) 

where  suffix  zero  denotes  a  reference  quantity.  For  all  the  cases  considered,  H  and 
other  parameters  involving  8  in  their  non-dimensional izat ion  were  varied  in  this  or 
corresponding  manner  using  as  a  reference  Reynolds  number  RQ  =  5000  . 

For  a  lightly  damped  surface,  the  normal  admittance  Y22  is  mainly  imaginary  with 
a  negative  sign  for  small  wave  velocities  and  with  a  positive  sign  for  large  values 
of  c  .  Thus  its  effect  is  mainly  spring-like  for  small  c  ,  and  mass-like  for 
large  c  .  The  real  pari  is  always  positive,  having  a  large  value  at  wave  velocities 
near  that,  for  free-wave  propagation. 


(18) 

(19) 


4.  SIMPLIFIED  AEROELASTIC  MODEL 


It  is  remarkable  that  some  very  important  physical  features  of  the  hydrodynamic 
stability  problem  outlined  above  may  be  studied  qualitatively  without  having  to 
consider  the  difficult  mathematical  problem  of  solving  the  Orr-Soramerfeld  problem. 
This  was  first  brought  out  by  Landohl*  and  further  elaborated  on  by  Brooke  Benjamin12. 
The  simplified  model  considered  is  that  of  a  potential  flow  over  a  membrane.  For 
such  a  flow  one  can  easily  obtain  that 


(21) 


Substitution  of  this  into  the  eigenvalue  relation  (15)  together  with  (18)  (assuming 
wo  =  0  for  simplicity)  results  in  a  simple  quadratic  equation  for  c  (considering  a 
as  known,  i.e.  as  for  the  temporal  amplification  case),  which  possesses  the  solutions 


374 


CA  = 

(1  +  ma)M[l  4  l  imd  -  (1  -  q  -  imd)  *] 

(22) 

cB  = 

(1  +ma)*1[l  +  |imd  +  (1  -  q  -  imd)*] 

(23) 

whore  q  =  (1  -  amc3)(l 

+  am)  +  1  m'd"‘ . 

Instability  is  indicated  whenever  one  of  the  roots  has  a  positive  imaginary  part. 

Three  different  eases  may  be  distinguished:  namely,  when  q<0,  0<q<l  and  q  >  1. 
In  the  first,  the  wave  velocity  for  the  first  wave  is  negative,  and  both  waves  arc 
damped.  In  the  second  case  both  waves  travel  downstream  and  the  slowest  one  (given 
by  CA  )  is  unstable  with  a  growth  rate  approximately  proportional  to  the 
damping,  d  .  For  the  third  case,  finally,  the  square  root  will  have  a  large 
imaginary  part  and  one  of  the  roots  thus  indicates  a  violent  instability.  Following 
the  terminology  introduced  by  Brooke  Benjamin3  ■ 12  we  will  refer  to  the  three 
fundamentally  different  waves  as  Class  A,  Class  E  and  Class  C,  respectively.  The 
■ost  interesting  one  of  these  is  Class  A  which  actually  is  destabilized  by  the 
damping.  A  physical  explanation  was  arrived  at5  by  calculating  the  total  energy 
level  of  the  dynamic  system  considered.  It  was  found-that  for  the  Class  A  disturbance 
this  level  goes  down  with  increasing  amplitude*,  whereas  for  the  Class  B  the  level 
increas,  s,  and  for  the  Claus  C  it  essential  y  remains  constant.  This  is  illustrated 
schematically  In  Figure  2.  Since  a  Class  A  wave  thus  is  energy  deficient,  any  overall 
decrease  in  the  energy  level  caused  by  dissii  ‘ion  must  be  compensated  for  by  an 
increase  in  the  wave  amplitude.  A  Class  B  wavt.  is  stabilized  by  damping  as  would 
be  the  case  for  an  ordinary  mechanical  system.  Class  C  instability  occurs  when  the 
membrane  becomes  so  flexible  that  there  is  no  wave  velocity  for  which  the  mechanical 
restoring  force  is  sufficient  to  balance  the  induced  hydrodynamic  force.  For  this 
mode  the  total  energy  of  the  system  is  constant;  there  is  only  a  redistribution  from 
the  fluid  to  the  wall,  and  damping  t.  »  has  a  negligible  effect. 

As  pointed  out  by  brooke  Benjamin13,  this  three-fold  classification  will  always 
apply,  more  or  less  distinctly,  to  the  instabilities  encountered  by  flexible  bodies 
i  a  fluid  flow.  Thus,  for  example,  the  violent  "frequency  coalescence”  type  flutter 
so  familiar  to  acroelasticians  is  of  “he  Class  C  variety13.  The  damping-induced 
Class  A  type  rarely  occurs  in  fl'  ter,  but  as  shown  below,  will  be  one  of  main 
interest  in  the  present  problem. 

Or;e  can  now  apply  the  preceding  discussion  to  the  more  complicated  shear-flow 
problem  at  hand  simply  by  replacing  the  membrane  by  the  boundary  layer  shear  flow, 
bounded  at  y  =  1  by  a  massless  diaphragm  cf  infinite  flexibility  and  at  y  =  0  by 
the  wall  (flexible  or  rigid).  Using  the  asymptotic  theory  for  large  R  and  assuming 
that  c  is  moderate  and  small  (a  <  1)  so  that  the  variation  of  the  induced  pressure 
across  the  boundary  layer  may  be  neglected,  one  can  show  that,  to  a  good  approximation, 

iot 

*7  [cU^Kj  (c)  +  1  -  3(z)]  (24) 
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*  The  exp'. dim t Ion  why  this  raj  happen  Is  that  there  is  always  a  net  decrease  in  the  kinetic 
energy  of  the  str.-..n  because  of  no  excess  of  low-veiocity  fluid  in  the  wave  troughs. 
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and  3  is  the  modified  Tietjens  function  of  argument  z  -  c(aR) 1 /3U^3/3  .  Here 
we  have  assumed  for  simplicity  that  the  tangential  surface  admittance  Y12  is  zero. 
By  equating  the  “boundary  layer  admittance”  to  the  “fluid  admittance"  Y*? 

given  by  (21)  one  obtains  essentially  the  characteristic  equation  considered  by 
Brooke  Benjamin3  and  Landahl5.  For  Y?2  =  0  it  reduces  to  the  equation  given  by 
Lin1’'  for  a  rigid  wall.  Of  specific  interest  is  the  real  part  YJ2r  of  the  boundary 
layer  admittance,  because  the  power  transfer  per  unit  length  across  the  diaphragm  at 
y  =  1  is  given  by 


E 


2Yb.  1. 
22r 


(25) 


Taking  the  real  part  of  (24)  we  find  that 


yb.  ! . 

22r 


(26) 


where 


K 


V(c)  =  -well*  ~ 


(27) 


The  sign  of  the  damping  contributed  by  the  shear  flew  is  thus  given  by  the  sign  of 
3j  -  v  .  When  this  quantity  is  positive  for  the  value  of  c  for  which  the  imaginary 
parts  of  the  admittances  balance  (i.  e. ,  the  pressures  in  phase  with  the  deformation) 
there  is  a  net  dissipation  in  the  boundary  layer,  and  Class  A  instability  thus  occurs. 
If,  on  the  other  hand,  Y jjr  *s  ^ess  ^an  zero  net  damPin6  *s  negative  tuid  the 
Class  A  wave  is  hence  stable.  The  quantity  3j  is  a  measure  of  the  difference 
between  energy  dissipated  by  fluid  friction  and  energy  extracted  from  the  mean  flow 
due  to  Reynolds  stresses  developed  in  the  wall  friction  layer15.  It  is  negative  for 
z  less  than  about  2.3,  has  a  maximum  of  -  0.  58  at  z  3.2  and  tends  to  zero  for 
z  —  oo.  Viscosity  thus  may  cause  a  net  negative  dissipation,  i.  e. ,  will  be 
stabilizing,  for  the  lower  Reynolds  numDer  range.  For  large  Reynolds  numbers  the  net 
viscous  effect  in  the  wal1  friction  layer  becomes  dissipative,  thus  tending  to  cause 
instability.  The  quantity  V  basically  represents15  the  energy  extracted  from  the 
mean  flow  due  to  the  Reynolds  stresses  in  the  outer  non-viscous  part  of  the  boundary 
layer.  For  a  convex  velocity  profile  it  is  always  positive.  If  the  profile  i.-s  an 
inflexion  point,  V  will  be  negative  for  some  range  of  c  ,  and  for  sufficiently 
large  Reynolds  numbers  the  net  damping  will  be  positive  leading  to  instability. 


The  discussion  makes  clear  that  damping  in  the  flexible  wall  will  generally  have 
a  destabilizing  effect  on  the  boundary  layer.  Nevertheless,  a  compliant  surface  may 
be  stabilizing  on  Class  A  waves  if  it  has  large  flexibility  but  lew  damping,  Then 
the  imaginary  part  of  the  admittances  will  balance  at  a  higher  wave  velocity  for 
which  V  is  generally  larger,  so  that  the  net  damping  will  be  reduced  and  the 
stability  increased.  However,  an  excessive  flexibility  may  invite  Class  B 
instability,  or  even  the  violent  Class  C  type,  and  any  advantage  will  then  be  negated. 


It  is  obvious  that  the  present  aeroelastic  approach  leads  to  completely  different 
conclusions  regarding  the  role  of  dissipation  than  does  the  familiar  Lorentz  relation 
for  the  “energy  balance”  (see  Lin14,  page  60)  which  expresses  the  rate  of  change  of 
“kinetic  energy  of  the  disturbance”  as  the  difference  between  the  rate  at  which 
Reynolds  stresses  convert  energy  from  the  mean  flow  and  the  rate  of  viscous 


l 
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dlssipatif iv.  It.  should  be  remarked  that  the  quantity  calculated  in  this  relation  is 
act  the  actor',  perturbation  is  kinetic  energy.  because  this  should  also  include  the 
second-order  u -perturbation.  of  the  aenn  flow.  Although  the  Lorcntz  relation,  of 
course,  will  be  satisfied  for  the  eigensolulions,  it  gives  very  United  in.orcaticn 
for  prediction  purposes  for  conditions  that  are  eff  the  eigcr.ccoditions.  In 
particular,  one  ray  very  likely  find  that  a  calculation  of  the  "energr  balance"  for 
one  particular  neutrally  stable  wave  would  indcate  an  excess  of  viscous  dissipation 
over  enercy  protection  by  Reynolds  stresses,  ahereas  a  corresponding  calculation  for 
a  slightly  eap’ified  wave  way  show  a  perfect  balance. 

The  present  approach  also  allows  a  qualitatire  evaluator.  of  (probably)  all 
present  and  futur-  proposed  retheis  of  boundary  layer  stabilization.  Rouidary  Tayer 
suction  produces  a  velocity  profile  that  is  sore  convex  nea*-  the  wall,  thus  causing 
an  increase  in  uu)  (i.e. .  in  the  energy  converted  hj  Reynolds  stresses)  with  a 
resulting  decrewi-e  ir.  the  equivalent  boundary  layer  damping  snd  thus  the  stability. 
Also,  it  sakes  the  boundary  layer  thinner  so  that  the  Reynolds  number  decreases, 
petting  It  into  a  r*£»oa  wber*  tie  viscosity  causes  a  net  negative  dissipation. 
Complete  stabilization  rf  Class  A  instability  say  be  achieved  through  any  Keans  that 
cause  the  net  dissipation  for  all  warts  to  beccete  zero  or  negative.  For  example,  a 
snail  vacant  of  viscoelastic  additive  ir.  a  liquid  naj  replace  the  friction  layer  near 
the  wall  by  a  thicker  elastic  layer  i"-  which  ‘he  viscous  dissipation  is  largely 
cancelled. 


5.  APPLICATION  OK  UdERIC+L  CAtCILATION  RFTHODS 

Since  the  traditional  asymptotic  aethods  are  apt  to  be  rather  inaccurate  for  the 
•ider  range  of  parameters  of  interest  in  the  present  problem,  a  nmerical  calculation 
method  has  been  deiteeped  which  allows  a  rapid  tad  accurate  estimate  of  the  stabiliz¬ 
ing  effects  of  acy  particular  surface.  The  method  has  been  described  in  detail  by 
Kaplan*,  and  we  ail!  here  only  outline  its  general  features. 


The  e*era!I  numerical  procedure  followed  is  illustrated  in  Figure  3.  Starting 
from  tne  two  exact  solutions  for  ;•  >  *  that  vanish  for  y  —  x  . 

*,  --  t,  --  '  *  < 


where 


a*  ^  iXR{i  -  c}.: 


Rev- '  >  0 


the  OrT-SovBerffci'I  Suuatinn  (21  is  integrated  ic  the  wall  using  a  suitable  numerical 
proceiktre.  The  Hatching  cf  ixnceuti.il  ate  it  trices  (14)  then  produces  the  proper 
cccoinatioQ  between  r.  and  which.  substitution  into  the  Batching  cocditioc 

(15)  for  the  normal  a±ii  ttanees,  leads  to  the  desired  eigenvalue  relation.  This  is 
coined  for  c  or  r.  .  is  the  case  nichv  te.  using  an  .terative  scheme. 

A  special  procedure  had  to  be  devised  to  sake  sure  that  the  two  solutions  were 
truly  lir.early  i  .d. pendent  a;  the  rail,  tee  to  the  large  parameter  xR  appearing  in 
the  differentia!  tqxaticG  :2'  the  solution  n.  grows  very  rapidly  (in  an  oscillatory 
t.mr.er)  as  the  wail  :s  app-rcached.  usually  by  several  erders  of  sacuitude  faster 
than  >,  .  Th-  refer-e.  if  at  soae  sta.ir  daring  th?  integration  of  C.  any  ssali 
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portion  of  <f>3  is  introduced  due  to  numerical  inaccuracy  (this  is  inevitable  due  to 
truncation  errors),  this  portion  will  grow  so  much  faster  thar.  that  it  eventually 
will  dominate  the  solution.  Hence,  the  numerical  integration  will  always  produce  a 
solution  of  the  d>3  type,  regardless  of  the  initial  conditions  used.  To  avoid  this, 
a  "purification  schrme”  was  devised  which  at  the  end  of  each  integration  step 
y  =  yn+1  removed  from  </> j  a  fraction  of  the  solution  <t>3  (previously  computed  and 
stored)  to  ma':e  the  relation 

[fO  -  c)(tf'  -a2<£)  -  !)"<£  ]  =  0  (29) 

i  1  1  *  ^n+i 


satisfied  '’this  is  recognized  as  the  differential  operator  in  the  inviscid  Orr- 
Sommerfeld  equation).  In  this  way  the  initial  conditions  for  <f>  are  readjusted  at 
each  step  to  insure  that  one  is  always  following  a  slowly  growing  solution  of  (2). 
Hence  one  is  shifting  among  neighboring  solutions  at  each  step  to  avoid  "getting 
trapped"  by  <£3  ,  However,  one  single  solution  esn,  if  desired,  be  easily  assembled 
by  using  the  stored  "purification  coefficients”.  (For  mere  details  about  the 
purification  scheme,  see  Kaplan9.) 

Using  a  standard  Runge-Kutta  integration  method  with  64  steps  the  computation  time 
on  the  IBM  7094  required  to  obtain  one  set  of  values  for  4>l  and  <p3  at  the  wall  vis 
approximately  1/2  second.  Less  than  5  iterations  were  needed  to  find  an  eigenvalue. 
Originally,  the  eigenvalue  problem  for  c  was  programmed  assuming  a  given  real  vaiu 
of  a  .  Spatial  amplification  rates  a  ,  for  real  values  of  to  =  etc  ,  were  cbteinea 
fro*  the  temporal  ones.  Cj  ,  using  the  relations  (16)  and  employing  a  valu-'  of  the 
group  relocity  obtained  through  numerical  differentiation  with  respect  to  a  ,  Later 
■ore  efficient  programs  have  been  developed  that  solve  the  spatial  amplification 
problem  directly,  and  excellent  agreement  was  obtained  with  tbe  earlier  computed 
values  of  Xj  .  The  spatial  amplification  rate  is  the  more  meaningful  one  for 
assessing  the  stabilizing  influence  of  a  particular  flexible  wall  because  it  allows 
one  to  calculate  how  much  a  disturbance  of  given  frequency  will  grow  in  the  down¬ 
stream  direction.  Biih  a  given  (dimensional)  spatial  amplification  rate  of 
the  total  growth  of  the  velocity  amplitude  between  the  stations  x0  and  x  in  a  flat 
plate  boundary  layer  is  given  by  the  formula 


where  the  constant  K  is  defined  by 

K  =  8/VWu*  6  . 

The  non-dimensional  quantity  Xj^/Ua,  =  Xj/R  must  be  determined  as  a  function  of  R 
for  a  fixed  value  ol  the  non-dimensional  frequency  .3  v/ u£  .  Such  a  calculated  map 
of  Gt^  for  the  rigid  surface  case  is  shown  in  Figure  4. 

Thu  accuracy  of  the  numerical  technique  was  judged  by  comparing  results  for  a 
rigid  wall  (Y3J  =  Y2,  =  0)  with  previous  calculations,  both  analytical  end  numerical, 
and  with  the  experimental  results  of  Schubauer  and  Skramstad1 6.  As  an  example  of  the 
comparison?  with  experiments  we  show  in  Figure  5  the  measured  and  calculated  velocity 
amplitude  variations  with  x  in  a  point  in  the  boundary  layer  for  various  frequencies 


( 
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of  the  oscillating  ribbon.  The  excellent  agreement  gives  high  confidence  in  the 
developed  procedure,  as  well  as  in  the  stability  theory  for  parallel  shear  flows. 

Results  for  the  two  different  kinds  of  flexible  surface  models  investigated  are 
presented  in  Figures  6-  13.  Here  a  selection  was  made  of  those  combinations  of 
surface  parameters  that  were  found  to  produce  a  large  stabilizing  effect  and  yet  be 
within  practical  limits.  Only  results  for  Class  A  instabilities  will  be  presented, 
these  being  of  the  main  interest  in  the  present  context.  Figures  6-9  gives  results 
for  some  selected  membranes*.  In  Figure  6  is  illustrated  the  influence  of  membrane 
damping  on  the  stability  boundary.  Clearly,  the  damping  is  destabilizing,  as  the 
simplified  aeroelastic  model  indeed  showed.  It  is  interesting  to  notice  that  the 
curves  for  the  lowest  values  of  the  damping  apparently  are  closed  indicating  only  a 
finite  range  of  unstable  Reynolds  numoers.  For  the  highest  value  of  the  damping, 
a  second  region  of  instability  (also  of  Clairs  A  type)  was  detected  for  higher  fre¬ 
quencies  and  Reynolds  numbers,  but  an  insufficient  number  of  calculated  points  were 
available  to  map  this  region.  Whether  instability  recurs  for  higher  Reynolds  numbers 
also  for  the  membranes  with  the  lower  damping  values  is  presently  not  clear. 

The  effect  of  varying  the  membrane  tension,  i.e.  cQ  ,  is  illustrated  in  Figure  d. 
Generally,  the  lower  value  of  cfl  ,  the  higher  the  stabilizing  effect,  up  to  the 
point  where  the  effective  free  surface  wave  speed,  /c*  +  cu^/a2  ,  becomes  toe  close 
to  the  eigenvalue,  in  which  case  the  real  part  of  Y  grows  so  large  that  the  net 
effect  eventually  becomes  destabilizing.  This  stage  was  not  reached  for  the  membranes 
considered  in  Figure  7  because  of  the  fairly  stiff  spring  support  used. 

The  spatial  amplification  rates  for  one  of  the  "best”  membranes  are  presented  in 
Figure  8.  Such  diagrams  can  be  used  to  construct  curves  like  that  given  in  Figure  9 
which  shows  the  spatial  amplification  rate  for  a  disturbance  of  given  frequency  as 
function  of  R*  ,  According  to  (30)  the  total  amplification  in  a  boundary  layer 
between  two  stations  x  is  given  by  the  area  under  these  curves  between  the 
corresponding  Reynolds  numbers.  The  frequency  was  chosed  to  lie  near  that  for  most 
amplified  disturbance  ir.  both  the  rigid-wall  and  the  flexible-wall  cases.  As  seen, 
the  decrease  in  the  area  under  the  curves,  l.e.,  of  the  total  amplification,  is  quite 
substantial. 

Results  for  the  free-sliding  viscoelastic  layer  are  shown  in  Figures  10  -  12. 

In  Figure  10  is  demonstrated  the  influence  on  the  stability  boundary  of  varying  the 
thickness,  H  ,  of  the  lp.yer.  The  flexibility  of  the  surface  increases  with 
increasing  H  ,  and  hence  the  stabilizing  influence,  but  the  effect  of  thickness 
increases  beyond  H  =  2  tended  to  have  a  minute  effect,  the  reason  being  that  the 
surface  waves  in  the  solid  do  not  penetrate  appreciably  below  this  depth. 

Spatial  amplification  rates  for  one  of  the  more  favorable  combinations  of  surface 
parameters  considered  are  shown  in  Figure  11.  The  same  qualitative  features  are 
observed  as  for  the  membrane  case,  although  the  stabilizing  effect  is  considerably 
less  than  for  the  best  membranes.  Thus,  the  unstable  range  is  decreased  and  moved  to 
lower  wave  numbers.  Also,  there  is  a  marked  decrease  in  amplification  rates  from  the 
rigid-wall  case  coupled  with  a  moderate  increase  in  Reynolds  number. 


The  calculations  lor  membranes  presented  in  Reference  9  are  in  error  because  a  factor  of 
1/a  was  omitted  in  the  expression  for  the  normal  admittance. 
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The  effect  of  t- /on  small  changes  in  the  surface  parameters  on  the  stabilizing 
influence  is  illustrated  in  Figure  12.  The  surface  considered  has  half  the  thickness 
of  the  previous  one  (this  difference  by  itself  has  only  a  fairly  small  effect,  as 
seen  from  Figure  10),  has  a  somewhat  higher  shear  wave  velocity  (i.e. ,  is  stiffer)  and 
a  20%  higher  density.  A  comparison  with  the  results  for  the  rigid  wall,  Figure  4, 
shows  that  little  remains  of  the  stabilizing  effect. 

The  main  fundamental  difference  between  the  membrane  and  the  viscoelastic  surface 
is  that  the  latter  has  a  non-zero  tangential  admittance.  Examination  of  the 
expressions  (18)  and  (19)  reveals  that  the  tangential  motion  is  appreciable  and  may 
for  small  thicknesses  exceed  the  normal  motion.  That  the  simple  aeroelastic  membrane 
model  nevertheless  seems  to  hold  qualitatively  also  for  this  surface  indicates  that 
the  tangential  motion  is  fairly  unimportant  to  the  problem.  Application  of  the 
asymptotic  theory  shows  that  the  effect  of  tangential  motion  is  usually  mildly 
destabilizing.  This  may  partly  explain  why  the  viscoelastic  layers  were  found,  on 
the  whole,  less  effective  than  a  membrane  of  comparable  compliance. 


6.  FLEXIBLE  SURFACES  IN  PRESSURE  GRADIENT  FLOWS 

Additional  calculations  were  performed  to  determine  the  effectiveness  of  compliant 
surfaces  in  changing  the  stability  boundaries  of  adverse  and  favorable  pressure 
gradient  flows.  Falkner-Skan  similarity  profiles  were  used  to  provide  accurate 
second  derivatives  for  computation.  The  adverse  pressure  gradient  profiles  considered 
had  a  Falkner-Skan  parameter  of  fi  -  -0. 15  . 

Calculations  were  performed  for  several  different  membranes.  As  a  length  scale 
the  boundary  layer  thickness  of  99.9%  free  stream  velocity  was  employed.  The  inter¬ 
pretation  of  parameters  preceeding  (20)  was  not  used  for  these  cases  of  varying  free 
stream  velocity. 

The  results  appear  very  similar  to  those  found  previously  for  the  Blasius  profile, 
with  the  following  exception.  The  surface  damping  coefficient  d  had  little  or  no 
noticeable  influence  on  the  stability  of  the  adverse  pressure  gradient  Class  A  waves. 
This  is  interpreted  as  further  verification  of  the  energy  deficient  character  of 
these  disturbances.  The  total  level  of  dissipation  is  so  high  for  this  flow  that  a 
small  additional  amount  of  dissipation  in  the  surface  causes  no  discernable  influence. 
The  converse  is  true  for  favorable  pressure  gradients. 

Figure  13  illustrates  this  effect.  For  these  calculations  the  value  of  d  was 
found  to  be  unimportant  and  was  varied  from  +0.10  to  -0.10  with  no  variation  of 
stability  boundaries.  The  spatial  amplification  rates  were  altered  slightly,  however, 
but  not  nearly  as  much  as  in  the  Blasius  case. 


7.  EFFECTS  OF  TRANSITION 

The  main  physical  mechanisms  causing  transition  of  a  boundary  layer  over  a  rigid 
flat  plate  have  been  clarified  and  described  in  recent  papers  by  Benney  and  Lin17*18, 
Klebanoff,  et  alii19,  Greenspan  »nd  Benney20,  and  others21.  Turbulent  bursts  occur 
as  a  secondary  localized  instability  (of  presumably  Class  C  type)  in  regions  in  the 


380 


boundary  layer  transition  zone  where  the  primary  instability  waves,  together  with 
secondary  mean  motion  caused  by  span wise  irregularities,  produce  inflexion  profiles 
of  large  instantaneous  shear  during  the  primary  oscillation  cycle.  A  pre-requisite 
for  transition  is  thus  a  primaiy  wave  of  sufficiently  high  amplitude  in  the  presence 
of  a  secondary  spanwise  warping  of  the  mean  velocity  profile. 

Tli e  calculations  presented  above  make  clear  that  under  favorable  circumstances  a 
flexible  wall  may  delay  the  growth  of  the  primary  wave  and  hence  prolong  the  laminar 
flow.  The  main  cause  is  not  the  increase  in  critical  Reynolds  number,  which  is 
rather  insignificant,  but  the  decrease  in  spatial  amplification  rates  primarily 
associated  with  the  increase  in  the  wave  length  of  the  most  amplified  disturbance. 
However,  in  addition,  one  would  expect  that  the  secondary  flow  will  be  substantially 
altered  and  hence  the  onset  of  secondary  instability.  No  secondary- flow  calculations 
for  a  flexible  wall  similar  to  those  of  Benney18  are  as  yet  available,  but  it  can  be 
speculated  that  the  greater  primary-wave  lengths  encountered  for  the  flexible  wall 
should  have  a  large  effect  on  the  spanwise  warping.  This  appears  likely  because  the 
spanwise  separation  between  the  longitudinal  vortices  appearing  in  the  mean  secondary 
motion  should  depend  on  the  wave  lengths  of  oblique  primary  waves  (see  Benney22). 

The  results  for  the  eigenfunction  in  the  flexible-wall  case  reveal  another 
possible  substantial  secondary  effect.  The  strong  instantaneous  inflexional  shear 
layer  in  the  velocity  profile  in  which  turbulent  bursts  arc  born  is  produced  by  a 
superposition  of  the  mean  profile,  made  weakly  inflexional  by  the  mean  secondary 
streamwise  vortices,  and  the  velocity  perturbations  due  to  the  primary  wave.  In 
Figure  14  are  compared  the  u-perturbations  for  a  typical  rigid-  and  flexible-wall 
case.  It  is  evident  that,  for  the  same  maximum  amplitude,  the  local  shear  values 
produced  by  the  flexible-wall  perturbation  velocity  profile  are  much  smaller  than  for 
the  rigid-wall  case.  Hence,  a  much  higher  overall  amplitude  is  required  to  attain 
the  same  maximum  local  shear  values.  It  is  interesting  to  notice  that  for  the 
flexible  membrane  the  u-perturbation  velocity  at  y  =  0  is  not  zero,  although  it  is 
so  at  the  actual  instantaneous  position  of  the  membrane.  Hence,  as  pointed  out  by 
Brooke  Benjamin3  and  further  exemplified  by  Landahl5,  the  flexible  wall  largely 
cancels  the  need  for  a  wall  friction  layer. 

Finally,  the  possibility  that  wall  flexibility  may  have  a  direct  influence  on  the 
secondary  instabilities  should  be  considered.  It  has  been  hypothesized  by  Kramer23 
that  the  outer  layer  of  the  dolphin’ s  skin  might  have  such  an  effect.  Greenspan  and 
Benney20  have  shown  that  many  of  the  important  qualitative  features  of  the  turbulent 
bursts  could  be  described  by  using  the  linearized  stability  formulation  for  a  non- 
viscous  flow  (viscosity  being  rather  unimportant  for  violent  inflexional  instability) 
applied  to  a  velocity  profile  consisting  of  the  mean  flow  with  the  primary  wave 
superimposed.  The  calculation  is  complicated  by  the  fact  that  the  “mean”  velccity 
profile  varies  with  time  through  the  primary  cycle,  but  Benney  and  Rosenblat211  have 
suggested  that  a  convenient  way  to  account  for  this  variation  is  to  use  the  method  of 
multiple  time  scales25  with  the  “rapid-time”  behaviour  being  determined  by  the 
ordinary  inviscid  stability  theory  considering  the  velocity  profile  as  quasi-steady. 
For  the  present  purpose  of  determining  the  qualitative  effects  of  a  flexible  wall  on 
the  secondary  instability,  it  is  probably  sufficient  to  perform  just  the  quasi-steady 
analysis  without  taking  the  ‘•slow-time"  behaviour  into  account.  In  Figure  15  are 
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presented  the  results  of  such  calculations  based  on  the  instantaneous  velocity 

profile  measured  by  Klebanoff  et  alii19  at  the  onset  of  turbulent  bursts*. 

In  these  calculations  the  velocity  profile  was  fitted  in  a  fairly  crude  manner  by 
an  exponential  function  plus  an  eighth  order  polynomial  as  illustrated  in  the  upper 
portion  of  Figure  15.  The  lower  portion  of  the  figure  shows  the  calculated  results 
for  the  non-dimensional  temporal  amplification  rate  plotted  versus  the  non-dimensional 
frequency,  both  for  the  rigid  wall  case  and  for  a  sample  membrane  surface.  The  non- 

dimensional  frequency  for  the  maximum  temporal  amplification  rate  is  about  1.3,  which 

is  only  about  60%  of  the  measured  value19  of  /^S/u^  =  2.  2  .  Whether  this  dis¬ 
crepancy  is  due  to  inaccuracies  in  fitting  the  velocity  profile,  or  to  inadequacy  of 
the  quasi-steady  quasi-linearized  model,  or  both,  has  not  yet  been  determined.  On 
the  other  hand,  the  calculations  give  a  group  velocity  of  about  0.65  ,  which  is 

in  good  agreement  with  the  measured  value  of  the  propagation  speed  of  the  turbulent 
bursts,  0.68  Um  ±  0.04  Um  .  Nevertheless,  the  simplified  model  is  probably  entirely 
adequate  for  the  present  purpose  of  estimating  the  effect  of  a  flexible  wall.  A 
membrane  was  chosen  that  had  been  found  to  give  a  large  effect  on  the  primary  wave. 

As  seen  from  Figure  15,  the  stabilizing  effect  off  the  secondary  wave  is  noticeable, 
but  rather  small.  From  this  one  would  conclude  that  a  flexible  wall  will  only 
slightly  alter  the  growth  rate  of  the  secondary  instability,  and  therefore  the  direct 
effect  on  the  turbulent  bursts  is  likely  to  be  small,  at  least  for  membranes  of 
moderately  small  density.  A  similar  conclusion  was  reached  by  Benjamin10  using  an 
even  simpler  flow  model. 


8.  CONCLUSIONS 

From  extensive  sets  of  pumerical  results  such  as  those  presented  above  a  fairly 
complete  theoretical  picture  of  the  possibilities  of  a  flexible  wall  as  a  laminariza- 
tion  device  emerges.  It  has  been  definitely  established  that  wall  compliance  in 
certain  cases  can  have  a  substantial  stabilizing  influence  on  the  primary  (Tollmien- 
Schlichting)  instability  waves.  The  main  effect  is  a  decrease  in  the  spatial 
amplification  rates  and  in  the  extent  of  the  unstable  region,  rather  than  an  increase 
in  the  critical  Reynolds  number  which  is  usually  insignificant.  Wall  compliance  also 
can  have  an  associated  influence  on  the  secondary  instabilities  so  that  an  appreciable 
total  effect  in  delaying  transition  is  theoretically  possible.  In  order  to  be 
effective,  the  surface  should  be  highly  flexible  but  have  low  damping.  A  large 
compliance  could  in  principle  be  achieved  by  tuning  the  wall  to  have  a  characteristic 
wave  velocity  slightly  above  that  of  the  most  unstable  waves,  but  then  instabilities 
of  Classes  B  and  C  may  occur  and,  furthermore,  the  dissipation  will  increase,  thus 
producing  a  destabilizing  influence  on  the  energy  deficient  Class  A  waves.  The 
calculations  show  an  effective  characteristic  velocity  of  about  3/4  of  the  free 
stream  velocity  to  be  the  lower  practical  limit.  In  order  to  achieve  a  large 
response  one  must  thus  use  a  light  wall,  preferably  one  having  an  effective  mass  per 
unit  length  not  much  higher  than  that  of  the  fluid  inside  the  boundary  layer. 
Obviously,  this  requirement  puts  very  considerable  limitations  on  the  use  of 
compliant  walls  in  practical  applications,  in  particular  for  airborne  vehicles. 


The  authors  are  greatly  indebted  to  Dr.  L.N.  Howard  for  very  valuable  assistance  in 
programming  these  calculations. 


382 


From  the  broader  engineering  and  scientific  points  of  view  the  studies  of 
compliant  wall  effects  promise  to  he  of  great  value  because  of  the  new  and  deepened 
insight  Into  the  dynamic  characteristics  of  both  laminar  and  turbulent  shear  flows 
that  emerges.  A  compliant  wall  is  likely  to  be  only  one  of  several  devices  that  can 
substantially  alter  the  flow  response  to  an  unsteady  disturbance.  The  use  of  small 
quantities  of  chemical  additives  seems  presently  to  be  the  most  promising  approach. 
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Fig.  1  Boundary  layer  over  a  compliant  boundary 
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Pig. 3  Numerical  solution  procedure 


amplification  rates  for  the  flat  plate  boundary  laver  over  a  rigid 
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SUMMARY 


It  Is  now  generally  accepted  that  one  stags  of  the  laminar- turbulent 
transition  process,  which  followed  the  region  of  growing  Tollmien- 
Schlicbting  waves,  is  one  of  developing  transverse  variations  in  the 
boundary  layer  velocity  and  wave  intensity. 

These  transverse  variations  are  systematically  observed  by  the  author 
in  reattaching  supersonic  and  hypersonic  flows,  with  a  wave-length  which 
was  a  function  of  the  boundary  layer  thickness  and  of  a  characteristic 
length  of  the  separated  zone.  They  wers  also  observed  on  supersonic 
step*  back  wings. 

Refined  measurements  made  at  supersonic,  speeds  with  small  pitot-static 
probes  showed  that  these  variations  were  caused  by  one  or  two  rows  of 
counter-rotating  streamwise  vortices  located  generally  inside  the 
reattaching  boundary  layers.  Yery  local  heat  transfer  measurements 
showed  that  large  transverse  variations  of  heat  rates  existed  because  of 
these  vortices.  Although  the  mean  value  of  the  Stanton  number  was  very 
near  the  turbulent  value,  its  local  value  could  be  much  higher  than  the 
latter.  This  means  that  aerodynamic  heating,  in  the  transition  region 
of  a  reattaching  supersonic  boundary  layer,  can  become  more  severe  than 
expected,  even  with  a  fully  turbulent  flow. 


59MBAIRE 

II  est  g&lraleaent  afeis  a  present  qu'un  stade  du  processus  de 
transition  de  1*  £tat  laminr.ire  a  1*  6tat  turbulent,  qui  suit  celui  de 
1*  amplification  des  codes  de  ToUmien-Schlichting,  consiste  dans  le 
d^velcnpeaent  de  variations  transversal es  de  la  vitesse  et  de 
1*  intensite  des  ondes  dans  la  coucbe  linite. 

Ces  variations  tran-rersales  ont  ^te  systeoatiquement  observees  par 
1' auteur  dans  des  e'couieaents  super-  et  hypersoniques  recolles;  leur 
longueu.  d’onde  d£penuar.t  de  1'  £paisseur  de  la  couche  lisite  et  d’une 
dimension  caract Kristi que  de  la  zone  decoll^e.  Elies  ont  egalement 
et6  observees  sur  des  ailes  en  flfcche  a  vitesse  supe/sonique. 

'  es>  resures  tres  fines  effectu^es  avec  des  sondes  statiques  et 
‘..•Uics  ont  nontre'  que  ces  variations  resultaient  de  la  presence 
d'une  ou  deux  nappes  de  tcurbillons  longitudinaux  altern^s  dans  les 
couches  liwites,  Des  mosures  trfcs  lotalis^es  ont  prouv4  1’ existence 
dc  pointes  de  trn.isfert  de  chaleur  causees  par  cos  tourbillons. 

Tandis  que  le  r.o.rbre  de  Stanton  acycn  restait  proche  de  la  valeur 
turlui ente,  les  raleurs  locales  de  cc  noabre  ^taient  netteaenc  plus 
ex  {•or..  11  en  respite  que  1*  ^chauffeacnt  cin^tiquc  peut  devenir 
dans  la  region  de  transition  d’ un  ^couletnent  supersonique  recoil^ 
plus  sevire  quo  prfru  ncce  en  supposant  un  £coulement  turbulent 
dtabl  i. 
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NOTATION 


streaawis«  coordinate  defined  in  Figure  I 

coordinate  perpendicular  to  the  surface  of  the  model  (see  Fig.  1) 

spanwise  coordinate  defined  in  Figure  1 

position  of  the  pieces  of  scotch  tape  (res  Fig.  1) 

heat  flux  per  unit  area  and  unit  time 

heat  transfer  coefficient 

Stanton  number 

aeasurcd  Star  ton  masber 

calculated  Stanton  number 

vail  temperature 

adiabatic  vail  temperature 

time 

constants 

stagnation  pressure 
base  pressure 


free  stream  static  pressure 


STREAM VISE  VORTICES  IN  LAXINAR  FIOV 


Jean  J.  Gloom 


1.  INTRODUCTION 

Earlier  investigations  ntde  by  the  author1*3  hare  revealed  the  existence  of  strong, 
regnlar  and  repeatable  three-dimensional  perturbations  in  the  be  .-^Jary  layer  of  tvo- 
disecsicn&i  lasisar  reattaching  floss.  These  perturbatiojs  were  present  in  various 
types  of  separated  floes,  such  as  floes  OTer  bastard  and  foreard  facing  steps,  rasps 
end  cavities,  end  also  in  shock  v re  boundary  layer  interactions  and  were  observed 
over  a  range  of  ttach  nuahers  fro®  1.5  to  7.0. 

3y  the  use  of  a  sabiinatian  technique,  the  pneaoaenoc  ns  detected  Qualitatively 
In  the  fore  of  regular  st  nation  patterns  at  the  surface  of  the  nodels.  It  ns  also 
studied  Quantitatively  by  transverse,  1. e.  spanwise,  surreys  of  the  boundary  layer 
with  snail  total  bead  probes  which  indicated  rather  regular  variations  of  the  pitot 
pressure.  The  anplitude  of  these  variations  was  found  to  be  a  aaiinus  In  the  region 
of  transition  fro®  laainar  to  turbulent  flow,  near  aid-height  of  the  boundary  layer. 
The  pressure  peaks  corresponded  to  the  streaks  of  the  striaticn  pattern  where  the 
stolina-icn  rate  was  the  largest.  Their  spacing  or  wave  length  was  approximately 
constant  for  given  test  conditions  and  aas  found  to  be  a  function  of  the  boundary 
layer  thickness  at  separation  sad  of  the  size  of  the  region  of  separated  flow.  The 
intensity  of  the  flow  perturbations  was  roughly  in  proportion  to  the  size  of  very 
saall  irregularities  of  manufacture  of  the  leading  edge  of  the  wodels,  although  their 
spacing  was  not  influenced  by  the  size  or  distribution  of  these  irregularities. 

It  was  concluded  fro®  these  eanier  investigations,  that  the  phenomenon  was 
essentially  one  of  instability  in  the  two -dimensional  flow,  the  wain  triggering  action 
arising  iron  small  irregularities  in  the  leading-edge.  This  three-dimensional 
configuration  which  appears  in  the  process  of  transition  fro®  laminar  to  turbulent 
flow  has  been  observed  quite  systematically  at  low  speeds,  in  recent  jeers,  by  other 
investigators3'*.  It  is  generally  believed  that  it  involves  the  presence  of  counter- 
rotating  streaawise  vortices.  However,  as  far  as  the  author  is  aware,  it  has  never 
been  demonstrated  experimentally  at  supersonic  speeds. 

The  effect  ox  streaawise  vortices  on  flow  properties,  such  as  skin  friction  and 
heat  transfer  is  not  fully  known.  Prom  the  existence  of  large  peaks  in  the  spanwise 
pitot  pressure  distributions  and  the  corresponding  large  sublimation  rates  of 
chemicals  sprayed  on  the  surface  of  the  model,  it  is  expected  that  large  peaks  in 
skin  friction  and  heat  transfer  exist  locally. 

The  purpose  of  the  present  Investigation  was  first  to  determine,  by  refined 
surveys  of  reattaching  supersonic  flows  behind  backward  facing  steps,  the  nature  of 
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the  three  dimension*]  configuration  of  the  flow  and  second  to  verify,  ly  direct 
measurement.  that  large  peaks  in  heat  transfer  rates  were  present  it  flow 
reattaeftaent . 

The  research  ns  sponsored  by  the  Air  Force  Office  of  Scientific  Research,  O.A.R. , 
through  the  European  Office.  Ac**  space  Research,  United  States  Air  Force.  under 
contracts  SRS  AF  SOAR  63-45  ar.  i  54-7. 


2.  DESCRIPTION  OF  THE  EQUIPMENT 

2.1  find  Tonne  I 

The  experiments  were  conducted  in  the  YKIFD  16  .c  x  16  in  continuous  supersonic 
wine  tunnel  S-l  at  a  Mach  nuaber  of  2.21.  The  stagnation  temperature  was  near  the 
ubieut  temperature.  The  stagnation  pressure  was  below  atno spheric  and  could  be 
varied  froa  about  100  to  200  as  of  cercnry  absolute,  which  pressures  ccrresponn  to 
free  stream  Reynolds  nuebers  of  G.  5  x  104  and  104  respectively,  besed  on  a  length 
of  1  ft. 

The  tranel  is  equipped  with  a  conventional  optical  system  using  parabolic  mirrors 
end  a  spark  light  source. 

2.2  Models 

A  symmetric  wedge  model  with  backward  facing  steps,  8  ns  high,  was  used  in  this 
Investigation.  The  model  almost  completely  spanned  the  working  chamber  of  the  tunnel 
and  was  fixed  to  the  lower  wall  of  the  test  section  from  its  rear  by  two  straight 
supports.  A  portion  of  the  aodel,  indicated  by  (A)  in  Figure  1,  was  equipped  for 
static  pressure  and  heat  transfer  measurements.  Schlieren  photographs  snowed,  as 
illustrated  in  Figsre  13,  that  flow  reattachsent  occurred  just  upstream  of  the 
“slider".  This  portion  of  the  aodel  could  be  moved  along  the  spanwise  direction 
(z-axis),  in  the  Banner  of  the  sliding  scale  of  a  slide  rule,  with  a  vieu  of  measuring 
the  spanwise  distribution  of  static  pressure  and  beat  flux,  by  reans  of  &  discrete 
number  of  seal!  pressure  orifices  and  heat  meters.  The  slid'*-  consisted  of  a  block 
of  insulating  material  surrounded  by  a  metallic  frame. 

A  few  tests  were  also  made  by  replacing  the  front  part  of  the  model  by  a  flat  plate 
aligned  with  the  rear  surface,  as  shown  by  the  dotted  lines  in  Figure  1. 

2.3  Test  Techniques 

The  flow  was  qualitatively  observed  at  the  surface  of  the  models  by  thf  use  of  a 
sublimation  technique.  The  indicator  chosen  was  acenaphthene.  which  having  a  slow 
response,  allowed  for  the  relatively  long  starting  and  stopping  times  of  the  wind- 
tunnel.  An  indication  of  the  surface  flow  pattern  was  obtained  after  one  or  two 
hours  running  time  of  the  tunnel. 

Detailed  surveys  were  made  with  total -head  and  static  probes  having  an  external 
diameter  of  0.8  ran  (i. e.  0.03  in).  The  pitot  probe  was  cylindrical  with  an  internal 
diameter  of  0.6  ran.  The  static  probe  was  a  cone  cylinder  having  one  single  pressure 
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orifice,  located  on  its  starboard  side,  12  diameters  behind  the  n'S1-.  The  probes  were 
fixed  to  tbe  surveying  mechanism  which  permitted  displacements  parallel  and 
perpendicular  to  the  mcvel  surface  at  any  streaawise  location. 


A  transient  calorimetric  technique  cos  used  to-:  heat  transfer  measurements  in  the 
reatt*cbBv*Dt  region  of  the  flow.  Tte  insulating  material  (bakeiite)  of  tbe  slider 
vas  grooved  to  hold  three  copper  bars,  <  «-  heat-eeters,  0.5  Bt  wide.  0.5  hi  thick, 

50  bb  long  ana  2C  **  apart  as  shown  in  '•  .gurs  1.  This  particular  configuration  of 
tbe  heat  meters  was  suggested  by  the  tji  cal  aspect  of  the  striation  pattern  shown  by 
tbe  sutlinatien  technique-  (an  exa**:'  ci.g  given  in  Fig. 2)  and  also  by  the  fact  that 
the  Dean  heat  transfer  rate  was  found  to  b«.  approximately  constant  for  32  <  x  <  82  id 
in  the  course  of  prelininary  oeasurem  -cits. 


A  steel  wedge  (140  aa  span},  containing  an  electric  resistance  acting  as  a  heater, 
was  nounted  above  the  nodel.  as  indicated  in  Figure  l.  and  used  to  heat  up  the  slider, 
while  the  tunnel  was  running,  to  a  temperature  Cf  100 °C  above  its  adiabatic  value. 

Tbe  wedge  could  be  removed  suddenly  by  a  pneumatic  device,  at  such  a  speed  that  tbe 
time  needed  to  complete  the  exposure  of  tbe  copper  bars  to  the  airstreao  was  about 
50  milliseconds,  a  Pastax  schlieren  notion  picture  cf  the  flow  was  taken  while  the 
heater  was  being  removed  and  it  did  not  show  any  unsteadiness  as  the  flow  was 
reattacning  on  the  surface  of  the  nodel. 

The  temperature  of  each  of  the  individual  copper  bars  were  measured  by  neons  of 
copper  constantan  wires  baring  a  diameter  of  0.1  mm,  welded  near  the  extremities  c-f 
the  bars.  These  temperatures  Jere  time  recorded  on  a  potentioaetric  recorder  having 
a  20  in  scale,  a  sensitivity  cf  1  mV  full  scale  and  a  response  time  of  1  sec  full 
scale.  Occasionally,  the  temperatures  were  also  measured  using  a  galvanosetric 
recorder  which  had  a  much  smaller  response  time  than  the  potentiowetric  one;  the 
same  results  were  obtained. 


After  cech  measurement,  tne  slider  was  moved  along  the  spanwise  direction  by  steps 
of  0.5  mo  (0.02  in).  In  this  way,  it  was  possible  to  get  a  spanwise  distribution  of 
the  heat  transfer  rate,  downstream  of  reattaebraent  for  -35  <  z  <  35  nm,  where  z  is 
the  spanwise  coordinate  defined  in  Figure  1.  The  heat  Hue  per  unit  time  through  the 
unit  area  of  the  model  surface  is  given  by 


q 
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where  e  is  the  thickness  of  the  heat  meter,  c  and  pm  the  specific  heat  and 
density  of  copper,  Tw  the  wall  temperature  given  by  the  recorder  and  t  the  time. 
The  derivative  dTwA'.t  was  determined  at  time  t  =  0  ,  where  the  temperature  of  the 
heat  meter  started  to  drop.  The  inaccuracy  in  the  measurement  of  the  slope  dT^dt 
was  responsible  for  a  scatter  of  the  final  data  of  about  5%.  The  heat  transfer 
coefficient  vh)  and  the  Stanton  number  (St)  were  then  computed  by 


where  the  subscript  ®  refers  to  frecstream  conditions  upstream  of  the  model. 

Tw  is  the  wall  temperature  measured  at  time  t  =  0  and  Twa  the  adiabatic  wall 
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temperature.  I?,  a  preliminary  investigation,  T  was  mexrured  on  a  “thin  skin" 
slider  uade  of  araldite  and  instruaented  with  thermocouples.  It  ras  found  that  the 
aaplitude  of  the  spanwise  variations  of  T  was  less  then  2f,C  and  thus  T  was 

IB  ”B 

later  assuaed  to  be  constant. 


3.  ON  THE  EXISTENCE  OF  STREAM '-5 1ST  VO!  .t CSS 

In  order  to  ease  the  experimental  stud./,  the  amplitude  of  the  flow  perturbations 
was  varied  by  the  use  of  artifical  irregularities  at  or  behind  the  leading  edge  of 
the  model.  Strips  of  scotch  (cellulose)  tape  &  in  wide,  regularly  spaced  by  >4  in 
were  glued  to  the  surface  of  the  model,  at  various  distances  l  (see  Fig.  1)  from 
the  leading  edge. 

As  an  example,  results  obtained  for  2=0  are  given  below.  A  sublimation 
picture  of  the  flow  around  the  model,  tested  at  a  stagnation  pressure  of  100  mmHg 
absolute,  is  given  in  Figure  2{b)  and  compared  with  a  sublimation  picture  obtained 
without  the  scotch  tape  (Fig. 2(a)).  In  these  figures,  the  sublimation  rate  is 
larger  in  dark  regions  than  in  light  ones.  It  is  seen  that  the  strips  of  tape 
modified  the  stria  ion  pattern  near  reattachment  (for  30  <  x  <  80  neo;  where  x  is 
defined  in  Fig.  1),  inasmuch  as  a  pair  of  striations  were  formed  by  each  piece  of 
tape.  Farther  downstream  (x  >  1G0  «a)  cite  striations  rearranged  tnemselves  so  as  to 
beccae  similar  to  the  pattern  obtained  in  Figure  2(a). 

Figure  3  shows  the  results  of  spanwise  surveys  made  with  the  total  head  probe 
having  its  axis  at  y  =  C.4  mm  ,  i.e.  very  close  to  the  wall,  and  for  different 
distances  x  downstream  of  the  step.  The  spanwise  locations  of  the  scotch  tapes  are 
indicated  along  the  s-axis  by  shaded  areas.  It  is  seen  that  additional  pressure 
peaks  developed  as  the  flow  moved  downstream,  which  corresponded  to  the  increase  of 
the  number  of  striations  shown  in  Figure  2(b). 

Spanwise  surveys  made  with  the  pitot  probe,  at  x  =  150  mm  downstream  of  the  step, 
are  shown  in  Figure  4  for  different  distances  y  ,  in  millimeters,  of  the  probe-axis 
ftrom  the  wall.  These  pressure  variations  are  similar  to  those  systematically 
observed  in  previous  investigations  made  without  tapes?.  In  particular,  it  is  found 
that  they  have  their  maximum  amplitude  near  mid-height  of  the  boundary -layer. 

Figure  5  gives  the  results  of  two  streamwise  surveys  made  with  the  total  head  probe 
for  two  different  values  of  z  ,  only  4  mm  (i.e.  1/6  in)  apart.  At  z  -  0  ,  the  probe 
was  located  in  between  two  of  the  striations  formed  by  the  leading  edge  irregularities; 
while  for  z  =  -4  nm  ,  the  probe  was  aligned  with  one  of  these  striations.  The 
figures  indicated  give  the  local  boundary  layer  thickness  determined  from  velocity 
profiles  measured  in  the  boundary  layer  with  the  same  probe.  These  results  show  the 
drastic  spanwise  change  of  the  flow  properties  at  reattachment  and  in  particular  the 
spanwise  waviness  of  the  outer  edge  of  the  boundary  layer. 

By  using  the  slider,  equipped  with  pressure  orifices,  it  was  possible  to  detect 
for  the  first  time  spanwise  variations  of  static  pressure  on  the  model  surface  in  the 
reattachment  zone.  The  results  are  given  in  Figure  6  which  shows  that  large  vari¬ 
ations  of  static  pressure  exist  near  reattachment,  (x  =  32  mm)  associated  with  each 
tape,  and  then  become  weaker  but  also  more  regular  further  downstream  (x  =  82' 


405 


Typical  results  of  sparse  surveys  made  in  the  boundary  layer  at  x  =  150  wd 
with  the  static  probe  are  givm  in  Figure  7,  where  the  reading  of  the  probe  in  ranHg 
absolute  is  plotted  against  the  spanwise  coordinate  (z).  The  measurements  were  aade 
at  different  distances  (y)  froo  the  model  surface.  It  is  seen  that  th?  nearly 
periodic  pressure  variations  are  characterised  by  "phase  shifts"  at  certain  distaices 
from  the  wall.  Indeed,  the  pressure  peaks  observed  at  y  -  7.5  mo  correspond  to 
pressure  trouts  at  y  =  4.5  nra  and  vice-versa.  This  would  indicate,  the  static 
probe  being  sensitive  to  small  cross  flow,  that  a  layer  of  stieamwise  vortices 
existed  at  3.5  <  y  <  4.5  cm.  These  vortices  appeared  to  be  counter-rotating  as  the 
mean  static  pressure  sras  approximately  the  same  at  y  -  3. 5  and  y  =  4.5  mm  . 

Knowing  that  the  pressure  orifice  was  on  the  starboard  side  of  the  probe,  one  could 
specify  the  sense  of  rotation  as  schematically  shown  in  Figure  7.  In  the  seme  figure, 
one  can  see  another  phase  shift  for  0.4  <  y  <3.5  mi,  indicating  possibly  the 
existence  of  a  second  layer  of  vortices,  closer  to  the  vail.  Unfortunately,  it  was 
not  possible  to  compare  the  pressure  distribution  at  y  =  0.4  nan  with  the  wall 
static  pressure  as  the  slider  did  not  cover  that  region  of  the  flow. 

By  grouping  together  some  of  the  above  results-,  one  can  imagine  the  idealized 
vortex  distribution  shown  in  Figure  8. 

A  similar  investigation  was  carried  out  closer  to  the  reattachment  region,  i.  c. 
at  x  =  52  nra  from  the  step.  However,  only  one  vortex  layer  was  clearly  observed  as 
indicated  in  Figure  9,  where  the  reading  of  the  static  probe,  in  millimeters  of 
mercury,  is  plotted  against  the  spanwise  coordinate.  (The  drop  in  static  pressure 
with  Increasing  y  ,  shown  by  Figures  6  and  9,  was  caused  by  the  compression  wave 
associated  with  flow  reattaefcment. )  This  vortex  layer  was  located  in  the  region 
3. 5  <  y  <  4. 5  bb  which  is  much  closer  to  the  outer  edge  of  the  boundary  layer  than 
further  downstream  (i.e.  at  x  =  150  am). 

In  some  other  cases,  (l  ?  0),  the  vortices  were  observed  slightly  outside  of  the 
boundary  layer  near  reattachment.  .  similar  phenomenon  was  observed  by  the  author 
on  swept  back  supersonic  wings.  A  sublimation  pictu:  of  tb  *  corresponding  flow  is 
shown  in  Figure  10.  In  that  case,  the  vortices  sere  definitely  detected  outside  of 
the  boundary  layer.  However,  it  was  not  possible  to  determine  exactly  their  sense 
of  rotation  and  further  work  remains  to  be  done  in  that  particular  case. 


4.  EFFECTS  OF  STREAMWISE  VORTICES  ON  HEAT  TRANSFER 

Repeated  measurements  of  the  spanwise  distribution  of  the  heat  transfer 
coefficients  and  Stanton  number  by  the  transient  technique,  with  scotch  tapes  at  the 
leading  edge  (l  ~  0).  are  given  in  Figure  11  for  a  stagnation  pressure  of  100  mmHg 
i.e.  for  a  stream  Reynolds  number  of  0.5  x  106  based  on  a  length  of  one  foot.  The 
spanwise  locations  of  the  scotch  tapes  at  the  leading  edge  are  indicated  along  the 
z-axis  by  shaded  areas.  The  figures  shows  the  existence  of  large  peaks  in  the  heat 
transfer  rate  whose  locations  correspond  to  those  of  the  pressure  peaks  previously 
detected  in  the  boundary  layer  by  the  total  head  probe  (Fig.  4). 

An  attempt  was  made  to  compare  quantitatively  the  spanwise  distributions  of  pitot 
pressure  and  heat  transfer.  Because  of  its  small  size  the  probe,  when  kept  in 
contact  with  the  model  surface,  was  located  in  the  lineal  region  of  the  boundary 


given  versus  the  pressure  (pfc)  measured  at  the  base  of  the  backward  facing  step. 
The  Dare  pressure  is  normalized  by  the  free  stream  static  pressure.  Different 
triggering  mechanisms  were  used  to  note  the  transition  region  from  downstream  ox 
reattachment  to  upstream  of  separation  and  the  base  pressure  was  used  here  as  the 
parameter  indicating  the  position  of  transition.  Average  vniues  of  Sf  are 
indicated  by  large  dots  in  the  figure.  They  are  defined  by 


z?  -  Zj 


St(z)  dz 


where  (*,  -  zp  is  the  portion  of  the  span  where  St(z)  was  measured.  St  is  the 
Quantity  that  would  be  measured  by  heat  meters  much  wider  than  the  ones  used  here. 

It  is  seen  from  Figure  14,  that  St  increased  gradually  when  reattachment  changed 
from  laminar  to  turbulent,  (i. e.  when  the  base  pressure  decreased),  then  decreased 
when  the  turbulent  boundary  layer  thickened,  it  is  also  seen  that  in  the  case  of 
laminar  reattachment,  local  St  -peaks  were  much  larger  them  in  the  turbulent  case. 

It  is  not  surprising  therefore  that  Miller  et  alii9  observed  regular  striation 
patterns  scorched  into  the  stainless  steel  surface  of  their  flap  models  during 
Hotshot  wind  tunnel  tests  at  high  Mach  numbers. 


5.  CONCLUSIONS 

The  present  investigation  showed  that  the  three-dimensional  perturbations  that 
were  previously  detected  in  many  types  of  reattaching  supersonic  flows  consisted  of 
one  or  two  rows  of  counter-rotating  streamwise  vortices  generally  located  in  the 

boundary  layer. 

Very  local  heat  transfer  measurements  showed  that  the  effect  of  these  vortices  was 
to  produce  locally  very  large  peaks  in  the  heat  rate,  much  larger  than  the  usually 
measured  turbulent  values  immediately  after  transition.  It  was  also  found  that  the 
flat  plate  Reynolds  analogy  was  quantitatively  correct  with  streamwise  vortices 

present  in  the  flow. 
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(a)  Without  the  scotch  tape 
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(b)  With  pieces  of  s^ich  tope 


FiK.2  Sublimation  pictures  with  and  without  pieces  of  scotch  tape  at  the  leadirfi 
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Pig. 5  StreamwJse  variations  of  pitot  pressure  (y 
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P  peaks  \  in  the  spanwise  pitot  pressure 

T  troughs  J  distribution 

Pig.  8  Vortex  distribution  in  the  boundary  layer 


Fig. 9  Spanwise  surveys  with  static  probe  (x  =  52  mm) 


Fig. 10  Sublimation  picture  on  swept  bac] 


Spanwlse  distribution  of  heat  transfer  with  transient  technique 


<b)  Turbulent  retttachracnv 


Schlicrcn  pictures  of  the  flow  for  laminar  and  turbulent  reattachments 
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SUMMARY 


Presented  is  a  detailed  analysis  of  a  class  of  laminar  two-dimensional 
tlae-^pendent  velocity  and  thermal  boundary  layers  whose  free-stream 
velocity  is  given  by 


U(x,t)  =  cxB(l  +  ecoseot)  , 

where  e  if  a  snil  disturbance  parameter.  The  solutions  were  expanded 
into  power  series  of  the  disturbance  parameter.  The  equations  for  the 
first  and  second-order  terms  have  been  solved  for  small  values  of  the 
frequency  co  as  '■ell  as  for  large  frequency  values.  These  two  solutions 
for  low  and  high  frequencies  can  be  matched  at  intermediate  frequencies. 
The  solutions  show  that  the  velocity  and  temperature  in  the  different 
layers  of  the  boundary  layer  acquire  oscillations  which  experience  phase 
shifts  with  respect  to  the  forcing  disturbance  and  to  each  other.  Due  to 
the  non-linear  terms  in  the  flow  equations  the  fundamental  oscillation 
induces  higher  harmonics  in  the  bondary  layer  oscillation  and  a  steady- 
state  part,  which  is  responsible  for  the  alteration  of  the  mean  values  of 
skin-friction  and  heat  transfer  coefficient  by  the  outer  flow  oscillation. 
In  the  analysis  the  limiting  cases  for  very  low  frequency  (quasi-steady 
solution)  and  very  high  frequency  (solutions  after  M.J.  Lighthill  and 
C.C.  Lin  respectively)  are  also  included.  Numerical  results  for  the 
flow  along  a  flat  plate  aid  for  stagnation  point  flow  are  given. 


SOMMAIRE 


On  pr^sente  une  analyse  ddtaillde  d’ une  catdgorie  de  temps  laminaire 
&  deux  dimensions-vitesse  ddpendente  et  couches  limites  thermiques  dont 
la  vltesse  de  courant  libre  est  donnde  par  1* expression: 

U(x, t)  ~  cxm(l  +  ecoswt)  , 

dans  laquelle  e  est  un  paramdtre  de  faible  perturbation.  Les 
solutions  ont  dt 4  dlargies  a  des  series  de  puissances  du  pararadtre 
de  perturbation.  Les  (equations  des  termes  du  premier  et  du  second  ordre 
ont  4t4  rdsolues  pour  de  faibles  et  de  fortes  valeurs  de  la  frequence  <u  . 
Ces  deux  solutions  pour  les  basses  et  hautes  frequences  peuvent  peut 
£tre  se  correspondre  pour  les  frequences  i-ntermddiaires.  Les  solutions 
montrent  que  la  vitesse  et  la  temperature  aux  differents  niveaux  de  la 
couche  limite  acquidrent  des  oscillations  qui  traversent  des  alternances 
de  phase  par  rapport  &  la  perturbation  contraignante  et  les  unes  pa: 
rapport  aux  autres.  A  cause  des  termes  non  lineaires  des  equations 
d' ecculement,  1*  oscillation  fcndamentale  produit  des  harmoniques  plus 
dlsvdes  dans  1*  oscillation  de  la  couche  limite  ainsi  qu’  une  partie  en 
regime  etabli,  d  laquelle  est  due  la  modification  des  valeurs  moyennes 
des  coefficients  de  frottement  de  surface  et  de  transfert  de  chaleur  par 
suite  de  1’  oscillation  de  1* ecoulement  externe.  Les  cas  extremes 
de  trds  basse  frequence  (solution  quasi-permanente)  et  de  trds  haute 
frequence  (solutions  de  M.J.  Lighthill  et  C.C.  Lin)  sont  egalement 
dtudides.  On  donnd  des  rdsultats  numdriques  pour  1’  dcoulement  le  long 
d’une  plaque  plane  et  1’ dcoulement  au  point  d’ arrdt. 
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NOTATION 


dimensional  cartesian  coordinates 

dimensionless  coordinate  defined  by  Equation  (14) 

dimensionless  frequency  parameter  defined  by  Equation  (26) 

dimensionless  coordinate  defined  by  Equation  (20) 

dimensionless  coordinate  defined  by  Equation  (63) 

dimensionless  coordinate  defined  by  Equation  (73) 

dimensionless  coordinates  defined  by  Equations  (99)  and  (73) 

boundary  layer  thicknesses  defined  by  Equations  (65)  and  (64) 
respectively 

characteristic  boundary  layer  thickness  defined  by  Equation  (43) 
time 

frequency 

velocity  components  in  the  outer  flow 
time -independent  part  of  U  =  U(x,t) 
velocity  components  in  the  boundary  layer 
temperature 

dimensionless  temperature  in  the  boundary  layer  defined  by 
Equation  (la) 

zero-order  solutions 


f*rst-order  solutions  defined  by  Equations  (6),  (7)  and  (8) 


time -independent  second-order  solutions  defined  by  Equations  (6), 
(7)  and  (8) 


f 

( 
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first-order  complex  solutions  defined  by  Equations  (IT),  (1C)  and 
(19) 


\ 

I 


ui'vr®i 


Of,  v) 
'ina.v) 
Q^.v) 
Qna.v) 

Kw 

$lln^ 

0IN(^ 

0IIn^ 

^IPr.(7?) 

<W*> 


^IlPnW 


‘Wy> 

^.!lPn(77) 

f?lISn(7V 

Ar(X).XT(X) 

Aq(X).\Q(X) 

AV(X).\(X) 


v-componcnt  at  the  edge  of  the  boundary  layer,  defined  by 
Equation  (41) 

stream  function 

dimensionless  stream  function  defined  by  Equation  (15) 

dimensionless  temperature  defined  by  Eviction  (15) 

complex  dimensionless  stream  function  defined  by  Equation  (21) 

dimensionless  second-order  stream  function  defined  by  Equation  (27) 

complex  dimensionless  temperature  function  defined  by  Equation  (19) 

dimensionless  second-order  temperature  defined  by  Equation  (27) 

functions  defined  by  Equation  (45) 

functions  defined  by  Equation  (50) 

functions  defined  by  Equation  (45) 

functions  defined  by  Equation  (51) 

functions  defined  by  Equation  (72) 

functions  defined  by  Equation  (75) 

functions  defined  by  Equation  (93) 

functions  defined  by  Equation  (98) 

functions  defined  by  Equation  (91) 

functions  defined  by  Equation  (91) 

functions  defined  by  Equation  (101) 

functions  define-:  by  Equation  (101' 

functions  defined  by  Equation  (36) 

functions  defined  by  Equation  (37) 

functions  defined  by  Equation  (42) 

shear  stress  nt  the  wall 


p 


density 


p  pressure 

c,m  constants  defined  by  Equation  (13) 

fj.  viscosity 

v  kinematic  viscosity 

a  tn  i'tnal  diffusivity 

e  disturbance  parameter  defined  by  Equation  (1) 

Pr  Prandtl  number 

Nu  Nusselt  number  according  to  Equation  (35) 


Superscripts : 

•  differentiation  with  respect  to  Y  or  t]s 

'  differentiation  with  respect  tc  r)  . 


Subscripts: 

a 

V 

I 

II 
R.J 
s 

p 


outer  flow 
at  the  wall 
first-order  solution 
second-order  solution 
real  and  imaginary  part 
Stokes  solution  (see  Sec. 5) 
Prandtl  solution  (see  Sec. 5) 


X.Y.a  .P 


differentiation  with  respect  to  these  variables 
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HEAT  TRANSFER  IN  LAMINAR  BOUNDARY 
LAYERS  WITH  OSCILLATING  OUTER  FLOW 

K.  Gersten 


1.  INTRODUCTION 

Hie  present  investigation  deals  with  the  solution  of  the  equations  for  the  velocity 
as  well  as  tor  the  temperature  distribution  in  laminar  boundary  layers  for  the  case 
when  snail  periodic  perturbations  are  superimposed  on  the  steady  outer  flow,  in 
order  to  determine  the  effect  of  the  pressure  gradient  on  the  laminar  heat  transfer 
response,  the  ouuer  flows  are  assumed  to  be  of  the  so-called  wedge-type  flow  with  the 
mean  velocity  distribution  given  as  U(x)  =  cxm,x  denoting  the  coordinate  along  the 
wall  and  c  being  a  constant.  The  constant  m  represents  the  pressure  gradient  in 
the  flow.  Wedge-type  flews  are  exceptional  because  they  lead  to  self-similar 
solutions  of  tne  boundary-layer  equations.  The  outer  flow  is  supposed  to  be 
disturbed  by  a  simple  harmonic  oscillation.  The  first  fundamental  theoretical 
investigation  on  laminar  boundary  layers  with  oscillatory  disturbances  was  performed 
hy  M.J.  Lighthill1*  who  used  an  approximate  approach  to  examine  the  effect  of  small 
harmonic  free-stream  velocity  perturbations  on  the  skin-friction  and  heat  transfer  in 
laminar  boundary  layers.  In  this  analysis  tne  perturbations  were  assumed  to  be 
small.  Therefore  the  equations  for  the  perturbation  fields  could  be  linearized.  It 
tUTis  oat  that  by  this  procedure  the  first-order  equations  predict  no  change  in  the 
net  beat  transfer  rate.  The  change  in  the  net  heat  transfer  rate  is  of  the  second 
order,  as  was  shown  bv  C.C.  Lin14  for  the  case  of  very  high  frequencies.  After  these 
fundaaiental  papers  by  Lighthill15  and  C.C.  Lin16  a  number  of  theoretical  investigations 
have  been  undertaken  for  more  general  outer  flows7’11,14’21  as  well  as  for  stagnation 
point  flow1,  *•  n’  2  0,  2  8  and  the  flow  past  a  flat  plate  at  zero 
incidence8,  *•  9*  1  0,  13, 1  9,  25,  27.  With  the  exception  of  tne  paper  by  P.H.  Hill  and 
A.H.  Stcnning10,  in  which  Lighthill’ s  approximate  method  was  used,  all  theoretical 
studies  attempted  to  find  exact  solutions  of  the  boundary  layer  equations.  A  few 
experimental  invest igations '■  1  °’ 1 2’ 1 9  on  boundary  layers  in  harmonically  oscillating 
outer  flow  streams  show  good  agreement  with  the  theoretical  first-order  solutions. 
General  reviews  on  perioaic  laminar  boundaiy  layers  have  been  given  by  H.  Schlichting23, 
K.  Stevwrtson24.  J.T.  Stuart24  ar..'  N.  Rett*2. 

From  the  results  of  the  mentioned  investigations  no  complete  picture  of  the 
situation  emerges  owing  to  the  fact  that  second -order  terns  have  been  computed  in  a 
few  papers  only.  Therefore  in  the  following  emphasis  is  laid  on  the  second-order 
terms  which  lead  to  a  change  in  net  skin-friction  and,  especially,  in  the  average 
rate  of  heat  tranrfei.  In  the  mathematical  analysis  perturbation  method  is  used; 
it  leads  to  a  series  expansion  for  the  solutions. 
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After  formulating  the  mathematical  problem  for  an  incompressible  fluid  in 
Section  2,  the  boundary -layer  equations  of  the  first  and  second  order  perturbation 
field  are  given  in  Section  3.  Tie  solutions  of  the  equations  can  be  represented  by 
a  series  expansion  for  small  frequency  parameters  X  =  (wx)/U  and  by  a  series 
expansion  for  large  frequency  parameters,  respectively.  Both  series  expansions  are 
expected  to  match  at  moderate  frequency  parameters.  In  Section  4  solutions  for  small 
values  of  X  are  given,  whereas  the  solutions  for  large  values  of  X  are  given  in 
Section  5.  Section  6  contains  a  discussion  of  numerical  results  for  the  stagnation 
point  flow  (m  =  1)  and  flow  past  a  flat  plate  at  zero  incidence  (m  =  0),  respectively. 
Finally,  Section  7  contains  a  few  critical  remarks  concerning  the  limits  of  validity 
of  the  given  theory. 


2.  FORMULATION  OF  THE  PROBLEM  AND  METHOD  OF  SOLUTION 
2.1  Boundary  Layer  Equations 

We  now  proceed  to  consider  a  boundary  layer  along  a  wall,  Figure  1.  The  coordinates 
x  and  y  are  measured  along  the  wall  and  perpendicdlar  to  it,  respectively.  The 
velocity  of  the  outer  flow  parallel  to  the  wall  has  the  form 

U(x,t.)  =  U(x)(l  +  ecoscut)  (1) 

where  the  second  term  represents  the  oscillatory  perturbation  of  the  steady  flow 
U(x)  .  The  temperature  T^,  of  the  outer  flow  as  we  1  as  tuc  temperature  Tfl  at  the 
wall  are  assumed  to  be  constant.  We  denote  the  velocity  components  of  velocity,  in 
the  boundary  layer  by  u(x.y.t)  and  v(x.y.t)  ,  respectively,  and  introduce  the 
dimensionless  temperature 

T  -  T 

Sv'x.y  t)  =  - - — .  (la) 


Tae  equation  for  the  unsteady  incompressible,  two-dimensional  laminar  boundary  layers 
can  now  be  written 

3u  3v 

(2> 


3u  3u  3u 
—  +  u  —  +  v  — 
Bt  3x  By 


B?u  _  dU  (-  dU  _  du\ 
v~7  4  u  —  +  eiU  —  +  U  —  jcoscat  - 
By*  dx  \  dx  dx  / 


-  ec4Jsina>t  +  e  -  l!  —  (1  *■  cos  2et) 
2  dx 


B6  30  30 

—  +  i  —  +  v  — 

Bt  Bx  By 


taking  Into  account  the  fora  of  the  cuter  flow  field  from  Equation  (1). 


( 

( 


The  boundary  conditions  are: 
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y=O:u~O,v  =  O,0-l 

y  =  oo  :  u  =  Ufx.t)  ,0  =  0. 

Equation  (4)  for  the  temperature  distribution  is  linear.  Therefore  it  can  be 
concluded,  that  an  oscillatory  disturbance  of  the  outer  flow  temperature  T  would 
only  yield  an  oscillatory  perturbation  of  the  temperature  distribution  in  the 
boundary  layer,  but  could  not  effect  the  time -averaged  net  heat  transfer  rate.  In 
other  words,  a  change  in  the  net  heat  transfer  rate  can  occur  only  as  a  consequence 
of  a  change  in  the  time-averages  of  the  velocity  components.  Prom  Equation  (3)  it 
can  be  seen  that  the  time -independent  term  due  to  the  free-stream  velocity  is 

1  ,  -  dO 

2  d.\ 


It  night,  therefore,  be  expected  that  a  change  iq  the  net  heat-tr«uisfer  rate  will  be 
proportional  to  e3  . 


2.2  Series  Expansion  Method 

The  form  of  Equation  (3)  suggests  solutions  for  u(x,y, t),v(x,y,t)  and  @(x,y,t) 
of  the  following  form: 

u(x.y.t)  =  u0(x,y)  +  e[uu(x,y)  coscut  +  u12(x,y)  sincot]  + 

+  e2[uj0(x.y)  +  u2I<x,y)  cos  2cut  +  u22(x,y)  sin  2wt]  +  e3  [. . .  J  +  . . . ,  (6) 

v(x.y,t)  =  v0(x,t)  +  e[vn(x,y)  coswt  +  v12(x,y)  sincut]  + 

+  t2[v20(x,y)  +  v21(x,y)  cos  2cut  +  v22(x,y)  sin  2cut]  +  e3  [. . .  ]  +  . . . ,  (7) 

0(x.y.t)  =  0o(x,y)  +  el0n(x,y)  coscut  +  0,2(x,y)  sinwt]  + 

+  e2[02O(x,y)  +  021(x,y)cos2wt +  022(x,y)  sin2wt]  +  e3[...]  +  ...  .  (8) 

The  above  forms  are  now  substituted  into  Equations  (2),  (3)  and  (4)  and  in  each  of 
them  the  terms  are  arranged  in  ascending  powers  of  e  .  Since  e  is  arbitrary,  the 
coefficients  of  €n  must  vanish  singly,  and  we  are  led  to  the  following  set  of 
equations: 
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y 

=  0  : 

J20  =  0  * 

< 

M 

O 

(t 

O 

6,e 

=  0 

y 

=  oo  : 

U,0  =  0  • 

V,0  =  0  • 

8,o 

=  0 

(12) 


Similar  sets  of  equations  result  from  multiplying  cos  2o)t  and  sin  2wt  .  Owing 
to  the  nonlinearity  of  the  velocity  Equation  (3)  combinations  of  first-  and  second- 
order  terms  will  also  appear.  This  leads  to  equivalent  sets  of  third-order  equations 
and  so  on.  In  other  words  an  infinite  number  of  sets  of  equations  for  all  powers  of 
«  i&  generated.  Consequently  the  series  expansions  Equations  (d),  (7)  and  (8)  of  the 
solutions  are  only  physically  meaningful  if  the  series  converge.  A  general  statement 
about  the  convergence  of  these  series  is  not  now  available.  But  from  the  results, 
which  we  will  present  later  in  the  analysis,  it  will  be  possible  to  make  inferences 
whica  will  be  discussed  in  Section  7.  It  seems  plausible  that  this  series  expansion 
is  justified  on  condition  that  e  is  a  very  small  parameter. 


In  this  investigation  only  the  first-order  equations  and  the  time-independent 
second-order  equations  are  considered.  The  latter  are  assumed  to  give  the  essential 
part  of  the  change  in  the  net  heat -transfer  rate  provoked  by  oscillations  in  the 
outer  flow.  The  difference  between  the  exact  change  and  that  given  only  by  the 
second-order  term  will  be  of  the  order  of  e1*  ,  which  is  negligible  for  small  values 
of  e  . 


3.  BOUNDARY  LAYER  EQUATIONS 

3.X  Zero-Order  (Steady-State)  Equations 

We  now  consider  the  flow  past  a  wedge,  i.e.  an  outer  flow  velocity  tribution  of 
the  form 

U(x)  =  cx“  .  (13) 


In  this  case.  Equations  (9)  lead  to  self-similar  solutions23,  that  is  to  solutions 
which  depend  on  one  single  spatial  variable  only,  namely  on  the  similarity  variable 
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We  now  introdi'c  two  functions  t{rf)  and  g(7j)  of  the  new  variable  17  by  the 
definitions: 

>/'0<x,y)  -  A'xO(x)  f (V) 

U0(x.y)  =  —  =  U(X).f'(7))  =  cx“f'(7j) 

dy 

( 

1 

v0(r.y)  =  -™  =  --  v'cv  x<n~1)/2  [(m  +  l)f(i?)  +  (m  -  l)i?f '(??)] 

•  vX  2  i 


0oCx.y)  =  g(7?) 


When  this  is  done,  the  partial  differential  equations  (D)  reduce  to  the  following 
ordinary  differential  equations 

a  +  1  , 

fw  +  — — -  ffti  +  m(1  _  fit).  -  0 

2 

(16) 

1  a  +  1  . 

—  g"  + -  fg'  =  0 

Pr  2 

with  the  boundary  conditions 

tj  =  0:  f  =  0  ,  f'  =  0  ,  g  =  1 

17  =  00:  f'  =  l,  g  =  0. 

Here  Pr  =  v/a  is  the  Prandtl  number.  For  gases  it  is  of  the  order  of  1  (Pr  =  0.7 

approximately  in  air).  Equations  (’«)  are  well  known  equations  for  the  steady-state 
problem  (in  the  absence  of  the  disturbance  in  the  outer  flow),  and  their  solutions  are 
well-known0. 

3.2  First-Order  Equations 

It  is  possible  to  combine  the  two  sets  of  Equations  (10)  and  (11)  by  introducing 
complex  functions  in  the  following  way: 


UI 

=  UIR 

+  iUjj 

=  un 

~  1U12 

(17) 

VI 

=  VIR 

+  ivIJ 

=  vii 

~  iV12 

(18) 

07 

=  0 

UIR 

+  i0IJ 

=  ®u 

-i0i2 

(19) 

Introducing  the  similarity  variable  r\  from  Equation  (14)  and  a  new  variable 
defined  as 


€  =  -3- 


iwx  iai 


=  --  t!  -  ■ 


U(x>  c 


(20) 


together  with  the  definitions 


'Pl(x.y)  =  v4tcU(x)  (£, rj)  , 

3(//. 

Uj(x,y)  =  3^  -  W00$l7)  (£.17)  =  cx^f.ifl  , 


(21) 


^(x.y)  =  =  -  l-  v&xl*--)/*  [(m  +  i)$j  +  (m  -  +  2(1  -  n)&If]  , 

0x(x.y)  =  Qj(i.v) 

t 

we  obtain  the  following  working  equations: 

*i<m  *  ^  +’ 

+  — *'$i  -  (1  -  ■Of,'f$1£T>  +  (1  --  m)f"f$If  +  2m  +  £  =  0  ,  (22) 


pj.  +  ~  ^IV  ^1  ~  (1  ~  El)f  = 

-  -  g'[(n  +  l)$j  +  2(1  -  m)£§If] 

2 

with  the  boundary  conditions: 

V  =  0  :  =  0  ,  =  0  ,  9Iv  =  0  ,  0j  =  0 

V  =  ®  :  =  1  .  0J  =  0  . 

Equations  (22)  and  (23)  admit  the  following  solutions: 

=  $ir(X,t?)  +  i^jj(X. '’?) 

Bjd.V)  =  0ir(X,T7)  +  iQjjtf.V) 

where 


(23) 


(24) 


(25) 


ax 

U(x) 


(26) 


is  the  dimensionless  frequency  parameter. 
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3.3  Second-Order  (Time-Independent)  Equations 

By  analogy  with  Equations  (21)  and  (26)  we  make  the  following  assumptions  for  the 
second-order  time-independent  terms  of  velocities  and  temperature: 

VW^.y)  =  x(B  +  l)/2  §n(X,7)) 

«20<X-n  =  CX^JI^X.T)) 

v£0(x,y)  =  -  -  1)/2  [(B  +  l)$n  +  (a  -  l)r$Uv  +  2(1  -  m)X$nx] 

02e(x.y)  =  0n(X.7))  . 

Substituting  these  expressions  into  Equation  (12),  we  get: 

*ntm  +^Lfi  -  »'•«,  -  «  -  +  (1  -  +1~  *"*n 

=  «Kr,  +  (1  -  »>x«W$iRXn  +  **IJV  +  «  -  "W^Mn^uxi)  -  m}" 

-  i{(«  +  +  2(1  -  a^inx^lRw  +  (m  +  +  2(1  ~  ^^ijx^ijW  •  (28) 

The  teaperature  function  0jt(X,7))  must  satisfy  the  following  equation: 

~  ^  f0n,  '  fl  “  “)f'xenx  =  ~  ^  g'*“  - 

-  <1  -  B)g'X$nx  +  Hd  “  ®>X(-irt,®ikx  +  ^IJn  0IJX>  “ 

2  +  ^iAjn^  ~  (1  "  miX(^IRX®lRr?  +  ’  (29) 


The  boundary  conditions  for  $j,j  and  0jj  are 


ci 

(l 

o 

*11  =  0  • 

$ 

=  o  , 

V  =  °* 

®n  =  0 

-d 

ii 

8 

=  0  • 

0 

uii 

=  o  . 

3.4  Velocity  and  Temperature  Field 

Sumaarizing  the  preceding  results  for  the  velocity  as  well  as  for  the  temperature 
distributions,  we  obtain  the  following  formulae: 


(30) 


v(x,y,t)  =  -  Wcv  x(B  ~l)'2  {(m  +  l)f(7))  +  (m  -  l)T]t' (rf)  + 

+  e[(m  +  1)$ir(t).X)  +  (m  -  1  )V$IRr/(V.X)  +  2(1  -  m)X$IRX(i?,X)]  coscut- 
-  e[(a  +  l)$j j(7},X)  +  (m  -  1)tj$ w^(7j.X)  +  2(1  -  m)X$IJX(7j,X)]  sinwt  + 
+  £*[(*  +  l)$„(i?.X)  +  (B  -  1)v$jt_(t),X)  +  2(1  -  j)X$iix(17,X)]  +  ...  } 


6(x.  77,  t)  =  g(r)  +  e[©1R(7},X)  cosc4;  -  0^(17, X)  sin wt]  +  e20n(7j,X)  +  ...  (3 

From  the  derivatives  at  the  wall  we  obtain  for  the  wall  shear  stress: 

-  ~  f"(0)  +  €^iR7)7)(0.X)  coswt  -#1J1>t)(0.X)sinaJt]  +  «**!lv,(0,X)  +  ...  (3 


and  the  heat  transfer  rate: 


p=  =  -  V(O)  +  e[01Rt)(O.X)cos^  -  0IjT)(O,X)  sinwt]  +  e20IlT|(O,X)  +  ...  (3 


where 


q>x  x  /Bt\  /B0N 

«T«-T«>  Tw-T»Wy=o  W 


is  the  Nusselt  number  for  the  local  heat  transfer  rate  Q(x,t)  .  The  Equations  (33) 
and  (34)  can  also  be  written  in  the  following  way: 


-  F 


=  f"(0)  +  eAr(X)  cos  [cot  +  \r(X)]  +  e2$IIr)T.(0.X) 


(g'(0)  +  eAq(X)  cos  [oot  +  \q(X)]  +  £20IlTr7(O. X)  +  ...} 


at(X)  =  /^(O.X)  +  ^„<0.X) 


tan  X  (X)  =  - 

'W’-X) 


with  analogous  expressions  for  A„  and  k 


It  night  be  worth  mentioning  that  the  velc;  ity  component  v  does  not  merge  into 
the  outer  flow  velocity  component 


V(x,t)  =  -mv'ci'  x(ra  '  r)(l  +  e  cos  cot) 


(40) 


There  exists  a  certain  effect  on  the  v-component  of  the  velocity  at  the  outer  edge 
from  the  boundary  layer  flow,  which  is 

Av^x.t)  =  va  —  V  =  -  {Vcv  x(tn  ‘  l^2  {(m  +  1 ) f  +  (m  -  l)T)f'  -  2mrj  + 

+  e[(m  +  1)#IR  +  (m  -  l)i?$iRlJ  +  2(1  -  m)X$1RX  -  2m7?]  coscot  - 
-  e[(m  +  Dl'jj  +  (m  -  l)r/$ljT)  +  2(1  -  “>X$ijX}  since  t  + 

+  e*[(m  +  l)fir  +  (m  -  1  )r$Uv  +  2(1  -  m)X$m3  +  (41) 

and  can  also  be  written  in  the  following  form: 


Av, 
V 

Ux 


0  it 


m  -  1 


=  mrj  - 


ri-f  / 


m  +  1 


f)  +  eAv(X)  cos  [cot  +  \V(X)]  - 


n=® 


m  +  1  _  ra 
-  $TT  +  _ 


"II 


^IlT)  +  (1  “  B)X^I1X 


(42) 


77=00 


It  can  be  shown  that  this  velocity  at  the  outer  edge  of  the  boundary  is  related  to 
the  value  of  the  displacement  thickness  8*  in  steady -state  boundary  layers: 


8*(x,t)  =  x 


Avjx.t) 

U(x,t) 


(43) 


•here 


8*(x.t) 


f 

•ft 


1  - 


u(x,y,t) 

U(x,t) 


dy  . 


(44) 


Por  unsteady  boundary  layers,  however,  this  quantity  loses  its  meaning  as  a  displace¬ 


ment  thickness:  this  was  shown  by  P.X.  Moore ie. 


4.  SOLUTIONS  FOR  SMALL  VALVES  OF  FREQUENCY  PARAMETER 

Since  we  are  unable  to  obtain  complete  solutions  of  Equations  (22),  (23),  (28)  and 
(29).  we  propose  to  establish  series  expansions  in  cerms  of  the  frequency  parameter 
X  separately  for  small  and  for  large  values  of  it.  These  two  expansions  are  supposed 
to  join  smoothly  in  the  intermediate  frequency  range  and  thus  to  represent  the  required 
solution  over  the  whole  frequency  range.  This  section  will  consider  the  series 
expansion  of  the  solution  fo~  small  values  of  the  frequency  parameter,  both  for  the 
first-order  and  for  the  second-order  equations. 
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4.1  First-Order  Equations 

We  seek  solutions  of  the  first-order  Equations  (22)  and  (23)  ir»  the  following  fo.m: 

=  £  s“*in<V)  .  (45) 


Bj&v)  =  2  ^ln(v)  • 

1  n=0  in 

Substitution  into  Equations  (22)  and  (23)  leads  to  the  following  sets  of  linear 
equations: 


*&  f{j;  - 1*  +  »o  -  +  ■<»  -  ■> 

£  8»  *  ~  (9i»  +  "<k  -  =  Sln..  ’  ^  +  "<■  "  ■>  8'*1„ 


V  =  0  : 

Sr  = 
In 

0  . 

*&.  =  0. 

9i.  ■  » 

ii 

8 

$'  = 
In 

0  . 

9I„  =  0 

* 

•  ri  =  -1 

•  rn  =  0 

for 

n  >  i  , 

1  =  0 

for  n 

=  0 

®In-i  =  0 

for  n  =  0 

There  exist  very  simple  so-called  quasi-steady  solutions,  i.e.  solutions  of  the 
zero-order -equations- 

$l0O?)  =  Hfo?)  +T?f'(i?)]  (48 

910<v)  =  &)g'(V)  (48 

where  t(v)  and  g(v)  are  the  solutions  of  Equations  (16). 

4.2  Second-Order  Equations 

We  seek  series  expansions  in  powers  of  X  -  ojx/U  for  the  solutions  of  the 
equations  (28)  and  (29).  respectively.  It  can  be  seen  by  inspection,  that  all  terms 
with  odd  powers  of  X  will  vanish.  We  assume,  therefore,  solutions  of  this  form: 

$IX(X.7J)  =  *110<V)  -  +  X"$n„(75)  -  +  ...  (SC 

exi(X.V)  =  eno(V)  -  X’eil2(V)  -  Xu0Il4(r,)  -  +  ... 


(51) 
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If  we  substitute  these  series  into  Equations  (28)  and  (29)  and  collect  terms,  we 
obtain  the  following  sets  of  ordinary,  linear  differential  equations: 

*no  +—-1  f$no  -  2^10  =  Vi'o  -  “]  (52) 


0 h  +  Jill  f0/ 

Fr  -I0  2  110 


t  m  +  ^  +  _ _ ^  f  n& 

112  ,  r*II2  ZI  *112  +  „  1  *1 


*n  -  ~  Vi'i  ~  +  ~  +  Wi2  (54> 


1  0«ljf  +111  t&'j2  -  2(1  -  m)f0II2  =  -  1  (5  -  3m)g'$Il2  -  2(1  -  m)$-0©12  + 


,,  ^  m  +  1  _  ^  5  -  3m 

+  (1  +  —  $ID®{2  +— — 


^I2®I0  "  2  *  (55^ 


+— ^  f  +  (2m  -  4)f$'  +1 —  f"$" 


1[(2  -  ■  <§'*  +  2(2  -  b)$j0$j4  +  2(ffl  -  2)#!#,  -  Vl»  + 


3m  -  5 


7m  -  9  m  -  3  5m  -  7 

+  _ _ _  Srr  *  _  _ _ _  *  *  _ _  *"  * 

+  2  * I o*I h  2  *1 1* 1 3  2  I»I3 


—  9"  .  +  HI  f@'  .  -  4(1  -  m)f '0. 


1^7B-9)g'*ll4 


+  2(l-m)$' 0t,  +  4(1  -m)$'  0Tu  -3(1  -m)$'  0T,  +  (1  -«)$'  0T1  + 


7m  -  9  x  „  3m  -  5  ,  „  1+m  7  -  5m  3  - 

+  __  il#0j#  +  _  —  *IO0',  +  —  *,,0^  +  — 


-*>«•] 


Use  scheme  can  be  continuea  for  ascending  powers  of  the  frequency  parameter  X 
but  we  will  confine  ourselves  to  the  preceding  terras.  In  this  manner  the  largest 
neglected  terra  will  be  of  the  ordeT  of  X6  .  For  all  equation?  the  boundary 
conditions  are  given  by: 
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0  : 

^Iln 

=  o  . 

*IIn 

=  o  . 

®IIn  =  0 

oo  ; 

♦fin 

=  o  , 

© 

uIIn 

=  0  . 

(58) 


V 

Quasi -steady  solutions  for  Equations  (52)  and  (53)  can  be  easily  given  -  they  are 

f6  <7?2f"  +  r,f'  -  f) 

®Ilo  =  Ti  tfe"  -  Vi)  • 

4 

4.3  Convergence  of  the  Series 


$>  =  J.  trPftl 

II  0 


(59) 


In  order  to  Justify  the  series  expansions  postulated  in  Equations  (45),  (46),  (50), 
(51),  it  is  necessary  to  show  that  these  series  converge,  at  least  for  a  certain 
interval  of  small  values  of  X  .  s.H.  Lam  and  N.  Rott14  were  able  to  prove,  that  the 
series  expansion  of  the  solution  of  the  general  equation  (22)  converges  fo.  all  values 
of  £  ,  and  that  this  is  a  unique  solution  of  the-problem.  It  is  expected  that  an 
analogous  proof  of  the  convergence  for  the  other  series  expansions  might  hold,  but 
the  details  of  this  scheme  have  not  been  worked  out.  In  the  special  case  of  flow 
along  a  flat  plate  at  zero  incidence  S.  Gilbellatc5’ 6  showed,  that  the  series 
Equations  (45)  and  (46)  converge  absolutely  for  arbitrary  values  cf  £ 


5.  SOLUTIONS  FOR  LARGE  VALUES  OF  THE  FREQUENCY  PARAMETER 

5. 1  Concept  of  the  inner  (  ‘Stokes' )  Boundary  Layer 

In  order  to  understand  the  response  of  the  flow  in  the  boundary  layer,  especially 
with  respect  to  high-frequency  oscillations  in.  the  outer  flow,  we  will  first  consider 
the  simple  case,  when  the  outer  flow  has  the  following  form: 

U(x,t)  =  eccoscot.  (60) 

This  leads  us  at  once  to  the  well-known  exact  solution  of  the  full  Navier -Stokes - 
equation,  which  was  first  given  by  G.G.  Stokes23: 
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represents  a  dimensionless  distance  from  the  wall  and 


plays  the  role  of  a  boundary  layer  thickness.  In  the  case  of  an  incompressible  fluid 
the  problem  is  equivalent  to  the  flow  near  an  oscillating  flat  plate  in  a  fluid  at 
rest.  In  the  literature  this  is  referred  to  as  ‘Stokes’  (second)  problem.  From 
Equation  (64)  it  follows  that  for  increasing  values  of  frequency  o>  ,  the  thickness 
of  the  ‘Stokes-layer’  decreases  and  becomes  very  small  ultimately. 

If  the  flow  equations  were  linear  we  could  immediately  obtain  a  complete  solution 
to  our  problem  of  a  boundary  layer  with  an  oscillatory  disturbance  in  the  outer  flow, 
at  least  in  the  case  cf  the  flat  plate  (m  =  0),  by  a  linear  superposition  of  the 
steady-state  solution  and  the  oscillatory  ‘Stokes’  -solution.  It  should  be  noted 
that  the  bounds'-;;-  layer  thicknesses  are  different  in  the  two  solutions.  The  boundary 
layer  thickness  ii  the  Stokes  problem  is  given  by  Equation  (64),  whereas  that  for  the 
steady-state  solu  .ion  is 


The  ratio  of  these  thicknesses 


(66) 


becomes  very  small  for  high  frequencies;  in  other  words,  for  large  values  of  the 
frequency  parameter  X  the  ‘Stokes'  -layer  is  much  thinner  than  the  original  boundary 
layer,  as  shown  schematically,  in  Figure  2. 

Owing  to  the  non-linear  character  of  the  flow  equation,  there  will  occur  an  inter¬ 
action  between  the  Stokes  solution  and  the  original  boundary -layer  solution  leading 
to  a  much  more  complicated  solution  than  would  be  the  case  with  a  linear  problem. 
Nevertheless,  we  may  expect  that  even  in  the  non-linear  problem  the  essential  part 
of  the  solution  for  high  frequencies  will  be  of  the  Stokes  type.  We,  therefore, 
represent  the  required  solution  as  a  sum  of  two  parts  in  the  following  way: 


e  =  es  +  eP . 

Here  and  8.  are  functions  of  the  Stokes  type  and  vary  only  in  the  small  Stokes- 
©  0  ,  _ 

layer,  (S- layer),  whereas  Vp  and  0p  represent  the  interaction  between  the  Stokes 
flow  fields  and  the  original  steady-state  boundary  layer;  we  snail  refer  to  the 
latter  as  to  the  IVandtl- layer  (P-laycr),  see  also  Figure  2.  The  necessity  of 
splitting  the  sclution  for  high  frequencies  into  two  parts  has  been  mentioned  by 
t.E.  Gibson7  and  by  S.H.  Lam  and  N.  Rott11*.  Owing  to  the  postulated  form  of  the 
solution.  Equation  (67>.  the  flow  equations  and  the  temperature  equations  were  also 
split  into  two  equations,  respectively;  it  is  noted  that,  in  general,  the  equations 
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remain  coupled.  The  coupling:  of  these  two  solutions  is  evidenced  by  the  boundary 
conditions  at  the  wall,  which  have  to  be  satisfied  by  the  composite  solution,  but  not 
by  each  of  the  two  constituent  parts  of  the  solutions  separately.  In  the  following 
the  mathematical  procedure  will  be  described  in  detail  separately  for  the  first-order 
equations  and  second-order  equations,  respectively. 


5,2  First-Order  Equations 
5.2.  i  Velocity  Field 
The  substitution  of 


$  -  $  .3 

M  It  I 


into  Equation  (22)  and  the  assumption,  that  only  the  Prandtl  solution  #Ip  merges 
with  the  outer  flew  oscillation,  whereas  the  Stokes  solution  vanishes  outside 

the  Stokes  layer,  lead  to  the  following  two  equations: 

*  ra  +  1^  ,  ,  ,  m  +  1 

-  +  —  ^i?,v  '  +  ^  >V  +—  f"$ip  " 


iPvm  T  s  T  ;iip-  2 

(1  -  m)f '^’Ip#I)  +  (1  -  m)f"£$Ipf  =  -  2m  - 


a  m  +  1 

^iswv  +  *  isvv 


-  (1  -  t)f'.tIS;  i  ,  (1  -  =  0  (TO 

witt  the  boundary  conditions 

V  =  0-.  *IS  t  #IP  =  0  .  *1Sv  +  $IPt?  =  0 

(71) 

’J  "  00  :  V>  =  0  •  V;  =  1  • 

« 

In  this  way  Eqi  at  ions  (69)  and  (70)  satisfy  the  boundary  conditions  at  the  outer  edge 
of  the  boundary  layer.  In  order  to  find  the  solutions  of  Equation  (69)  for  large 
values  of  the  frequency  parameter,  we  change  the  variable  j  to  /3  =  1/vg  . 

Substituting  a  series  in  powers  of  0  for  the  solutions 


$ip  =  V  +  £  P’n+1  <PTpn(T/) 


intn  Equation  (Gi>),  we  obtain  a  set  of  equations  for  the  functions  d>Ipn(V)  ■ 
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If  we  change  the  variables  in  Equation  (70)  from  £  and  r)  to  ft  and  Y 
according  to: 


ft  =  ^  Y  =  vf  7, 


and  if  we  represent  the  function  f  in  the  fern  of  a  power  series 

rj2  rft  3m  -  1  „  77s 

f  =  A. - m  —  + -  A2  —  +  .... 

2  21  3!  2  2  5! 

an  equivalent  series  can  be  assumed  for  the  function  ,  namely 


♦k  =  r  ^ii) .  o 

Upon  substituting  into  Equation  (70),  we  obtain  the  successive  equations  for  the 
functions  0ISnOO  ,  which  can  be  easily  solved. 

Now  the  composite  solutions  can  be  written  in  the  form  of  sums  of  the  partial 
solutions  <f> jpn07)  and  <f>ISn(Y)  .  i.e. 

$t  -  V  +  f;  /3n+1  <&s  (Y)  +  E  /Sn+1  0IPn(7))  . 

1  n=o  n=o 


*1,  =  > 


=  ^ISn(Y)  +  ^  *  ^Pn > 


-  S  (n  +  l)/5a+3  (0.  +  0IP  )  +  -  Y  2  /3n+3  0J 

2  n=o  ISn  IFn  2  n=o  1 


The  boundary  conditions  Equation  (71)  allow  us  to  establish  boundary  conditions 
for  the  functions  0Ig(Y)  and  0Ip(7/)  ,  which  are*  as  follows: 

0ISn<°)  +  <?W0>  =  0  -  n  =  0,1,2  .... 

0ISO(°)  +1=0,  .  (80) 

<W0''  +^pn-i(0)  =  0  n  =  1.2  ••• 

_  1  1  1-i  , 

Since  Y  =  (1  +  i)Tjr  and  ft  -  ~p =  -~F~r -  are  complex  variables,  the  function  5>T 
0  i/iX  /X  V2  1 

and  its  derivatives  are  complex  functions.  Separating  into  real  and  imaginary  parts, 
we  obtain: 


449 


2^  1  1  -%  . 

-  -=  T  e  (cos  Ti  -  SiBTU)  +  Otx'1) 
*2X  >2X  >21  *  * 


(81) 


IJ 


1  -ne 


+  /~t  ‘  ."S  *  "V  COS7«  ‘  SiD  V  +  0(X  ,> 


(82) 


=  1  -  e  ,4co*r»s  ♦  Off  '1) 


(83) 


-1?  . 


=  «  *s1bt^  4  C(X_1) 

/*  ->s  . 

y-  e  *(cos^  +  sia ■!*(,.)  •:-  0(1  *) 


'IKt' 


^jjp,  =  e  Vsico^rs  -  sin t^)  +  0(X~*) 


(84) 


(85) 


(86) 


X$ 


III 


1  f^s 

- - 7=  e  t-:os-n_-  sic  r_  + 


2>2S  L 


’s  *  2t^cost^)  -  lj  +  0(X‘J) 


(87) 


X$ 


IJI 


i  r-^  , 

{«  5(-«s^  -  sinrs  -  2rgSinT*5)  +  lj  *  0(X'*)  £8f-> 


X$,M  =  e  S<CCSTs  *  sinTs)  +  0«_t) 


(39) 


(COS  TT_  _  sia-n '  >  -  OCX'*';  . 


(SO) 


The  preceding  asycrtotic  solution  for  ^  is  valid  for  1  arge  Taices  of  tie 
frequency  parsceter  «d  is  identical  with  LightMll’s  well  knoro  solution'*.  It 
tarns  oat  that  this  solution  is  ince  pen  rent  of  the  fun'tioa  ff(x)  .  ftirtiteraore  it 
is  also  identical  the  solution  ahich  C.C  Lin'*  obtained  as  a  result  of  the 
application  of  his  theory  for  high  i regencies.  Since  C.C.  Lin  did  not  asstare  a 
series  solution  in  peters  cf  <  .  it  can  be  concluded  that  this  solntioo  is  the  exact 
solution  for  the  cisisrhasce  In  other  vords.  for  lilgfc  frequencies  the  disturbance 
is  proportional  to  t  .  and  all  higher  harsoaics.  :.e.  ces  2 it  .  €*siE2ait  , 

e'cost  *-t  .  e*s;n4-t  - _  are  of  a  saaller  c^der  *ith  respect  to  the  frequency 

paraaeter  X  .  this  *111  hare  the  consequence  that  the  second -order  solution,  found 
froa  the  scries  expansion  setfcod.  »iil  give  the  sane  result  for  high  frequencies  as 
the  exact  con-linear  theory  by  C.C.  Lin.  see  Section  " 


2 . 


it 
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5.2.2  Temperature  Fivld 

In  order  to  solve  Equation  (23)  for  the  temperature  field  6j  ,  we  proceed  in  the 
same  way  as  before.  We  again  represent  the  solution  as  a  sum  of  two  terms 

0I  =  eis  +  V  =  p0 ^  <WY>  +  (91) 

where  the  functions  PjStt(X)  and  ^IPn(V)  satisfy  simple  differential  equations  and 
the  following  boundary  conditions: 

WC)  =  0  • 

(92) 

<W°>  +  6Wi<°>  =  0  •  n  =  1.2.3 . 

4 

Separation  of  the  solution  into  real  and  imaginary  part  gives 
Pr  £  1  : 

.  1-’*  8.  Pr  /  1  —  h  \  -Vg 

eiR  -  ‘  I"*  +77^-  '  7~Pr)  6  (C0SVs  T  sin  V“ 

B.  Pr  -us  B.  f  Pr  1 

- - —  (1  -  b)-f^  e  ssin7v - - —  ■  +  (s  +  1)  -  . 

1  -  Pr  *  *  1  -  Pf  |_  1  -  Prj 

e'*^r  ^(cosv'Pr  +  slnv^r  v^)  i-  OCX'1)  .  (93) 

„  m  +  1  ,  ,  1  'I  I  ,  B.  Pr  /  1  -  ■  \  -ng 

eu  - - *  r-=x  2  J.g'  +  —*—(■  -  — —  e  (cos  i;g  -  Sin77s)- 


.a'  +  B1  *  L 

Bg  +  IB 

1  -  Pr  V 

I  -  Pr  j 

-B.  Pr  -ns  B.  f  ^1 

— - (1  -  m)rue  scostj<. - - —  b  +  (m  -  1)  - 

1  -  Pr  s  ^l-PrL  ?  -  Prj 

e  "s(ccsPPr  +  sinv'Sr  ^g)!1  +  o(x  2)  ; 


Pr  =  i 


1  -2  f  B 

_  .  J  l„i  1 

-  A  <  Bg - 

^2  [  4 


*1  e  i 

e  c[4e(cosr»s  *  sin^)  + 


*  (5*  -  1)7^  sin  7^  -  (1  -  B)7?J{sin^  -  cos 


1 

7^)j  .  +  0(X-2) 

4 


\ 
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0 


IJ 


m  +  1 
2~ 


v e'x*1 


+ 


il  e""‘ 


4m(cos7)s  -  8lm7s) 


+  (5m  -  l)Tjscos7?e  - 


-  (1  -  codecs  Vs 


+  sin 


v] 


M) 


(96) 


The  solution  for  Pr  t  1  (Eqns. (93),  (94))  agrees  with  the  solution  found  by 
Lighthill15,  except  tnat  in  Lighthill*  s  solution  the  function  s'(tj)  is  replaced 
by  its  value  Bj  at  the  wall.  This,  however,  has  the  consequence  that  in  Lighthill’ s 
solution  the  function  7)  is  not  compensated  by  the  function  g'Cr})  in  the  combination 
Vi'iV)  for  17-cc  .  Therefore,  Lighthill’ s  temperature  distribution  tends  to 
Infinity  for  r\  -  so  instead  of  tending  to  zero:  by  contrast,  the  solution  given  in 
Equation  (94)  satisfies  the  proper  condition  at  infinity. 


5.3  Second -Order  Equations 

te  consider  the  solution  ^(X.tj)  of  Equation  (28)  for  large  values  of  the 
frequency  parameter.  The  first -order  functions  on  the  right  hand  side  are  now  known 
fre*  the  results  found  in  Section  5.2.1  (from  Eqns.  (76)  to  (90).  After  substituting 
these  functions  into  Equation  (28)  we  obtain: 

*nw.  ‘  "  (1  ‘  E)f,X*nx.  +  (1  "  f"*n  = 


e  7,8  |(2  +  vs)  cos  7^  -  (1  -  77g)  sinT^j  -e  27,s|  +  0(X_1) 


(97) 


The  solution  is  once  again  represented  as  the  sum 


^11  -  ^IlS  +  ^IIP  ~  23  a“+3  ^nsn^S^  +  21  a!1+Z  ^upn^7?) 

n=j  n- o 


(98) 


where 


a  = 


(99) 


is  a  new  variable,  chosen  to  be  analogous  to  the  complex  variable  [i  in  the  first- 
order  solution. 
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The  functions  <^jpn(T))  and  ^nsn a6ain  satisfy  simple  differential 
equations  and  the  following  boundary  conditions 


<£jIPO(0)  -  0  . 

^IlPn^  +  "  0  ’  n  =  !.2  .... 

j  pjj  (0)  iSn(0)  —  0,  n  —  0,1,2.... 
The  analogous  second-order  solution  for  the  temperature  field  is: 


(100) 


e„  =  S  a1 


n=o 


n+5  (Vs)  +  £  an+2 

s  n=o 


iisn'  's 


0lIPn^>  • 


(101) 


6.  NUMERICAL  RESULTS 

6. 1  Stagnation  Point  Flow,  m  =  1 

We  only  consider  the  functions  $lT)7,(0.X)  .  $x(co,X)  ,  6It>( 0,X)  ,  , 

^Ij(®.X)  and  0IX  (0,X)  ,  which  are  important  for  the  shear  stress  at  the  wail, 
the  heat  transfer  and  displacement  thickness,  respectively,  according  to  Equations  (33), 
(34)  and  (41).  All  coefficients  of  their  series  for  small  values  of  X  and  for 
large  values  of  X  are  collected  in  Table  I  and  Table  2,  respectively.  The  functions 
themselves  have  been  plotted  In  Figures  3  to  8. 

The  results  in  Figure  4  for  the  shear  stress  oscillations  are  typical  for  problems 
involving  oscillations.  The  amplitude  AT  of  the  oscillating  shear  stress  at  the 
wall  starts  with  its  quasi-steady  values  at  X  =  0  and  increases  to  infinity  for 
X  -<»  .  The  phase  shift  >v  between  the  shear  stress  oscillation  and  the  outer  flow 
velocity  oscillation  starts  from  zero  for  X  -  0  and  increases  monotonically  to  the 
asymptotic  value  of  +  45°  at  very  high  frequencies.  In  other  words,  the  phase  of 
the  shear  stress  oscillations  leads  the  fluctuations  in  the  stream  velocity.  The 
physical  meaning  of  this  fact  is  that  the  velocity  in  the  boundary  layer  reacts  much 
faster  to  the  outer  flow  pressure  gradient  than  the  outer  flow  velocity.  To  the 
outer  flow  velocity  there  corresponds  the  following  pressure  gradient: 

1  3p  , 

- -  =  c  x  +  ec(coscut  -wsinat)  .  ’  (102) 

8  ox 

For  large  values  of  the  frequency  the  phase  of  the  pressure  fluctuation  leads  the 
outer  flow  velocity  fluctuation  by  90°. 

•  The  heat  transfer  fluctuation  (Fig. 6)  shows  a  completely  different  characteristic. 
With  increasing  frequency  the  amplitude  decreases  and  tends  to  zero  whereas  the 
phase  shift  tends  to  -90°,  which  means  that  for  very  high  frequencies  the 
phase  of  the  heat  transfer  fluctuations  lags  behind  that  of  the  outer  flow  velocity 
by  90°. 
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It  can  be  seen  from  Equation  (42)  that  the  value  Av0  is  finite  and  has  a  time- 
independent  as  well  as  an  oscillating  part  (Fig. 8).  For  very  high  frequencies  the 
phase  of  the  fluctuating  part  lags  behind  the  phase  of  the  outer  flow  velocity 
U(x,t)  oy  45°.  The  boundary  layer  thickness  fluctuates  with  a  constant  amplitude, 
i.e.  one  which  is  independent  of  x  .  In  Figure  9  the  different  oscillatory  functions 
are  compared  for  large  frequency  values. 

The  second -order  time -independent  parts  $j'j(0,X)  ,  0^(0,  X)  ,  $n(oo,  X)  (Figs.  10 
to  12)  show  a  tendency  to  decrease  to  zero  when  the  frequency  increases.  In  the  limit 
of  extremely  high  frequencies  there  is  no  effect  on  the  net  shear  stress  and  net  heat 
transfer.  The  same  is  valid  for  the  displacement  thickness.  In  the  range  of  small 
frequencies  the  shear  stress  is  increased  whereas  the  heat  transfer  decreases.  The 
maximum  effects  appear  at  X  =  0  ,  i.e.  in  the  quasi-steady  case.  For  this  case  we 
have: 


(103) 

-  —  e2  ]  ,  ’  Pr  =  0.7 

16  / 


6.2  Flow  Past  a  Flat  Plate,  m  =  0 

The  problem  is  more  complicated  than  that  of  a  stagnation  point  flow,  because  the 

frequency  parameter  X  =  (<a*/U)  is  now  variable.  Since  several  authors  calculated 

some  of  the  functions  $In  and  @Jn  ,  respectively,  for  comparison  the  most  Important 

initial  derivatives  of  these  functions  have  been  collected  from  different  sources  in 

Tables  3  and  4.  The  final  results  are  the  coefficients  of  the  series  expansion  given 

in  Table  5.  All  coefficients  in  the  series  for  large  values  of  X  have  been  collected 

in  Table  6.  The  values  at  the  wall  (17  =  0)  of  the  functions  $IRt)7)  .  $uvv  • 

0t,  .  0tb  ,  $TT  .  ©tt  .  which  g 1 ve  the  shear  stress  at  the  wall  and  the  heat 

IJV  ’  IRU  liw  iiu 

transfer,  respectively,  have  been  plotted  in  Figures  13  to  18. 

The  results  are,  in  general,  very  similar  to  those  for  the  stagnation  point  flow. 

The  only  essential  difference  is  the  behavior  of  the  functions  for  large  values  of  X  . 
In  the  flat  plate  case  the  functions  tend  to  zero  much  more  rapidly  when  X  -  o° 
than  was  the  case  in  the  stagnation-point  flow.  The  effect  of  the  outer  flow 
disturbance  on  the  temperature  fluctuations  as  well  as  on  the  net  shear  stress  and 
net  heat  transfer  is  very  small  for  high  frequencies.  The  only  exception  is  the 
shearing  stress  fluctuation,  whose  amplitude  still  tends  to  infinity  when  the  frequency 
Increases.  This  means  that  even  for  small  values  of  e  the  shearing  stress  will 
vanish  and  even  turn  negative  within  each  fluctuation  period  if  the  frequency  is  high 
enough.  The  negative  shearing  stress  at  the  wall  is  associated  with  reverse  flow 
and  may  lead  to  a  certain  kind  of  separation  of  the  flow  and  the  subsequent  formation 
of  vortices  or  bubbles.  If  this  were  the  case,  the  boundary  layer  equations  would 
cease  to  govern  the  process.  The  fact  that  the  fluctuating  disturbance  of  the  steady- 
state  wall  shear  stiess  becomes  infinitely  large  does  not  violate  the  assumptions  made 
in  the  series -expansion  analysis,  because  for  very  large  frequencies  the  radius  of 
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convergence  for  e  becomes  infinite,  ns  will  be  shown  in  Section  7.  The  maximum 
effect  of  the  disturbance  on  the  net  shear  stress  and  heat  transfer  again  appear  at 
small  values  of  X  .  In  the  limit  X  -  0  (Quasi -steady  case)  we  obtain 


(104) 


(105) 


where  the  values  of  depend  on  Prandtl  number.  The  form  of  Equations  (104)  and 
(105)  shows  clearly  that  the  Reynolds  analogy  ceases  to  apply,  even  in  the  particular 
case  when  Pr  =  1  . 


7.  LIMITS  OF  VALIDITY  OF  THEORY 

It  is  now  useful  to  discuss  briefly  the  fundamental  assumptions  on  which  the 
analysis  of  this  paper  was  based.  This  will  provide  an  indication  about  the  limits 
of  the  validity  of  the  theory. 

(a)  Boundary  Layer  Concept 

By  using  the  boundary  layer  equations  the  fundamental  assumptions  of  boundary 
layer  theory  have  been  implied.  This  means,  that  the  v-component  of  the  velocity  is 
assumed  to  be  small  in  comparison  with  the  mean  stream  velocity,  that  the  pressure 
gradient  perpendicular  to  the  wall  is  zero  and  that  the  wall  curvature  is  negligible. 
If  the  boundary  layer  thickness  were  to  become  very  large,  the  boundary  layer  concept 
would  break  down.  This  is  especially  the  case  near  or  behind  a  point  of  separation. 
Since  in  our  analysis  zero  or  even  negative  wall  shear  stresses  can  occur,  reverse 
flow  and  local  ‘separation’  render  the  application  of  the  boundary  layer  concept  at 
least  questionable.  On  the  other  hand,  in  experimental  studies  with  free  streams 
involving  outer  disturbances,  flow  separation  has  been  observed2,  J;  it  was  even 
suggested  that  separation  provides  the  essential  mechanism  for  an  increase  in  heat 
transfer.  If  this  is  the  case,  it  must  be  realized  that  the  phenomen  could  not  be 
treated  theoretically  in  a  simple  way,  if  at  all.  It  might  be  mentioned,  however, 
that  in  the  case  of  the  stagnation  point  flow  the  boundary  layer  equations  are 
identical  with  the  Navier-Stokes  equations.  Therefore,  no  limitations  with  respect 
to  the  boundary  layer  concept  exist  as  far  as  stagnation-point -flow  is  concerned. 

(b)  Series  Expansion  Method 

In  the  analysis  it  was  assumed  that  the  flow  field  as  well  as  the  temperature 
field  can  be  represented  by  series  in  powers  of  the  parameter  e  which  multiplies 
the  amplitude  of  the  disturbance.  This  assumption  is  only  justified  if  these  series 
converge.  No  general  statement  about  convergence  can  be  made  at  present,  but  from  a 
few  results  which  have  been  found  in  special  cases,  it  seems  plausible,  that  at  least 
for  small  values  of  e  ,  convergence  is  assured.  An  outer  flow  described  by 


455 


U/x(t)  ~  ex  +  ecoscet  lead  to  an  exact  solution  for  all  values  of  e  .  In  this 
particular  case  the  series  consist  of  one  term  only,  and  the  radius  of  convergence  is 
infinite.  For  an  outer  flow  considered  here  statements  of  the  convergence  can  be  made 
for  the  limiting  cases  of  very  low  and  very  high  frequency.  In  the  case  when  o>  =  0  , 
the  outer  flow  assumes  the  simple  form 

U(x)  =  0(1  +  e)  •  (106) 

which  is  independent  of  time.  If  we  use  the  well-known  results  for  the  wall  shear 
stress  and  the  Nusselt  number  in  steady-state  flow  U(x)  ,  we  get 

f"(0)(l  +  e)  2  ,  -7=  =  -  g'(0)(l  +  6)*  .  (107) 


Expansions  into  binominal  series  will  converge  for  e  <  1  and  will  lead  to  the 
quasi-steady  solution.  In  the  case  of  flat-plate  (m  =  0)  flow,  F.K.  Moore  and 
S.  Ostrach17  demonstrated  that  the  radius  of  convergence  (e  $  1)  is  not  restricted  to 
the  point  X  =  (oix/U)  =  0  itself,  but  can  be  extended  to  the  solution  at  least  up  to 
the  terms  of  order  X2  .  In  Section  5  it  was  found  that  the  firsu-order  solution  for 
high  frequency  is  the  complete  unsteady  part- of  the  solution,  because  terms  proportional 
to  €2cos2ut  ,  e2sin2<ut  .  eHcos4a>t  ,  eusin4wt  were  all  of  a  smaller  order  of 
magnitude  with  respect  to  the  reciprocal  frequency  parameter.  Therefore,  the 
second-order  solution  would  give  the  exact  solution  for  the  change  in  net  wall  shear 
stress  and  heat  transfer  in  this  limiting  case  of  high  frequency.  By  comparing  the 
theory  of  C.C.  Lin14,  which  is  valid  for  high  frequencies  and  is  not  based  on  any 
assumptions  regarding  the  disturbance  amplitude  t  ,  with  our  analysis,  one  can  easily 
show  that  C.C.  Lin’s  final  equation  for  $  would  have  the  same  right-hand  side  and 
the  same  highest  order  term  on  the  left-hand  side.  In  Lin’s  theory  the  Equation  is, 
however,  non-linear.  The  method  of  solving  will  be  the  same,  namely  by  splitting  up 
the  solution  in  a  Stokes  part  and  a  Prandtl  part  (see  also  W.E.  Gibson7).  For  the 
Stokes  part  only  the  first  term  of  the  left-hand  side  is  important.  Therefore  these 
two  Stokes  equations  will  be  identical  in  Lin’s  theory  as  well  as  in  our  series 
expansion  method.  This  has  the  consequence  that  the  solutions  for  the  shear  stress 
and  the  heat  transfer  are  identical  too.  Since  in  Lin’ s  theory  e  is  not 
restricted,  the  radius  of  convergence  is  infinite  for  the  limit  of  high  frequencies. 

In  the  intermediate  range  of  frequencies  it  can  be  assumed  that  the  radius  of 
convergence  increases  monotonically  from  e  =  1  (X  -  0)  to  e  =  oo  (X  -*  co)  .  At 
least  for  values  of  e  which  are  very  small  compared  with  unity,  the  application  of 
the  series  expansion  method  is  always  justified. 


8.  CONCLUSIONS 

1.  The  report  analyses  the  two-dimensional,  unsteady,  laminar,  incompressible 
boundary  layer  which  exists  on  a  wall  when  the  external,  free-stream  velocity 
is  of  the  form 

U(x, t)  =  cxm  (1  +  e  coscut)  . 

The  solutions  are  presented  as  series  expansions  in  powers  of  the  parameter  e  , 
and  the  first  and  second-order  terms  in  the  solution  are  calculated. 
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2.  The  first-order  terms  are  oscillatory  and  retain  the  frequency  of  the  j 

disturbance  but  display  a  shift  in  phase  within  the  boundary  layer.  The  second-  ! 

order  terms  consist  of  parts  oscillating  with  double  the  frequency  and  of  time- 

independent  parts,  which  give  a  change  in  net  wall  shear  stress  and  heat  i 

transfer. 

3.  The  solutions  are  presented  as  series  expansions  in  terms  of  the  frequency 
parameter 

OJX 

X  =  — 

u 

separately  for  small  and  for  large  values  of  it;  these  join  smoothly  in  the 
intermediate  frequency  range.  The  limiting  cases  X  -  0  (quasi-steady 
solution)  and  X  -  co  (Stokes -type  solution  lead  to  comparatively  simple 
solutions, 

4.  Numerical  results  are  presented  for  flow  near  a  stagnation  point  and  for  flow 
along  a  flat  plate.  The  first-order  terms  display  different  characteristics 
for  the  wall  shear  stress  and  the  heat  transfer  rate.  The  amplitude  of  the 
shear  stress  increases  without  bound  with  increasing  values  of  the  frequency 
parameter,  whereas  the  heat  transfer-rate  amplitude  decreases  and  tends  to  zero 
for  X  -  cj  .  The  phase  shift  for  shear  stress  and  heat  transfer  rate  starts  at 
zero  for  X  =  0  and  increases  to  45°  for  shear  stress  and  decreases  to  -90° 
for  heat  transfer.  The  second -order  time -independent  terms  start  at  the  value 
of  the  quasi-steady  solution,  which  is  positive  for  the  shear-stress  (increase 
in  friction)  and  negative  for  the  heat  transfer  (decrease  in  heat  transfer) 
and  tend  to  zero  for  X  -  to  .  The  curves  tend  to  zero  much  faster  for  flat 
plate  flow  than  for  stagnation  flow. 

5.  A  brief  discussion  of  the  fundamental  assumptions  used  in  the  mathematical 
analysis  gives  some  information  about  the  limits  of  the  validity  cf  the  theory. 

6.  The  paper  ts  a  short  version  of  a  more  comprehensive  investigation  of  this 
subject4. 
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Flat  Plate  Flow  (nij  =  0).  Coefficients  of  the  Scries 
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Plf . 10  Stagnation  flow  (■  =  !).  Second-order  flow  solution  $"(0,X) 


V 


Fig, 11  Stagnation  flow  (m  =  l).  Second-order  temperature  solution  S'jCO.X) 

for  Pr  =  0.7 
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Fig.  17  Plat  plate  flow  <*  =  0).  Second-order  flow  solution  §IlTpj(0.X) 
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SUMMARY 

The  variation  of  transition  Reynolds  number  with  wall  tewperature 
has  been  studied  experimentally  using  a  sharp-edged  smooth  flat  plate. 
Early  measurements  were  cade  at  Mach  numbers  of  7.5  and  10  in  a  conical 
flow.  More  recently  some  experimental  data  at  If  =  8.2  have  been 
obtained  in  a  core  uniform  stieaa.  Thes?  more  recent  data  are  reported 
in  this  cere. 

The  transition  region  was  determined  from  focussed  shadowgraph 
pictures  and  checked  by  taking  heat  transfer  rate  teasuretrents  along 
ti  e  plate  and  pitot  pressure  traverses  through  the  boundary  layer. 

Indications  are  that  for  &  given  unit  Reynolds  ninber,  plate 
g<x>ntetry  and  Mach  number  it  is  possible  for  the  transition  point  to 
f:.rst  move  back,  then  advance  and  finally  again  recede  as  the  wall 
temperature  is  reduced.  This  Dattern  of  movement  supports  the 
theoretical  prediction  of  Reshotko  (1963). 


SOMMAIRE 

Las  variations  du  nombre  de  Reynolds  dans  la  zone  de  la  transition, 
en  fonction  de  la  temperature  des  parois,  ont  iti  dtudiees 
exD^riroentalement  A  1’  aide  d"  me  plaque  plane,  lisse  et  aux  bords 
tr;mchants.  On  a  d’abord  effectu^  des  mtsures,  dans  un  dcoulement 
couique,  A  Mach  7,5  et  10.  Plus  rAcemmeut,  on  a  obtenu  dans  un 
&uulement  plus  uniforme,  des  donndes  exp^rimentales  pour  Mach  8,2, 
donndes  qui  sont  exposdes  au  cours  de  cetve  coanunication. 

La  zone  de  transition  a  dtd  determine  A  1’  aide  d'  images 
strioscopiques  convergeates  et  vArifi^e  par  des  mesures  du  taux  de 
transfert  de  chaleur  le  long  ae  la  plaque  et  par  des  prises  de 
pression  gAndratrice  indiqu^e  A  travers  la  coucbe  limite. 

II  apparalt  que.  pour  un  nombre  de  Reynolds,  une  g^omAtrie  de 
plaque  et  un  nombre  de  Mach  donnAs,  le  point  de  transition  peut  tout 
d'abord  reculer,  puis  avancer,  pour  finalement  reculer  n  rouveau  au 
fur  et  A  rnesure  que  la  temperature  des  parois  diminue.  Ce  schema  de 
mouvement  vient  confirmer  les  predictions  theoriques  de  Reshotko  (1E63). 
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NOTATION 

*  m* 

C*  coefficient  in  —  =  C*  — 

Cp  average  skin  friction  coefficient 

Cf  local  skin  friction  coefficient 

Cp  specific  heat 

M  Mach  number 

p,  pitot  pressure  lb/in2 

Pr  Prandtl  number 

q  heat  transfer  rate  B.Th.U/ft2  sec 


Re 


x 


Reynolds  number  at 


x - 


Ret 


transition  Reynolds  number 


Benin  crlt  “in*111™  critical  Reynolds  number 
t  time 

T  temperature 

T*  reference  temperature 

TQ  total  temperature 

Tr  recovery  temoerature 

Tw  wall  temperature 

u  velocity  component  parallel  to  flat  plate  surface 

x  distance  from  leading  edge 

xt  distance  of  transition  point  from  leading  edge  as  indicated  by  shadowgraph 

xy  distance  from  virtual  origin  of  turbulent  boundary  layer 


vertical  co-ordinate  measured  from  flat  plate  surface 
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y  ratio  of  specific  heats 

8  boundary  layer  thickness  taken  at  —  =  0. 99 

p  viscosity 

p  density 

Subscripts 

<»  local  conditions  ",t  outer  edge  of  boundary  layer,  assumed  equal  to 

freestreaa  conditions 

T*  basil  on  reference  temperature  conditions 

Superscript 

* 


denotes  parameter  evaluated  at  reference  temperature  T* 
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TRANSITION  REVERSAL  ON  A  FLAT  PLATE 
AT  HYPERSONIC  SPEEDS 

B. E.  Richards  and  J.L.  Stollcry 


1.  INTRODUCTION 

Jack,  Wisniewski  and  Diaconis  (1957)  obtained  the  first  experimental  indication  of 
transition  reversal  on  a  cone  at  a  Mach  number  of  3.1.  They  found  that  starting  with 
a  wall  temperature  about  one  quarter  of  the  recovery  temperature  the  transition  point 
on  the  cone  moved  unexpectedly  back  as  the  wall  temperature  increased.  Only  at  the 
higher  wall  temperatures  did  the  transition  point  "reverse”  its  direction  and  exhibit 
the  expected  upstream  movement  with  heating. 

In  a  later  paper  Wisniewski  and  Jack  (1961)  report  data  at  M  =  3.8  ir.  which 
there  are  two  "reversals',  see  Figure  6.  Die  latter  data  and  some  more  recent 
results  of  Lyons  et  alii  (1964)  at  M  =  5  give  some  support  to  the  theoretical 
predictions  of  Reshotko  (1963).  Reshotko  completed  the  extension  of  the  Tollmiei  - 
Schlichting  instability  theory  to  compressible  flat  plate  boundary  layers,  taking 
into  account  both  temperature  and  velocity  fluctuations  and  applying  the  appropriate 
boundary  conditions.  He  found  that  there  were  two  loops  in  the  plot  of  wall 
temperature  against  Mach  number  (Fig. 7(a))  within  which  the  compressible  laminar 
boundary  layer  was  completely  stable  to  small  disturbances.  From  this  result 
Reshotko  conjectures  that  the  "double  reversal"  pattern  of  transition  point  movement 
with  wall  temperature  at  a  given  Mach  number  (Pig. 7(b)  and  (c>)  is  likely  at  super¬ 
sonic  and  hypersonic  Mach  numbers.  More  recently  Lees  (1954)  has  reported  some 
numerical  solutions  of  the  complete  small  disturbance  equations,  obtained  by 
Dr.  Leslie  Mack  of  Jet  Propulsion  Laboratory,  which  indicate  that,  an  even  more 
complex  variation  of  transition  point  position  is  possible. 

The*  complete  absence  of  data  at  Mach  numbers  greater  than  5  encouraged  the  authors 
to  attempt  measurements  of  transition  position  on  a  highly  cooled  flat  plate  at  Mach 
numbers  between  7  and  JO  using  the  gun  tunnel.  Preliminary  torts,  using  a  conical 
nozzle,  at  M  =  10  3nri  7.5  showed  tnat  at  the  lower  MacI:  numbe"  with  a  unit 
Re  of  8.9  x  105  per  in  and  T^'Tj.  =  0.51  natural  transition  occurred  at 
Rex  =  5. 3  x  106  .  At  the  higher  Mach  number  the  unit  Reynolds  number  available  was 
only  5.0  x  105  per  in  and  the  boundary  layer  remained  laminar  over  the  entire  plate 
length.  It  was  recognised  that  an  intermittent  tunnel  employing  a  shock  compression 
heater  was  not  the  ideal  facility  for  this  type  of  investigation  but  the  experimental 
simplicity  of  obtaining  constant  temperature  wall  conditions  at  hypersonic  speeds  in 
the  range  0.50  >  Tw/Tr  >  0.05  keeping  every  other  parameter  constant  suggested  tnat 
the  transition  reversal  pattern  should  be  qualitatively  correct.  Hence  a  detailed 
investigation  was  made  at  M  =  8.2  using  ..  contoured  nozzle  to  provide  a  more 
uniform  stream  with  no  axial  pressure  gradient  in  the  test  section. 
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anad  40  nil  ii  seconds.  Other  details  of  these  sad  earlier  conditions  are  (im  is 
the  table  below. 
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2.2  Bode!  Details 

The  flat  plate  aodels  are  shear  in  Figure  1.  Both  a  ode  Is  were  pedestal  aounted  at 
xero  incidence  in  the  open  jet  test  section  below  the  centre  line.  Side  curtains 
extending  below  the  aodel  were  fitted  as  shown  in  Pigore  1(c)  to  prevent  disturbances 
froa  the  lower  surface  influencing  conditions  on  the  upper  test  surface. 

2.2.1  The  Heat  Transfer  Model  (A)  -  Figure  1(a) 

This  aodel  was  a  5  in  span  11.5  in  chord  flat  plate  with  a  leading  edge  thickness 
of  approx  irately  0.001  in.  Forty  thin  filn  platinus  resistance  gauges  at  H  in 
intervals  were  baked  cn  a  Pyrex  plate  let  into  the  aodel,  as  shown  in  Figure  1(a). 

At  the  ends  of  each  gauge  a  0. 02C  in  hole,  drilled  ultrasonically,  allowed  the  lead 
wires  to  be  taken  away  under  the  Pyrex  plate.  In  order  that  localised  high 
resistances  on  the  gauge  are  not  forced,  due  to  painting  the  platinum  round  sharp 
corners,  the  holes  were  radiussed  into  the  upper  surface  of  the  Pyrex  by  means  of  an 
etching  process  using  hydrofluoric  acid.  Each  countersunk  volume  and  hole  was  filled 
with  silver  paint,  in  order  to  connect  the  platinum  gauges  with  the  lead  wires, 
leaving  the  top  surface  with  no  projections. 


Eight  fairs  of  cft&xes  were  distributed  alcng  chordsise  lines  X  in  on  either  side 
of  the  centre  lice  to  check  the  iwo  diaensicnal  nature  of  the  floe.  No  provision  was 
ande  for  cooling  *his  node]  since  its  purpose  was  to  check  the  photographic  method 
of  determining  the  transition  point. 

2.2.2  The  Cold  Wall  k’jdcl  (B)  -  Figure  1(b) 

Bk.-  second  node!,  a  5  in  span  14.2c  in  chord  flat  plate,  had  a  leading  ecge  thick¬ 
ness  of  0.0006  in  ±  0.0002  as  eeasured  by  a  short- focus  microscope  on  a  Sccidt^ 
Generolse  Universal  Measuring  Machine.  The  test  surface  had  a  finish  of  16  micro- 
inches  centre  line  average  value  and  carried  no  surface  instrumentation.  The  surface 
finish  was  measured  with  a  Rank  Taylor-Hobson  Talysurf  and  the  reading  of  a  centre 
line  ave:age  ral’-e  is  the  average  height  abo'  e  and  below  a  mean  line  taken  e  er  a 
distance  of  0.03  in. 

The  model  was  constructed  with  cooling  passages  (see  Fig.  1(c))  through  which  liquid 
nitrogen  was  gravity-fed  until  the  desired  call  temperature  was  reached.  A  fixed 
restriction  in  the  inlet  pipe  limited  the  flow  of  nitrogen  and  prevented  "blow  back". 
Seven  copper-cons  tan  tan  thermocouples  were  mounted  close  to  the  model  surface  and 
distributed  as  shown  •  be  figure.  It  was  found  that  for  a  nitrogen  throughput  of 
approx iaatelj  0. 5  ib/min  the  model  cooled  steadily  and  uniformly  at  a  rate  of 
approximately  20°C/aln.  T  i  temperatures  at  the  seven  measuring  stations  were  so 
similar  after  steady  conditi  «s  had  been  reached  that  in  many  later  tests  only  one 
central  triers. juinple  was  read.  For  a  fine  temperature  control  the  nitrogen  flow  was 
replaced  by  an  atmospheric  air  flow  from  a  compressed  air  line. 

2.3  Instrumental!  or. 

2.3.1  Brat  Transfer 

The  heat  transfer  equipment  was  fully  described  by  Holden  (1963).  The  resistance 
change  of  any  five  gauges  can  be  measured  during  one  run.  The  signals  are  usually 
fed  to  analogue  networks  of  the  type  designed  by  Meyer  (1960)  and  modified  by  Holden 
to  accept  a  50  ms*  running  time.  The  heat  transfer  rate  histories  were  displayed 
on  Tetrcnix  502  oscilloscopes  and  recorded  by  Land  Polaroid  cameras. 

2.5.2  Pitot  Pressure  Measurements 

Pitot  traverses  taken  through  both  laminar  and  turbulent  boundary  layers  were  made 
with  flattened  probes  0.016  in  deep  and  0.075  in  wide.  Two  similar  probes,  Hi  in 
apart  and  at  differing  heights  above  the  plate  were  mounted  immediately  behind  the 
trailing  edge  of  model  A  for  the  turbulent  boundary  layer,  and  a  specially  constructed 
short  flat  plate  for  the  laminar  boundary  layer.  Each  probe  projected  forward  a 
distance  of  0.85  in,  and  were  connected  to  unbonded  strain  gauge  pressure  transducers 
(Solartron  type  NT4-313-30)  located  in  the  pedestal  mount  to  keep  the  response  time 
down.  The  pressure  records  were  photographed  in  the  same  way  as  the  heat  transfer 
rate  traces. 


*  Billiseconds 
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2.3.3  The  Measurement  of  Vail  Temperature 

The  voltRgc  of  the  copper -cons  tail  tan  thermocouple  was  measured  using  a  Cambridge 
Portable  Potentiometer.  The  standard  temperature-resistance  calibration  curve  for 
this  type  of  thermocouple  being  checked  periodically  by  cooling  the  whole  model  to 
the  accurately  known  boiling  point  temperature  of  liquid  nitrogen  at  atmospheric 
pressure,  fall  temperature  readings  were  normally  taken  after  allowing  at  least  two 
minutes  for  the  model  to  “settle”.  Since  the  test  section  pressure  was  reduced  to 
0.3  msaHg  before  cooling  the  model,  only  a  minute  trace  of  frost  was  formed  and  no 
significant  heat  transfer  by  convection  was  possible.  Heat  conduction  from  the 
pedestal  mount  to  the  model  was  reduced  by  an  insulating  Bakelite  gasket. 

2.3.<i  The  Shadowgraph  System 

The  knife  edge  of  the  conventional  single  pass  schlieren  system  was  removed  to 
give  a  focussed  shadowgraph  picture.  The  spherical  mirrors  were  of  1C  ft  focal 
length  arranged  to  give  a  magnification  if  0.8.  Photographs  were  taken  in  a  darkened 
room  using  Ilford  fast  blue-sensitive  plates  ;type  XK)  with  a  spark  source  of 
10  psec  duration. 


3.  RESULTS  AND  DISCUSSION 

3. 1  Measurements  of  the  Location  of  the  Transition  Region 

Conventional  focussed  shadowgraph  pictures  of  the  flow  over  a  flat  plate  will  pick 
out  the  greatest  rate  of  change  of  density  gradient  (d2p/dy2)  in  the  laminar  boundary 
layer  as  a  thin,  sharp  black  line  lying  just  above  the  plate  surface  It  was  noticed 
that  at  some  distance  downstream  this  line  begins  to  thin,  loses  it;  sharpness  and 
finally  becomes  so  diffuse  that  it  is  unreco*nistJle  against  the  grey  background,  see 
Figure  2(c).  Earlier  investigators,  notably  Lee  (1952)  and  Bertram  (1957),  have 
shown  that  this  behaviour  is  indicative  of  transition.  The  theoretical  justification 
for  this  assumption  is  shown  in  Figure  k(a>  by  th<s  sketches  of  the  d2p/dy2  profiles 
through  the  laminar  and  turbulent  boundary  layers  prepared  using  the  calculations  of 
Van  Driest  (1951  and  1952)  with  M  =  8  ard  T,/T„  =  4  .  For  r  laminar  layer  the 
maximum  value  of  d2p/dy2  occurs  at  about  0. 95S  in  contrast  to  the  turbulent  layer 
which  has  a  very  small  change  of  density  gradient  in  this  region,  the  maximum  changes 
occurring  close  to  the  wall. 

In  order  to  understand  the  shadowgraph  pictures  more  fully  some  heat  transfer  rate 
records  were  taken  simultaneously.  The  .ompariuon  between  the  photographic  and  heat 
transfer  “definitions"  of  transition  region  (Fig.  3)  shows  that  the  boundary  layer  is 
fully  turbulent  when  the  shadowgraph  line  finally  disappears.  The  point  of  dis¬ 
appearance  was  used  in  this  report  to  define  transition. 

3.2  Heat  Transfer  Results 

Natural  transition  occurred  at  M  =  8. 2  for  all  three  unit-Reyno'lds-number  test 
conditions.  The  distinct  changer  of  heat  transfer  rate  distribution  along  the  wall, 
dq/dx  negative  for  laminar  or  turbulent  flow  and  positive  in  the  transition  egion, 
made  the  three  zones  easy  to  doftnc,  see  Figure  4. 
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The  individual  heat  transfer  records  of  q  vs.  t  also  gave  some  indication  of 
transition  by  nature  of  their  unsteadiness.  Within  the  laminar  zone  the  traces  were 
fairly  smooth  but  throughout  the  transition  region  irregular  upward  spikes  were 
observed.  These  may  be  indicative  of  turbulence  spots  or  bursts  as  reported  by 
Schubauer  and  Skramstad  (1948)  at  low  speeds,  and  more  recently  by  Nagamatsu  and 
Sheer  (1964)  at  hypersonic  speeds.  The  spikes  gradually  disappeared  within  the 
turbulent  zone  and  the  gauges  furthest  downstream  recorded  smooth  traces,  similar  in 
shape  to  those  situated  in  the  laminar  region. 

Theoretical  estimates  of  the  heat  transfer  rate  distribution  are  also  shown  in 
Figure  4.  The  reference  enthalpy  methods  of  Eckert  (1955)  and  Sommer  and  Short  (1955) 
were  used  for  the  laminar  and  turbulent  boundary  layers  respectively.  For  the 
turbulent  case  the  Kdrmdn-Schoenherr  equations  were  used  to  determine  the  skin- 
friction  coefficient  as  indicated  by  Peterson  (1963).  The  virtual  origin  was  chosen 
empirically  at  a  point  half  way  along  the  transition  region  as  defined  by  the  heat 
transfer  records.  Details  of  the  various  calculations  are  given  in  the  Appendix. 
Agreement  between  “theory”  and  experiment  is  good.  In  the  case  of  the  turbulent 
boundary  layer  the  position  and  extent  of  transition  have  to  be  found  before  the 
"theory"  can  be  applied.  Measurements  tak;^n  within  the  transition  region  confirm  the 
results  of  Holloway  and  Sterrett  (1964)  who  found  a  sensibly  linear  increase  of 
q  with  x  . 

3.3  Pitot  Pressure  Measurements 

Further  proof  of  the  nature  of  the  boundary  layer  was  provided  by  pitot  traverses 
made  well  within  the  laminar  and  turbulent  regions  defined  by  Figure  4.  Results  are 
shown  in  Figures  5(a)  and  5(b). 

Pitot  pressure  records  taken  at  stations  between  80  and  90%  of  the  laminar 
boundary  layer  thickness  showed  seme  unsteadiness.  Since  at  y  u.p8  the  pitot 
pressure  gradient  (dp0/dy)  is  a  maximum  then  disturbances  from  any  source  (including 
those  introduced  by  the  presence  cf  the  probe)  are  likely  to  cause  more  noticeable 
fluctuations  at  this  station.  These  fluctuations  might  possibly  be  associated  with 
the  critical  layer  predicted  by  stability  theory  and  found  experimentally  at  M  =  8.0 
by  Potter  and  Whitfield  (1960)  to  lie  near  the  edge  of  the  layer.  Nagamatsu  (1964) 
found  that  turbulence  bursts  propagated  with  a  velocity  eq  al  to  90%  of  the  free- 
strena  value  under  his  test  conditions  of  M  =  8,  Tw  =  290°K,  Tr  t.-  i300°K  .  This 
suggests  that  the  critical  layer  is  approximately  0. 98  from  the  surface. 

The  measured  uncorrected  laminar  data  compare  favourably  with  the  theoretical 
profile  of  Van  Driest  (1952).  The  turbulent  data  are  similar  to  other  experimental 
values  measured  in  continuous  tunnels  (see  Fig.  5)  but  in  this  case  the  agreement  with 
theory  is  poor.  The  turbulent  profile  was  measured  at  i:  10.7  in  (Rcx  =  6.7  x  106) 
and  heat  transfer  rates  were  recorded  at  the  same  time.  The  values  of  q  unstream  of 
the  probe  were  unchanged  by  the  presence  of  the  probe. 

3.4  Transition  Reversal 

Initial  tests  were  carried  out  using  flat  plites  at  room  temperature  only.  It  was 
possible  to  alter  the  wall  to  recovery  temperature  ratio  but  only  at  the  expense  of 
changing  the  unit  Reynolds  auauer.  Since  both  of  these  parameters  are  very 
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influential  it  was  necessary  to  separate  them.  This  was  done  by  changing  Tw  as 
described  in  paragraph  2.2.2. 

Fieure  6  shows  the  results  of  the  recent  tests  at  M  =  8. 2  as  plots  of 
transition  Reynolds  number  against  Tw/Tr  for  three  values  of  unit  Reynolds  number. 
Varying  only  the  plate  surface  temperature,  each  of  the  three  graphs  exhibits- 
transition  reversal  and  re-reversal  as  the  plate  temperature  is  reduced.  This  trend 
supports  the  conjecture  of  Reshotko  (Fig. 7(c))  and  so  lends  some  weight  to  the 
hypothesis  that  the  pattern  of  transition  at  hypersonic  speeds  is  predictable  by  the 
Tollmien-Schlichting  instability  theory.  It  will  be  noticed  that  the  results 
indicate  two  regions  of  greater  stability  and  that  the  upper  region  is  very  narrow. 

At  the  highest  unit  Reynolds  number  *here  was  some  suggestion  of  a  third  band  of 
increased  stability,  see  Figure  7(c)  series  1  data.  During  the  series  1  tests  the 
leading  edge  was  damaged  slightly  by  diaphragm  particles  striking  and  chipping  the 
edge.  When  the  edge  was  restored  the  series  2  data  were  obtained.  The  scatter 
of  the  other  readings  is  due  entirely  to  difficulties  in  "reading”  the  photographs. 

3.5  The  Effect  of  Unit  Reynolds  Number 

Bertram  (1957)  noted  the  generally  strong  increase  of  transition  Reynolds  number 
with  unit  Reynolds  number  and  attributed  this  trend  to  the  effect  of  leading-edge 
thickness.  More  recently  Whitfield  and  Potter  (1964)  have  shown  that  even  for  zero 
bluntness  a  unit  Reynolds  number  effect  is  present  and  they  have  managed  to  separate 
the  two  effects,  one  due  to  the  bluntness  Reynolds  number,  the  other  due  to  unit 
Reynolds  number.  In  the  present  tests  the  plate  geometry  was  fixed  and  so  both  the 
above  Reynolds  numbers  were  changed  simultaneously.  The  Reynolds  number  based  on 
leading-edge  thickness  was  varied  between  225  and  430.  According  to  Whitfield  and 
Potter  such  a  change  at  constant  unit  Reynolds  number  would  have  moved  the  transition 
point  0.3  in.  This  is  negligible  compared  with  the  measured  shift  of  3  in  and  no 
attempt  has  been  made  to  correct  for  this  small  bluntness  effect. 

Cross  plotting  from  the  dotted  mean  lines  through  the  data  of  Figure  6  the  effect 
of  unit  Reynolds  number  at  a  fixed  wall  temperature  ratio  can  be  found  as  shown  in 
Figure  8.  For  the  lower  wall  temperatures  the  curves  in  Figure  8  are  very  steep  due 
to  the  close  proximity  of  the  first  stable  band  (Fig.6),  However,  at  Tw/Tr  =  0.5 
the  unit  Reynolds  .lumber  effect  is  similar  to  that  of  other  investigators. 

3.6  Other  Factors  Affecting  t:ic  Position  of  the  Transition  Point 

Luxton  (1964)  has  recently  reviewed  the  many  factors  effecting  transition  and  re¬ 
stated  the  importance  of  roughness.  Potter  and  Whitfield  (1561)  suggested  that  some 
transition  reversal  data  could  be  explained  by  wall  cooling  reducing  the  boundary 
layer  thickness  and  so  increasing  the  effective  rougnr.ess.  The  idee  is  that  rough 
elements,  whi  h  under  low  heat  transfer  conditions  are  too  small  to  promote  transition, 
could  have  a  strong  influence  if  the  wall  was  highly  cooled.  The  roughness  "model” 
they  propose  requires  thnt  the  roughness  element  must  be  a  considerable  fraction  of 
the  displacement  thickness.  These  f'onditions  could  only  be  satisfied  in  the  present 
tests  by  roughness  very  close  to  the  leading  edge  since  the  surface  finish  was  good 
to  i  16  nin.  In  addition  there  is  present  some  just  observable  and  un-measured  frost. 
Even  if  roughness  is  the  cause  of  transition  reversal  it  is  difficult  to  see  how  it 
could  bo  connected  with  the  subsequent  rc-icversal  phenomenon. 
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The  free  stream  turbulence  level  Is  known  to  affect  transition  and  though  this 
level  is  as  yet  unmeasured  in  the  gun  tunnel  it  is  thought  to  be  high.  Comparison 
between  different  sets  of  transition  data  is  almost  impossible  since  so  many 
parameters  are  important.  If  the  present  data  are  extrapolated  (heroically)  to 
adiabatic  wall  conditions  and  compared  with  the  Whitfield  and  Potter  (1964)  data  at 
M  =  8  and  similar  unit  Re  ,  then  their  measured  transition  Reynolds  numbers  are 
about  four  times  greater. 


4.  CONCLUSIONS 

An  experimental  investigation  Ms  "been  carried  out  in  the  Imperial  College  gun 
tunnel  at  a  Mach  number  of  8.2  .in  order  to  determine  the  separate  effects  of  wall 
temperature  and  unit  Reynolds  number  on  boundary  layer  transition.  Analysis  of  the 
experimental  results  and  a  comparison  with  other  theoretical  and  experimental  data 
have  led  to  the  following  conclusions: 

Heat  transfer  rate  measurements  have  confirmed- that  the  transition  region  on  a 
flat  cold  wall  at  M  =  8. 2  can  be  satisfactorily  determined  from  focussed  shadowgraph 
pictures. 

The  variation  of  transition  Reynolds  number  with  mall  temperature  at  M  ~  8. 2  is 
similar  to  the  theoretical  pattern  suggested  by  Reshotko  (1963)  and  similar  to  some 
of  the  experimental  data  obtained  at  lower  Mach  numbers. 

Transition  appears  to  be  a  gradual  process  occurring  over  a  large  region  between 
laminar  and  turbulent  boundary  layers. 

The  strong  variation  of  transition  Reynolds  number  with  unit  Reynolds  number  is 
similar  to  that  found  by  other  investigators. 
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APPENDIX 

Heat  Transfer  Equations  used  for  Comparison  with  Experiment 

LAMINAR 

Eckert’ s  reference  temperature  is  defined  by 

—  =  1  +0.0392  M2  +  0.5  f-—  -  1^1 


and  the  heat  transfer  rate  calculated  from 


Q  =  PcfiaPn 


0.332 


(  pV' 

(^x)U2(Pr*)2>3\/^,Pm, 


TURBULENT 

For  the  case  of  turbulent  boundary  layers,  the  skin  friction  was  determined  by  the 
iSonmer  and  Short  T*  method  indicated  by  Peterson  (1903),  i.e. 


—  =  1  +0.035  M*  +  0.45  [—  -  1 

V  Xw  / 


The  Xlrmrfn -Schoenherr  equations  were  used  to  determine  the  local  skin  friction 
eoef.'.eient  at  this  reference  condition.  These  have  been  plotted  by  Peterson  (1963) 
from  the  following  equations. 


0. 242  . 

~JF=  =  lo*l0  (Re ,  ,T*)(Cp  ^) 
Ktr.T*  T 


Cf ,  T*  _ _ 1 

^“P,T*  ^  +3.59 


cf,T* 

T*/1* 


The  heat  transfer  rate  is  given  by 


Q  =  P«,uwCp  (PrV’ 


Is 


In  this  paper  the  virtual  origin,  xy  ,  ras  taken  to  be  at  a  position  half  way 
along  the  transition  region,  as  indicated  by  experimental  heat  transfer  results. 
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TRANSITIONAL 

A  simple  semi- empirical  method  of  predicting  the  heat  transfer  during  the 
transition  region,  similar  to  that  used  by  Holloway  and  Sterrett  (1964),  was  used. 
A  linear  increase  of  heat  transfer  from  the  end  of  the  laminar  region  is  assumed. 
This  method  assumes  the  positions  of  tbs  beginning  and  end  of  transition. 


1 

J 


Fie.  1(&)  Neat  transfer  model  -  Model  A 


i 


> 


Fit.  1(b)  Cold  vail  model  -  Model  B 


- Path  of  cold  nitrogen  in  internal  cooling  system 


Fig.  1(c)  Cold  vail  model  as  positioned  in  working  section 
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Fig.  4  Heat  transfer  rate  alone  flat  plate  during  transition  M  =  8.2  ,  Tw  =  290°K 
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Pig. 5(a)  Pitot  pressure  profile  through  laminar  Fig. 5(b)  Pitot  pressure  profile  through 

boundary  layer  hypersonic  turbulent  boundary  layer 


Tw  /  t 


Fig. 6  Effect  of  wall  temperature  on  transition  M 


iwdi  ■#? 


Estimated  variation  of  minimum  critical  Reynolds  number  at  two  different 
tech  numbers.  (Shaded  area  represent  regions  of  complete  stability.) 
Diagram  from  Reshotko  (1963) 


Unit  Reynolds  number  effect  on  transition  Reynolds  number 
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SUMMARY 


The  report  describes  measurements  at  low  speeds  of  the  transition  of 
a  boundary -layer  in  a  favourable  pressure-gradient,  as  affected  by 
isolated  protuberan  os. 

The  roughness  elements  were  installed  on  the  cylindrical  r.ose  of  a 
two-dimensional  streamline  body.  The  height  of  the  protuberances  could 
be  varied  continously  and,  by  rotating  the  cylindrical  nose,  also  the 
distance  between  the  protuberance  and  the  stagnation  point  could  be 
changed. 

This  preliminary  report  gives  a  general  picture  of  the  behaviour  of 
four  types  of  roughness  elements.  The  character  of  the  disturbance 
changes  markedly  if  the  critical  height  of  protuberances  increases  beyond 
a  crucial  value  which  is  smaller  than  the  boundary- layer  thickness.  The 
effect  of  protuberances  appears  in  general  to  be  very  sensitive  to  the 
shape  of  the  top. 


SOMMAIRE 


L’  auteur  expose  comment  certaines  mesures  effectudes  A  de  faibles 
vitesses  de  transition  d’ une  couche  limite,  dans  un  gradient  de  pression 
favorable,  sont  affect^es  par  des  protuberances  isolees. 

Les  rugosit^s  constifuant  ces  protuberances  ont  ete  disposes  sur  la 
t#te  cylindrique  d' un  corps  profile  bi-dimensionnel.  Au  cours  de 
1’ experience  on  pouvait  faire  verier  continuel lenient  la  hauteur  de  ces 
protuberances  ainsi  que  la  distance  les  scparant  du  point  d’ impact,  i  :ct* 
derniAre  variation  etont  obtenue  en  faisant  effectuer  un  mouvement  de 
rotation  A  la  tAte  cylindrique. 

Ce  rapport  preiiminaire  donne  un  aperqu  general  du  comport ernent  de 
qu&tre  types  de  rugosiees.  La  nature  de  la  perturbation  varie  de  faqon 
■nrquee  si  la  hauteur  critique  des  protuberances  depnsse  one  valeur 
cruciale,  inferieure  A  l'epaisseur  de  la  couche  limite.  L’ effet  des 
protuberances  semble,  cn  rAgle  gdnerale,  Ctre  etroitcment  lie  A  la  forme 
du  sommet  du  corps. 
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NOTATION 

diameter  of  a  protruding  roughnoss  element 

diameter  of  the  big  cylinder  (the  cylindrical  nose-piece  of  the 
streamline  model);  D  =  400  mm 

height  of  a  protuberance;  diameter  of  a  two- dimensional  wire 
undisturbed  total  pressure 

pressure  on  the  centre  of  the  tunnel  side  wall  (see  Fig.  1) 

reference  dynamic  pressure  =  (r t0  -  pw)  kgf/m2 

uk.k/v 

velocity  outside  the  boundary  layer  (m/sec) 

velocity  at  a  distance  y  from  the  surface  of  the  big  cylinder 

the  value  of  u  for  y  =  k 

coordinate  in  vertical  direction,  par  '.lei  to  the  axis  of  the  big 
cylinder 

z  =  0  is  the  measuring  plane  at  the  height  of  the  centre  of  the  test 
section 

angular  position  on  the  big  cylinder,  measured  from  the  stugnation 
point;  positive  in  the  direction  of  the  hot  wire;  (degrees) 

value  of  <p  for  a  roughness  element 

=  57.3° 

klneiatic  viscosity  =  14  x  10*  6  a2/sec  (mean  value) 
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BOUNDARY -LAYER  DISTURBANCE  BY  ISOLATED  PROTUBERANCES 
•P  VARIABLE  HEIGHT  ON  A  CYLINDER  NPSE 


E.  Dobbicga 

I.  IirmODLCTION 

la  descriptions  of  the  disturbing  effect  of  roughness  elements  in  a  iaainar 
bosidarj- layer  cftes  use  is  being  Bade  jf  a  Reynolds  maber  R^  as  characteristic 
paraaeter.  Ibis  parameter  has  the  drawback,  however ,  that  the  critical  value  of 
is  not  the  sac*  for  particles  of  different  shape.  As  an  example  reference  can  be  Bade 
to  Pigore  2  of  a  report  h?  Bras  low1. 

The  aecsurenents,  described  below  have  been  planned  to  furnish  sane  nore  inforaation 
about  the  influence  of  the  particle  shap*  on  the  distuning  power.  The  investigation 
has  been  arranged  so  that  nse  could  be  Bade  of  an  existing  aodel.  This  BOdel  had  been 
ased  for  an  investigation  of  the  influence  of  roughness  particles  of  fixed  shape  on 
the  flaw  around  hi  airofoil  rose  ir  the  neighbourhood  of  the  stagnation  point*. 

Proa  (unpublished)  results  of  this  work  the  velocity  distribution  and  the  calculated 
boundary- layer  profiles  have  been  derived  (Pigs.3  and  4).  The  onlyr  addition  to  the 
aodel  has  been  a  mechanise  wMch  permitted  the  height  of  the  roughness  elements  to  be 
changed  during  the  tests.  Originally  it  was  intended  to  neesure  only  at  one  wind  speed 
and  with  roughness  elesents  at  only  one  position  cn  the  aodel  nose  in  order  to  get  a 
coaparisoo  of  the  critical  diaensions  of  different  particles  under  identical  flow 
conditions.  The  appear  race  of  unexpected  phenomena,  however,  led  to  a  change  in  the 
program,  the  new  aim  being  to  obtain  first  a  general  impression  about  the  behaviour  of 
roughness  particles  in  the  stagnation  flow.  This  preliminary  report  gives  a  survey  of 
some  results. 


Z.  THE  DISPOSITION  IN  THE  HIND  TUNNEL 

The  experiments  have  been  cade  in  the  i  *  6  ft  low-turbulence  wind  tunr.el  of  the 
Aeronautical  Departsent  of  Delft  Technical  University.  A  sketch  of  the  situation  is 
given  in  Figure  1. 

The  model  consists  of  a  steel  cylinder  (400  ee  dianeter).  a  wooden  tail  downstream 
of  the  cylinder  and  an  interchangeable  roughness  element  on  Iho  cylinder. 

The  cylinder  is  attached  to  the  turntables  in  top  and  bottom  of  the  test  section. 
By  rotating  the  cylinder  a  roughness  element  could  be  move**  from  the  stagnation  point 

*  Tie  idea  t-i  usi-  a  code!  of  this  type  is  due  .o  Mr.  J.L.  van  Ujgco  of  the  Aeronautical 
Department.  *ho  also  supervised  the  earl;  ceasuresents. 
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to  any  other  position  in  the  boundary- layer  along  the  frontpart  of  the  cylinder.  The 
angle  of  rotation  measured  from  the  stagnation  point  i.s  denoted  by  cpk  .  The  influence 
of  the  roughness  element  on  the  boundary- layer  has  been  measured  with  a  hot  wire 
(0.003  mo  thick,  120).  This  instrument  was  fixed  to  the  tunnel  sidewall;  in  all  the 
tests  the  hot  wire  was  kept  in  the  same  position:  in  the  middle  of  the  tunnel  height 
and  57.?°  from  the  stagnation  point.  The  distance  between  the  wire  and  the  cylinder 
surface  was  such  that  the  velocity  at  the  wire  in  the  undisturbed  laminar  boundary- 
layer  was  about  0,9  times  the  speed  outside  the  boundary  layer.  The  wire  was  kept 
at  a  constant  temperature;  the  output  was  fed  into  an  oscilloscope. 


3.  THE  ROUGHNESS  ELEMENTS 

Two  types  of  disturbing  elements  have  been  tested: 

(a)  three-dimensional  elements,  consisting  of  the  top  part  of  thin  cylindrical 
elements  protruding  from  the  surface  of  the  big  cylinder. 

(b)  two-dimensional  wires. 

(a)  The  height  of  the  three-dimensional  elements  could  be  varied  during  the  tests 
by  means  of  the  displacement  mechanism  sketched  in  Figure  2.  The  cylindrical  part  of 
the  roughness  element  is  soldered  in  a  piston.  By  means  of  a  spring  this  piston  is 
pressed  inward  against  the  ball-point  of  a  displacement  screw  with  1  mm  pitch.  This 
screw  coaid  be  rotated  from  outside  the  tunnel  by  means  of  a  pulley  and  a  string. 

A  10-turn  potentiometer  connected  to  a  digital  voltmeter  and  driven  by  the  displace¬ 
ment  screw  could  measure  a  displacement  up  to  10  mm.  Displacements  could  be  given 
(according  to  the  voltmeter)  in  steps  of  0.001  mm.  In  this  respect  it  may  be  noted 
that,  in  some  cases  marked  repeatable  changes  in  flow  characteristics  have  been  observed 
while  changing  the  height  k  hy  not  more  than  one  micron.  The  protruding  end  of  the 
cylindrical  roughness  element  passed  through  a  brass  plug.  For  each  roughness  diameter 
a  separate  plug,  fitting  to  this  diameter,  and  a  separate  piston  were  available. 

After  each  assembly  of  the  displacement  mechanism  in  the  big  cylinder,  the  roughness 
element  was  retracted  and  the  outer  surface  of  the  brass  plug  was  worked  flush  with 
the  steel  cylinder.  A  direct  calibration  of  the  voltmeter  giving  the  height  of  the 
protuberance  was  obtained  by  compering  the  position  of  the  top  of  the  roughness  element 
with  that  of  the  surface  of  the  steel  cylinder  in  the  immediate  surroundings  of  the 
element.  The  frame  of  the  micrometer  used  for  this  purpose  carried  three  fixed  points 
which  could  be  pressed  against  the  cylinder  surface.  In  each  case  readings  have  been 
taken  at  many  different  values  of  the  roughness  height  k  . 

Furthermore  each  roughness  element  has  been  photographed  by  means  of  a  simple  long 
"camera"  which  allowed  a  15  times  enlarged  photograph  to  be  taken  directly  on  photo¬ 
graphic  paper.  The  comparison  of  the  picture  of  the  roughness  element  with  that  of  a 
permanent  calibration  wire  gave  a  check  on  the  dimensions  of  the  element. 

In  some  cases  only  the  photographic  method  has  been  used,  e.g.  for  very  sharp  cones 
(not  discussed  in  this  report),  and  for  disturbing  elements  entering  into  the  boundary- 
layer  from  outside. 
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About  the  accuracy  of  the  values  of  k  measured  during  the  experiments  It  can  be 
said  that  the  error  in  the  absolute  value  of  k  in  a  certain  run  may  have  been  of  the 
order  of  0,01  mm;  in  the  important  range  of  k  between  0  and  0.3  mm  the  errors  in  the 
differences  between  different  values  of  k  in  the  same  run  are  probably  (much) 
smaller  than  0,01  mm. 

(b)  Two-dimensional  wires.  For  comparison  a  number  of  wires  have  been  tested.  As 
indicated  in  Figure  1  these  wires  were  installed  at  an  angle  of  about  6°  with  the 
direction  of  the  cylinder  axis.  This  made  it  possible  to  pull  the  wires  firmly  against 
the  cylinder  surface  by  means  of  a  tightening  screw.  Only  the  0.2  mm  and  the  0.395  mm 
wires  were  real  solid  steel  wires  the  thicker  wires:  0.305;  0.41;  0.80;  1.22  and 
2.23  mm  diameter,  consisted  in  reality  of  20C  mm  long  pieces  of  stainless  steel  tube 
which  were  pulled  against  the  surface  by  means  of  a  thin  wire  going  through  the  tubes. 
In  all  normal  runs  the  middle  of  the  tubes  was  placed  at  the  centre  of  the  tunnel 
height  (z  =  0), 


4.  TIIE  MEASUREMENTS 

The  reference  dynamic  pressure  q  is  defined  as  the  difference  between  the  undis¬ 
turbed  total  pressure  and  the  pressure  on  the  centre  o  one  of  the  test  section  side 
walls  (see  Fig.  1). 

During  each  run  the  value  of  q  has  been  kept  constant:  it  could  be  measured  by 
means  of  a  Betz-type  water  manometer.  Most  of  the  data  have  been  taken  at  . 
q  =  120  kgf/m2  ,  in  these  cases  no  deviations  larger  than  0.2%  have  occurred.  Some 
additional  data  have  been  obtained  for  q  =  30  kgf/m2  ,  in  those  cases  deviations  up  to 
to  1%  have  been  tolerated. 

The  largest  difference  in  Reynolds  number  due  to  variations  of  barometric  pressure 
and  air  temperature  has  been  about  1.5%.  As  mentioned  in  the  introduction,  some  data 
about  the  velocity  field  around  the  cylinder  (derived  from  earlier  work)  have  been 
presented  in  Figures  3  and  4. 

Tae  two  methods  which  have  been  employed  during  the  measurements  are  the  following: 

(a)  The  height  k  of  the  roughness  element  was  adjusted  at  a  certain  value  and 

was  varied  by  rotating  the  big  cylinder.  Values  of  at  which  the  first 
turbulent  spot  was  detected  by  the  hot  wire  and  cp^  at  which  the  flow  appeared 
to  be  just  completely  turbulent  have  been  determined. 

(b)  For  the  lower  values  of  k  it  appeared  to  be  more  practical  to  set  &t  a 
certain  fixed  value  and  to  vary  k  until  the  first  spot  appeared  and  until  full 
turbulence  was  just  established  according  to  the  picture  on  the  oscilloscope. 

For  two-dimensional  wires  of  course,  only  method  (a)  could  be  used. 


5.  RESULTS;  DISCUSSION 

The  investigation  had  the  character  of  a  reconnaissance.  Only  some  general  results 
will  be  presented  here.  The  character  of  the  disturbing  effect  of  protruding  cylindrical 
roughness  elements  of  varying  height  is  shown  in  the  Figures  5,  6  and  7  for  roughness 
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diameters  d  of  0.2;  0.4  and  3.0  mm  respectively.  These  elements  had  flat  tops  and 
a  relatively  sharp  edge. 

Figure  8  gives  the  measured  data  for  two-dimensional  wires.  An  explanation  of  the 
symbols  used  can  be  found  in  the  list  of  notations.  For  orientation,  in  each  figure 
also  the  values  of  8*  and  $  (for  u/U  =  0,999)  as  derived  from  earlier  work,  have 
been  indicated. 

The  figures  show  that,  if  the  roughness  element  is  placed  at  high  values  of  q>k 
where  0  is  large,  an  increase  of  the  height  k  gives  a  “normal''  sequence  of  effects. 
At  low  values  of  k  the  boundary  layer  stays  laminar  at  the  station  of  the  hot  wire. 

If  k  becomes  larger  than  a  certain  critical  value,  turbulent  spots  are  detected  and 
if  a  second  critical  value  is  passed  the  flow  around  the  hot  wire  becomes  completely 
turbulent.  At  high  values  of  q^  the  width  of  the  region  with  spots  increases  with 
the  width  of  the  roughness  element;  it  is  largest  for  the  two-dimensional  wires. 

For  smaller  values  of  q^  (smaller  values  of  13)  the  critical  values  of  k  increase. 
However,  only  in  the  case  of  the  two-dimensional  wires  (Fig.  8)  does  this  seem  to  go  on 
.core  or  less  continuously.  For  the  protruding  elements  a  change  in  flow  picture  occurs 
at  a  "crucial”  value  of  k  .  At  q  =  120  kgf/m2  ,  this  crucial  value  is  about  0.3  to 
0.4  mm  or  about  half  the  boundary- layer  thickness.  For  the  thin  0.2  mm  element  (Fig. 5) 
the  "crucial  value”  of  k  is  somewhat  higher  than  for  the  thick  3  mm  element  but  the 
differences  are  small. 

The  change  in  flow  pattern  is  most  pronounced  in  the  case  of  the  thin  0.2  mm  rough¬ 
ness  element  (Fig.  5). 

For  k  <  0.395  mm  the  transition  between  the  laminar  and  the  turbulent  regimes  is 
extremely  sharp;  in  some  cases  only  a  change  in  k  of  a  few  microns  was  sufficient 
to  give  a  complete  transition.  For  k  larger  than  0.395  mm,  however,  in  the  qpj.  —  k 
diagram  an  extensive  regime  exists  in  which  turbulent  spots  appear  and  in  which  a 
gradual  transition  occurs.  The  change  in  sharpness  of  the  transition  has  been  indi¬ 
cated  in  the  figures  by  means  of  different  symbols.  Filled  symbols  correspond  to  very 
sharp  transitions;  open  symbols  have  been  used  if  the  uncertainty  in  q^  is  of  the 
order  of  say  0.2  degrees.  Symbols  with  broken  contours  refer  to  vague  or  very  vague 
transition  boundaries  with  uncertainties  in  q^  of  one  or  more  degrees. 

In  the  case  of  the  0.2  mm  diameter  protuberance  (Fig. 5)  the  disturbing  power  of 
the  element  goes  down  if  k  becomes  larger  than  the  “crucial  value’’.  If  for  instance, 
at  the  station  q^  =  24°.  the  height  k  is  increased,  the  ooundary  layer  at  q>  =  57.3° 
will  be  fully  turbulent  for  k  between  0.34  and  0.39  mm  and  laminar  again  for 
k  >  0. 4  am. 

For  roughness  elements  with  larger  diameters  and  smaller  value  of  kcructal/d  the 
changes  in  flow  pattern  are  less  pronounced;  in  the  case  of  the  wires  no  sudden  change 
has  been  observed  (Pig. 8). 

For  the  3  mm  and  also  for  the  0.4  mm  diameter  protruding  element,  a  part  of  the 
region  between  the  fully  turbulent  and  the  fully  laminar  regions  in  the  -  k  graph 
has  a  special  character;  it  is  called  a  “mixed  region’’  (Fig.  7).  When  one  passes 
through  this  mixed  region,  several  areas  of  laminar  (or  quasi  laminar)  flow,  fully 


turbulent  flow  and  regions  with  spots  or  regions  with  periodic  notions  may  be  passed 
successively.  Oftei.  "re  is  some  hysteresis,  but  in  some  cases  the  different  fully 
turbulent  regions,  some  of  which  may  be  as  narrow  as  a  few  microns,  are  stable  in  that 
respect  that  one  can  “find  them  again".  These  mixed  regions  have  not  been  explored 
extensively;  the  situation  is  rather  confusing  there. 

The  “crucial"  value  of  k  of  about  0,35  mm  (for  q  =  120  kgf/m*)  appears  also  to  be 
critical  for  disturbances  coming  from  outside  the  boundary  layer.  To  investigate  this, 
a  special  disturbing  element  has  been  used  consisting  of  a  0. 1  mm  steel  wire  running 
from  a  piston  of  the  displacement  mechanism  inside  the  big  cylinder  to  the  tunnel  side 
wall  (to  the  point  S  in  Fig.  1);  this  wire  was  kept  taught  by  means  of  a  weight  outside 
the  test  section.  Around  the  wire,  a  200  mm  long  piece  of  stainless  steel  tube,  having 
0.41  m  outside  diameter,  was  attached.  If  the  piston  was  retracted,  one  end  of  this 
tube  could  be  pulled  against  the  cylinder  surface.  Measurements  have  been  made  with 
this  "roughness  element"  at  station  q^  =  30°  only  (q  =  120  kgf/m2).  As  long  as  the 
distance  k  between  the  near  end  of  the  0.41  mm  tube  and  the  cylinder  surface  was 
larger  than  0.4  mm  no  influence  on  the  bound  ary- layer  could  be  detected  at  the  hot 
wire  station,  the  boundary  layer  being  completely* laminar.  For  k  smaller  than  0,4  mm 
irregular  bursts  of  turbulence  were  seen  on  the  oscilloscope. 

From  the  Figures  5  and  6  it  can  be  seen  that  at  least  for  these  particular  runs  the 
critical  values  of  k  measured  for  the  0.4  mm  diameter  roughness  element  are  larger 
than  the  corresponding  values  for  the  0.2  mm  element  at  the  same  stations  qi,.  .  This 
queer  result  has  been  checked  by  runs  with  different  roughness  elements  of  the  same 
diameters  0.2;  0.4  and  3  mm.  The  q^  -  k  curves  obtained  in  the  check-runs  showed 
the  same  general  character  as  the  curves  given  in  the  Figures  5,  6  and  7.  However,  in 
the  level  of  critical  values  of  k  in  the  lower  branch  of  the  curves  (at.  high  values 
of  q^)  shifts  of  a  few  hundredths  of  a  millimeter  and  in  one  case  (for  the  0.4  mm 
roughness)  even  up  to  0.05  mm  have  been  observed.  The  rather  confusing  data  have  not 
yet  been  analysed.  It  is  not  quite  clear  what  effect  is  responsible  for  the  shifts  in 
the  critical  value  of  k  .  Additional  tests  with  some  elements  with  rounded  tops 
showed  that  the  critical  value  of  k  can  be  extremely  sensitive  to  the  shape  of  the 
top  of  the  roughness  element.  Also  thought  has  been  given  to  the  question  whether  the 
flow  conditions  around  the  cylinder  nose  have  been  identical  during  all  the 
measurements.  There  is  no  evidence  that  changes  in  the  flow  have  occurred.  While  the 
value  of  q  =  pt0  -  pw  has  been  kept  constant  during  the  measurements,  often  a  watch¬ 
ful  eye  has  also  been  kept  on  the  value  of  the  pressure  drop  in  the  contraction  of 
the  wind  tunnel  and  no  alarming  changes  in  this  pressure  drop  have  been  observed. 
Moreover  as  an  extra  check  the  0.2  mm  two-dimensional  wire  has  been  measured  several 
times  during  the  course  of  the  experiments  and  in  each  case  at  q  =  120  kgf/m2  the 
first  “spots"  appeared  at  the  same  value  of  q^  :  31,8°  plus  or  minus  0.1°. 

This  however,  is  not  an  absolute  proof  that  the  flowfield  around  the  cylinder  has 
been  the  same  in  all  test:  during  the  experiments  with  the  rotating  cylinder  no 
pressure  distributions  around  this  cylinder  have  been  measured. 

It  is  felt  that  before  a  comparison  of  the  values  of  the  critical  height  of 
different  roughness  elements  can  be  presented  some  additional  checks  should  be  made. 

For  this  reason  no  further  analysis  of  the  data  is  given  in  the  present  paper. 
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8.  CONCLUSIONS 

t.  A  "crucial”  value  of  the  critical  height  of  protruding  roughness  ieaents  exists 
beyond  which  a  marked  change  in  the  disturbing  effect  of  the  elements  occurs. 

2.  lu  the  present  experiments  this  cruci&i  height  was  not  much  dependent  on  the 
diameter  of  the  protruding  particles.  The  larger  the  width  of  the  protuberance 
the  less  marked  the  change  in  flowcharacteristicb  appeared  to  be. 

3. ~  The  critical  height  of  roughness  elements  is  strongly  affected  by  the  shape  of 

the  top.  In  this  respect  it  car.  be  mentioned  that  at  largo  values  of  qp^  the 
critical  value  of  the  diameter  of  two-dimensional  wires  which  have  a  rounded 
“top”,  is  larger  than  the  critical  value  of  k  of  the  3  mm  diameter  protuberance. 
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Symbols  in  the  Figures  5-8:  . 

Triangles:  first  turbulent  spots  at  station  cp  =  57,3° 

Circles:  boundary  of  region  of  complete  turbulence  at  station  qp  =  57. 3° 

Filled  symbols:  sharp  transition 

Open  symbols:  less  sharp  (uncertainty  0.2°  in  q^) 

Symbols  with  broken  contours:  vague  or  very  vague,  (uncertainty  up  to  several  degrees 

in  ^ ) 
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Pig. 1  Disposition  in  the  wind  tunnel 


Fig. 2  The  mechanism  Tor  changing  the  height  of  the  protuberances 


q=120  kgf/m 


The  distribution  of  the  velocity  U  outside  the  boundary- layer 
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1.0 


Velocity  profiles  of  the  laminar  boundary- layer 
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Pig. 7  The  effect  on  the  boundary- layer  at  station  cp  =  57.3°  caused  by  a 
protuberance  of  3.0  mm  diameter  and  height  k 
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SUMMARY 


The  problems  are  discussed  in  the  light  of  an  experimental 
investigation  made  in  a  low-speed  wind  tunnel  on  the  effect  of  distributed 
suction  on  the  state  of  the  boundary  layer  on  a  slender  delta  wing  of 
aspect  ratio  1  with  sharp  leading  edges.  Laminar  flow  at  high  Reynolds 
numbers  can  be  maintained  on  the  upper  surface  with  suction  at  negative 
angles  cf  incidence  where  the  flow  is  attached  throughout,  and  at  high 
positive  angles  of  incidence  in  areas  between  the  secondary  attachment 
lines  and  some  way  outboard  of  them.  Secondary  separation  is  preceded 
hjr  strong  cross  flow  and  insufficient  suction  was  available  either  to 
eliminate  separation  or  to  avoid  transition.  At  other  incidences  wedges 
of  turbulence  appear  and  ways  of  eliminating  them  need  to  be  found,  ‘fne 
phenomenon  of  transverse  turbulent  contamination  associated  with  any 
excrescences  near  the  apex  and  midspan  remains  a  difficulty. 


SOMA  I  RE 


Ces  probl&mes  sont  discutes  &  la  lumi&re  de  recherches  exp^rimentales. 
effectu£es  dans  une  soufflerie  i  faible  vitesse,  sur  1* influence  de  la 
repartition  de  1’ aspiration  sur  1’  £tat  de  la  couche  limtte  d’ une  aile 
delta  cince  dont  1’  aliongeaent  est  de  1  pour  des  bords  d* aitaque 
tranchants.  L’^coulencnt  laninaire  peut  §tre  maintenu  sur  la  surface 
superleure  aux  nombres  de  Mach  elevis  par  i’ aspiration  sous  une 
Incidence  negative  la  oil  recoulesent  est  attache  de  manl^re  continue 
et  sous  une  forte  incidence  positive  dans  les  regions  situees  entre  les 
ligces  d*  attache  secondaires  et  quelque  pen  en  dehors  de  celles-ci.  Le 
decolleaent  seconds! re  est  precede  par  un  fort  ecoulemeut  transversal 
et  1' aspiration  a  ete  insuffisante  pour  suppnmer  le  decollement  ou 
eviter  la  transition.  Aux  autres  incidences  il  apparatt  des  pnintes  de 
turbulence  qu’il  faut  trouver  le  noyen  de  supprimer.  Le  phenomfene  de  la 
contamination  turbulentc  transversale  lie  &  des  eicrcissances  au  voisinage 
de  la  points  et  &  mi-lonsueur  constitue  une  difficultd  &  resoudre. 
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NOTATION 


C 

s 

x 

y 

vo 

uo 

a 

v 


porous- surfaced  chord 

local  seal -span 

chordwise  distance  from  apex 

spanwise  distance  from  centre-line 

suction  inflow  velocity 

undisturbed  velocity 

local  velocity 

incidence 

kinematic  viscosity 


\xjv  = 


pressure  coefficient 
U0cM  chord  Reynolds  number 

K 

UjiA',  local  Reynolds  number 
local  Reynolds  number  at  transition 

Uj  0/v, 


boundary  layer  Reynolds  number  based  on  momentum  thickness 
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SOME  PROBLEMS  OF  FLOW 


LAMINARIZATION  ON  A  SLENDER  DELTA  WING 


N.  Gregory  and  E.M.  Love 


1.  INTRODUCTION 

Although  supersonic  aircraft  have  an  additional  contribution  to  their  drag  -  the 
wave  drag  -  which  is  missing  in  subsonic  aircraft,  progress  in  design  has  so  reduced 
wave  drag  that  the  skin  friction  drag  of  Mach  2  aircraft  designs  has  again  become  an 
important  portion  of  the  total  drag.  A  possible  figure  is  40%.  The  payload  of  such 
aa  aircraft  is  a  smaller  proportion  of  the  all-up-weight  than  is  the  case  subsonically, 
and  is  also  a  much  smaller  proportion  of  the  weight  of  fuel  carried.  These  points 
have  been  well  brought  out  by  Courtney1.  A  supersonic  aircraft,  therefore,  particularly 
stands  to  benefit  from  any  fuel  economy  resulting  from  a  drag  reduction  due  to 
laminarizatioR. 

A  first  step  in  the  direction  of  discovering  whether  it  is  possible  to  laminarize 
a  slender  delta  aircraft  has  been  taken  in  the  experimental  work  described  below,  in 
which  distributed  suction  has  been  applied  over  the  upper  surface  cf  a  slender  delta 
wing  writh  sharp  leading  edges  at  low  speeds  in  the  13  ft  x  9  ft  wind  tunnel  of  the 
National  Physical  Laboratory.  This  initial  experiment  was  undertaken  at  low  speeds  as 
a  matter  of  convenience  though  it  may  well  be  economically  important  for  laminar  flow 
to  be  effective  at  subsonic  as  well  as  at  supersonic  cruising  speeds.  It  was  hoped 
to  ascertain  what  difficulties  were  associated  with  the  slender  planform  and  its 
especial  flow  regimes,  and  to  discover  which  forms  of  instability  needed  to  be 
suppressed.  Following  a  discussion  of  the  results  of  this  experiment,  their  application 

to  a  supersonic  aircraft  is  considered. 

• .  -  "  .  :  ---  *  -  ■  yi-'-’-  ■  ■  ■■■■■■■'■—  v ’  -  •♦Morans* 

2.  POROUS  DELTA  WING 

The  slender  delta  wing  was  designed  to  be  of  straight  conical  form  for  a  length  of 
6?4  ft  with  bi-convex  circular  arc  transverse  sections  12%  thick.  Over  this  length  the 
upper  surface  was  formed  from  0.074  in  thick  porous  sintered  stainless  steel  sheet, 
apart  fron  3  in  at  the  apex  which  was  solid.  Aft  of  the  6^  ft  porous  chord  a  further 
25  in  of  impermeable  fibreglass  fairing  brought  the  wing  back  to  a  thin  unswept 
trailing  edge.  The  leading  edge  sweep  angle  was  76°  giving  an  aspect  ratio  of  1.  The 
detail  design  and  construction  of  the  model  was  carried  out  by  Messrs.  Handley  Page  Ltd. 
A  general  arrangement  drawing  of  the  model  is  shown  in  Figure  1  and  this  model  is  shown 
installed  in  the  NPL  13  ft  x  9  ft  wind  tunnel  in  Figure  2. 

The  porous  sheet  could  not  be  obtained  in  one  piece  so’ it  was  necessary  to  accept 
two  straight  joins  as  indicated  in  Figure  1.  The  surface  waviness  was  small  along 
radial  lines  from  the  apex  (Table  I)  but  was  touch  greater  across  the  diagonal  joint. 
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and  near  the  edge  of  the  model  where  the  correct  transverse  curvature  was  not 
maintained  Where  the  waviness  of  the  diagonal  joint  was  found  to  Tfect  slightly  the 
transition  position  and  suction  requirements,  the  measurements  were  confined  to  the 
starboard  side  of  the  wing  which  was  virtually  free  from  joints. 

The  porous  surface  was  divided  by  the  supporting  splines  into  a  large  centre 
compartment  extending  over  i50%  of  the  semi -span  and  three  narrow  compartments  on 
either  side,  from  50%  to  60%,  60%  to  75%  and  75%  to  100%  of  the  semi-span.  The  three 
narrow  compartments  on  either  side  of  the  model  were  connected  together  in  pairs  and 
the  four  distinct  suction  areas  are  referred  to  as  the  Centre,  Inner,  Middle  and  Outer 
compartments. 

The  permeability  of  the  basic  porous  sheet  was  everywhere  less  than  130%  of  a  mean 
figure,  but  about  12%  by  area  was  more  than  30%  below  the  mean.  This  area  was 
effectively  visualised  by  spraying  the  wing  with  naphthalene  and  applying  a  uniform 
mean  suction  inflow  rate  of  0.06  ft/sec  to  all  four  compartments.  The  bulk  of  the 
naphthalene  sublimed  in  20  minutes,  but  after  half  an  hour  of  suction,  there  were 
still  regions  of  heavy  coating  as  shown  in  Figure  3.  *  Ibis  delineates  the  areas  of  low 
permeability  in  the  basic  porous  sheet,  and  also  shows  regions  of  low  flow  near  the 
edges  and  apex  due  to  the  tapering  off  the  depth  of  the  compartments.  It  also  shows 
some  places  where  the  adhesive  used  to  bond  and  seal  the  porous  sheet  to  the  radial 
splines  had  spread.  The  oblique  view  that  was  necessary  i.i  order  to  photograph  the 
entire  upper  surface  of  the  wing  has  resulted  in  pronounced  distortion  of  the  chordwise 
perspective  as  shown.  This  particular  oblique  view  has  been  used  throughout  the  rest 
*of  the  paper  for  all  photographs  and  diagrams  of  the  upper  surface  of  the  wing. 

The  permeability  of  the  wing  was  measured  separately  for  each  compartment.  The 
pressure  differential  required  to  produce  0. 12  ft/sec  mean  inflow  rate  into  each 
compartment  was  shown  below,  and  the  flow  rate  was 


Compartment 

Centre 

Inner 

Middle 

Outer 

Suction,  in  water  gauge 

75 

82 

100 

133 

roughly  proportional  to  pressure  difference.  The  original  specification  for  the 
porous  sheet  demanded  0. 12  ft/sec  for  only  28  in  water  gauge  and  as  the  available 
pumping  system  gave  about  100  in  of  water  gauge,  the  suction  flow  rates  were  very 
limited.  It  was  decided  to  test  the  wing  in  this  condition  to  avoid  further  long 
delays  awaiting  a  replacement  sheet.  r 

The  nominally  sharp  leading  edge  of  the  wing  has  a  thickness  which  lay  between 
extremes  of  0,012  in  and  0.018  in. 

An  impermeable  covering  of  0.0005  in  thick  Melinex  sheet  was  sucked  down  on  the 
upper  surface  to  allow  oil -flow  techniques  to  be  used  to  visualize  the  surface  flow 
streamlines  on  the  impermeable  wing.  Transition  was  indicated  at  low  speeds  by  the 
sublimation  of  naphthalene  sprayed  on  to  the  wing.  This  technique  was  used  mainly  on 
the  impermeable  covered  wing:  it  was  also  used  directly  on  the  porous  surface,  with  and 
without  suction,  but  was  not  very  satisfactory.  At  higher  speeds,  hot-film  anemometry 
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wa6  used,  thin  platinum  films  being  plated  on  the  leading  chisel -edges  of  thin  glass 
slips  taped  to  the  surface.  Comparison  between  the  two  techniques  was  complicated  by 
the  fact  that  the  transition  front  indicated  by  the  sublimation  technique  showed  a 
large  forward  movement  with  increasing  time  of  exposure  to  the  wind  because  the  area 
of  intermittent  turbulence  was  extensive  in  the  stream  direction  owing  to  the  weakness 
of  the  pressure  gradients,  as  on  a  flat  plate. 

The  flow  observations  were  restricted  to  the  upper  surface,  but  both  positive  and 
negative  angles  of  incidence  were  used.  Pressure  distributions,  however,  were  taken 
at  i  and  |  of  the  porous  chord  and  along  the  centre  line  of  the  model  (midspan)  on 
both  opper  and  lower  surfaces. 


3.  MEASUREMENTS  WITHOUT  SUCTION 
3.1  Pressure  Distribution 

The  chordwise  pressure  distribution  along  the  eentre  line  of  the  impermeable  wing 
is  shown  in  Figure  4  for  Re  equal  to  7.5  x  106,  the  highest  test  Reynolds  number, 
and  the  spanwise  pressure  distribution  at  5  of  the  porous- surface  chord,  c,  is 
shown  in  Figure  5.  The  chordwise  pressure  distribution  suggests  an  induced  camber  due 
partly  to  slight  distortion  of  the  model  near  the  apex  and  partly  to  the  interference 
from  the  mounting  struts  and  suction  pipes  under  the  wing.  The  transverse  pressure 
distribution  at  |  chord  therefore  differs  in  its  peak  values  from  that  at  |  chord, 
and  has  been  omitted.  The  results  given  in  this  paper  will  be  referred  to  geometric 
incidence,  but  it  will  be  appreciated  that  corresponding  transition  positions  and 
regimes  of  flow  would  be  found  on  an  uncambered  delta  wing  free  from  support 
interference  at  somewhat  different  incidences  from  those  encountered  here. 

A  further  departure  from  conicality  was  noticed  in  the  transverse  pressure 
distributions  and  is  shown  in  Figure  6  which  illustrates  the  pressures  at  16°  incidence 
at  a  amber  of  wind  speeds.  The  pressure  recovery  between  the  minimum  pressure  and  the 
ooint  where  the  pressure  rise  ceases  is  much  less  at  the  two  lower  speeds  than  at  the 
top  speed.  This  is  because  (as  was  shown  by  hot  films),  at  20  and  60  ft/sec  wind  speeds 
the  separation  is  a  laminar  one,  is  transitional  at  120  ft/sec,  and  is  the  separation 
of  a  fully  turbulent  boundary  layer  only  at  180  ft/sec.  The  additional  pressure  rise 
sustainable  by  a  turbulent  boundary  layer  results  in  an  outward  movement  of  the 
secondary  separation  line.  This  point  is  discussed  further  in  the  next  section. 

Approximate  indications  of  the  secondary  attachment  position  and  of  secondary 
separation  have  been  obtain jd  from  Figure  5  and  the  corresponding  pressure  distributions 
at  other  speeds,  by  noting  the  spanwise  locations  at  which  the  pressure  fall  commences 
and  the  pressure  rise  ceases.  These  positions  are  indicated  in  Figure  7  which  also 
shows  the  position  of  minimum  pressure.  The  state  of  the  boundary  layer  at  the 
approximate  separation  position,  as  indicated  by  hot  films,  is  marked  L  (lamina*), 

I  (intermittent)  or  T  (turbulent)  on  Figure  7.  Good  agreement  was  obtained  with 
oil-flow  observations  when  the  flow  was  laminar.  When  turbulent,  however,  oil -flow 
suggested  separation  a  few  percent  of  the  semi -span  inboard  of  the  limit  of  pressure 
rise. 


3.2.  Transition 


Observations  taken  over  the  range  of  incidenc-ies  -5°  <  a  <  +18°  showed  four 
different  regimes  of  boundary-layer  flow,  of  which  the  second  was  an  intermediate  state 
between  the  first  and  third  and  was  enhanced  by  the  induced  camber  effect. 

First  Regime,  a  <  -l|° 

In  this  r4gime  the  entire  leading  edge  was  at  a  negative  angle  of  attack  to  the 
oncoming  flow.  In  the  absence  of  effective  camber  the  regime  should  range  from  zero 
incidence.  At  Rc  =  2.5  x  106  the  flow  was  laminar  over  most  of  the  chord,  the  onset 
of  intermittently  turbulent  flow  being  indicated  by  the  dotted  lines  in  Figure  8. 

The  transition  region  was  extensive  because  of  the  favourable  pressure  gradient, 

■net  on  the  centre  line,  hot-film  probes  at  0.67c  and  0.96c  showed  that  transition  was 
quite  insensitive  to  incidence  and  yielded  local  Reynolds  numbers  Rx>r  of  2. 1-2. 9  x  10 
for  first  turbulent  bursts  to  3. 6-4.0  x  106  for  fully  turbulent  flow  as  shown  in  Table 
II.  These  can  be  compared  with  values  of  RXt  of  1.5-1. 7  x  10*  obtained  in  a  flat 
plate  at  zero  incidence  in  the  same  tunnel. 

Away  from  th»:  centre  line,  wedges  of  turbulent  flow  were  present,  as  can  be  seen  in 
Figure  8,  and  from  their  mid-semi-span  location  are  referred  to  hereafter  as  ‘inboard’ 
wedges.  These  wedges  appeared  at  local  Reynolds  numbers  between  1.6  and  2.6  xlO6  and 
gave  fully  turbulent  flow  at  about  2.5  to  3.6  xlO6  as  shown  in  Table  III.  At  a  given 
incidence,  these  inboard  wedges  appeared  at  a  roughly  constant  percentage  of  the 
semi-span  independent  of  their  chordwise  origin,  but  when  incidence  and  windspeed  were 
both  varied  so  as  to  maintain  the  origin  of  the  inboard  wedge  at  a  fixed  chordwise 
location,  the  spanwise  origin  moved  further  outboard  with  increasingly  negative 
incidence.  Once  formed,  however,  the  wedges  ran  in  the  mainstream  direction.  It  was 
checked  that  these  wedges  of  turbulent  flow  would  have  intersected  on  the  centre  line 
further  aft  than  the  transition  points  indicated  in  Table  II.  The  reasons  for  these 
wedges  of  turbulent  flow  are  still  obscure. 

Second  PSgime,  -l|°  <  a  <  3° 

Here,  the  forward  portion  of  the  leading  edge  was  at  a  negative  angle  of  attack  to 
the  local  flow,  but  the  angle  changes  to  a  positive  one  further  aft.  Laminar  flow  is 
obtained  over  the  front  of  the  wing,  but  is  terminated  by  the  intersection  of  wedges 
of  turbulent  flow  originating  part  way  along  the  leading  edge  (Figure  8)  where  the 
attached  flow  first  gives  way  to  a  small  separation  bubble.  These  wedges  of  turbulent 
flow  are  subsequently  referred  to  as  'edge'  wedges.  Their  position  is  principally 
determined  by  the  effective  incidence  variations  along  the  leading  edge,  rather  than 
by  Reynolds  number,  since  an  increase  in  the  latter  causes  the  origin_of  the  separation 
bubble  to  move  forward  but  a  small  amount,  before  attached  flow  conditions  arc  reached. 

It  should  be  mentioned  that  at  wind  speeds  up  to  80  ft/sec,  striationr  were  present 
in  the  sublimation  pattern  inboard  of  the  edge  turbulent  wedges.  These  striations, 
indicating  stationary  streamwise  vortices  in  the  boundary  layer,  originated  along  the 
leading  edge  over  4  or  5  inches  distance  upstream  of  the  point  of  laminar  flow 
breakdown  and  were  visible  for  some  7  to  8  inches  in  the  chordwise  direction. 
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Oil-flow  technique  showed  that  (in  the  particular  case  of  0°  incidence  at  80  ft/sec) 
the  -1  in  long  separation  bubble,  from  which  the  edge  wedges  of  turbulent  flow  started, 
persisted  along  the  leading  edge  for  about  a  foot  but  then  ceased  to  re-attach  «id 
rolled  up  so  that  secondary  attachment  and  separation  lines  radiated  from  this  point, 
Just  as  happens  at  much  higher  incidences  at  the  apex.  However,  at  the  rear  of  the 
porous  surface  both  attachment  and  separation  remained  within  an  inch  or  tro  of  the 
leading  edge.  The  flow  inboard  of  this  secondary  attachment  remained  turbulent. 

At  zero  and  -1°  incidence,  het  films  at  0.33c  revealeu  transition  conditions  which 
were  constant  over  a  consider aole  spanwise  extent  inboard  of  the  edge  wedges  of 
turbulent  flow.  The  transition  Reynolds  numbers.  Table  IV,  are  apnreciell  less  than 
those  of  Table  II  and  are  also  less  than  those  for  positions  further  aft  (at  lower 
speeds)  where  laminar  flow  is  terminated  by  ti;e  intersection  of  wedges  at  values  of 
RJt  x  I0*6  which  may  rise  as  high  as  3.0  to  4.0.  It  is  possible  that  an  indiscernible 
roughness  or  imperfection  at  the  apex,  or  indeed  the  r.;>ex  itself,  was  rer  jnsible  for 
these  low  transition  Reynolds  numbers.  This  is  suggested  by  a  single  .eak  observed 
in  the  sublimation  pattern  at  60  ft/sec  at  incidences  between  1°  and  4°  coring  straight 
iron  the  apex,  although  at  these  wind  speeds  the  vortex  pair  thus  indicr. :  jd  did  r.ot 
interfere  with  the  interesting  wedge  transition  pattern.  However,  the  whole  second 
regime  nay  not  be  of  great  practical  importance  for  a  wing  without  any  geometric  or 
i  educed  camber. 


Third  Regime  4°  <  a  <  12° 

This  incidence  ran,  is  characterised  by  the  rolling  up  of  the  leading  edge  shear 
layer  with  the  occurrence  of  a  fresh  secondary  attachement  line  whose  position  moves 
inboard  with  increase  of  incidence  (Figure  7)  and  reaches  the  vicinity  of  the  centre 
line  afc  an  incidence  not  far  above  12°. 

The  transition  pattern  changes  markedly  with  both  incidence  and  Reynolds  number. 

At  a  fixed  wind  speed  of  60  ft/sec,  (Rc  equal  to  2.  5  x  106)  the  effect  of  incidence 
is  shown  by  Figures  9  to  11.  Inboard  of  the  secondary  attachment  line  the  flow  is 
laminar  except  where  contaminated  by  a  pair  of  wedges  of  turbulent  flow.  At  4°  incidence 
these  wedges  originate  from  che  apex  but  owing  to  the  small  local  Reynolds  number  do 
not  at  firsit  spread  very  rapidly.  Further  afu,  the  fully  turbulent  core  of  these 
wedges  spreads  at  a  semi-angle  of  about  7°  and  since  the  attachment  line  is  spread :ng 
at  8.8°  semi-angle,  there  is  a  narrow  region  of  intermittently  turbulent  flow,  bit  co 
laminar  flow.  It  is  probable  that  these  wedges  are  the  edge  wedges  of  the  second 
regime  starting  inboard  of  a  closed  separation  bubble  very  near  the  apex.  The  shear 
layer  ceases  to  re-attach  and  rolls  up  a  very  short  distance  from  the  apex,  thus 
creating  secondary  attachment  lines,  and  causing  the  wedges  to  appear  between  them. 

At  6°  incidence  the  situation  is  similar,  but  the  fully  turbulent  core  of  the  wedge 
does  not  occur  until  about  0.55  chord  back  from  the  apex.  At  this  incidence  the 
attachment  lines  are  diverging  at  less  than  the  spread  angle  of  the  fully  turbulent 
core  of  the  wedge,  so  that  at  this  and  higher  incidences  these  wedge:;  eventually 
reach  the  attachment  line  and  contaminate  the  flow  outboard  of  attachment.  At  8° 
(Figure  10)  and  10°  the  twin  wedges  start  intermittently  at  about  0.55c  and  the  flow 
upstream  of  this  point  is  laminar.  It  is  noteworthy  that  apart  fron  the  4°  c^se,  the 
wedges  always  seem  to  be  about  ±0.25  s  from  the  centre  line  at  the  point  where  they 
are  first  detected,  though  their  chordwise  origin  varies  with  both  incidence  and 
Reynolds  number.  This  is  illustrated  by  Tables  V  and  VI.  At  12°  the  wedges  do  not 
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appear,  either  because  attachment  has  moved  inboard  of  the  10.25  semi-span  position, 
or  because  the  rolling  up  of  the  leading  edge  shear  layer  continues  right  to  the  apex. 
Prom  -1*  to  12°  incidence  therefore,  laminar  flow  on  the  centre  line  is  terminated  bar 
the  intersection  of  turbulent  edges. 

Outboard  of  attachment  the  flow  noar  the  apex  Is  laminar  (at  60  ft/sec)  at  8°  and 
above  where  the  inboard  wedges  of  turbulent  flow  do  not  spread  across  the  flow 
attachment  line.  Wien  the  flow  eventually  becomes  turbulent  further  away  from  the 
apex  the  flow  can  stand  a  larger  pressure  riBe  before  separation,  which  therefore 
moves  further  outboard.  A  kink  occurs  in  the  separation  line  as  is  visualised  hy  the 
oil-flow  technique,  Figures  12  and  13.  This  phenomenon  is  discussed  quantitatively 
in  the  next  section. 


Fourth  Regime  a  >  12° 

As  the  twin  attachment  lines  approach  one  another  and  completely  coalesce  into  a 
single  centre-line  attachment,  the  troublesome  turbulent  wedges  of  the  last  section 
are  eliminated.  Transition  of  the  flow  between  about  *0.5s  now  re-appeara  free  from 
apanwise  contamination  and  is  spread  (Table  VII)  over  a  local  Reynolds  number  region 
between,  roughly.  2.5-3  x  10*  to  3. S-4x  10*.  values  that  agree  very  well  with  those 
recorded  in  Table  I  for  negative  incidences. 

The  kink  in  tho  separation  line,  like  the  other  transition  phenomena,  is  spread 
over  an  appreciable  chordwise  extent  as  can  be  seen  from  oil-flow  photographs, , Figures 
12.  13.  It  does  not  show  up  in  the  sublimation  photographs,  such  as  Flguro  14  for 
16°  Incidence,  except  for  a  very  slight  wave  in  the  sublimation  boundary  which 
indicates  the  change  from  laminar  separation  near  the  apex  to  transition  to  turbulent 
flow  further  aft.  It  so  happens  that  these  phenomena  occur  at  much  the  same  spanwlse 
position.  The  turbulent  separation  is  not  indicated  hy  sublimation.  The  locally 
streamwlae  boundary  layer  vortices  which  can  be  seen  in  Figure  14  cannot  be  used  as  a 
guide  to  the  kink  in  the  separation  line  since  they  are  found  upstream  of  laminar 
separation  as  well  as  upstream  of  transition.  They  do  however  indicate  that  this 
transition  when  it  occurs  results  from  an  Instability  of  the  cross  flow  in  the  boundary 
layer. 

Thu  change  in  tho  type  of  separation  results  in  its  outward  shift  by  about  .0.05 
semi-span  at  8°  (0.75-*  0.8s),  increasing  to  0.17  semi-span  at  18°  (0.65 -•  0.82s): 
the  position  of  turbulent  separation  Is  relatively  insensitive  to  Incidence.  The 
local  Reynolds  number  at  which  the  kink  in  the  separation  lino  occurs  Is  about 
2. 2  x  10*  and  la  also  relatively  insensitive  to  incidence,  though  it  Increases 
slightly  with  Increasing  wind  speed,  Table  VIII. 

These  observations  are  In  broad  agreement  with  those  of  Lawford*  for  a  very  much 
smaller  convex-aurfaccd  model. 


4.  MEASUREMENTS  IITll  SUCTION 
4.1  Transition 

Tho  effect  of  suction  on  transition  can  now  be  considered  in  the  light  of  the 
qualitative  description  of  tho  flow  over  the  impermeable  wing  given  in  the  proceeding 
section. 
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Hie  low  permeability  of  *,he  porous  surface  United  the  nean  inflow  rate, 
vo^o  *  JO*,  at  180  ft/sec  windspeed  (Rc  equal  to  7.  5  x  104)  tc  5.5  out  to  75*  of  the 
seal -span  and  to  4  between  75%  and  the  loading  edge.  Although  these  ratios  could  be 
raised  by  lowing  the  wind  speed,  this  would  not  havo  helped  since  the  Reynolds  number 
and  the  need  for  suction  would  also  have  been  reduced  by  this  artifice. 

First  Regime,  a  <  -l|° 

As  the  flow  was  essentially  streamwlsc,  various  uniform  inflow  rates  were  applied 
over  the  whole  upper  surface,  and  the  maximum  wind  speeds  were  determined  at  which  the 
flow  at  various  semi-span  locations  at  0.67  and  0.96  chord  were  kept  free  from  first 
bursts  of  turbulent  flow.  The  relation  between  the  inflow  velocity  ratio  v0/U0  and 
the  Reynolds  number  UQx/v,  for  a  range  of  semi-span  positions  is  shown  in  Figure  15a 
and  b  for  -5°  and  -1*°  incidence.  Results  for  intermediate  Incidences  also  lie  between 
these  two  sets  of  graphs. 

It  should  be  noted  in  Figure  15  that  at  the  same  Reynolds  number  the  suction  velocity 
ratio  required  is  greater  at  0.67c  tnan  at  0.96c.'  This  follows  the  trend  seen  in 
Tables  II,  III,  V  and  VII  where  without  suction,  the  greater  wind  speeds  (and  also 
tunnel  turbulence  levels)  result  in  slightly  smaller  critical  transition  Reynolds 
numbers.  This  trend  is  also  reinforced  by  the  increasingly  favourable  pressure 
gradients  found  at  the  rear  of  the  model,  Figure  4.  An  additional  factor  in  the  case 
of  suction  is  evident  from  Figure  3  which  suggests  that  at  a  given  mean  inflow  rate, 
the  local  Inflow  towards  the  rear  of  the  model  is  slightlj  in  excess  of  the  Inflow 
further  forward. 

The  Inboard  wedges  of  turbulent  flow  shown  in  Figure  8  and  Table  III  are  eliminated 
by  applying  a  considerably  greater  inflow  rnte  than  is  necessary  to  maintain  laminar 
flow  closer  to  the  centre-line.  At  -1^°  and  -2°,  howover,  the  flow  rate  required  on 
the  centre  line  Itself  is  greater  than  that  necessary  at  spanwisc  stations  on  either 
side.  This  is  the  extra  suction  required  to  cope  with  the  particular  disturbances 
which  gave  rise  to  the  low  transition  Reynolds  numbers  of  Table  IV.  Despite  these 
features,  the  variation  of  suction  inflow  yolocity  ratio  required  to  give  laminnr 
flow  along  the  centre  line  with  change  of  incidence  appears  to  be  a  gradual  process. 
Figure  16. 

Second  Regime ,  -l*  ^  a  <  3° 

♦ 

The  principal  feature  of  this  rdglme  is  the  intersecting  wedges  of  turbulent  flow 
originating  at  some  Joint  along  the  edge  where  tho  flow  first  separates.  The  available 
suction  has  no  effect  on  the  origin  of  these  turbulent  wedges,  and  only  reduced 
slightly  the  wedge  spreading  angle  so  that  only  a  few  porcent  chord  of  extra  laminar 
flow  can  be  gained  by  suction.  The  onset  of  the  edge  wedge  can  be  seen  in  the  suctlot. 
results  for  -l|°  incidence,  with  hot-film  gauge  at  x/o  equal  to  0.96  and  y/s  equal  to 
0.92  shown  inFigure  15(b).  At  -1°  and  a  high  wind  speed  so  that  centre-line  transition 
was  ahead  of  the  Interaction  of  the  edge  wedges,  and  was  due  to  the  disturbance 
Indicated  by  Table  IV,  the  high  suction  rate  of  v0/U0  x  10"  equal  to  3.3  was  required 
at  a  local  Roynolds  number  of  2.5  x  104,  compared  with  0.6  requiVed  out  to  0.33s  on 
either  side  of  the  centre  line. 
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Third  Regime,  4°  <  a  <  12° 

Without  suction,  inboard  wedges  of  turbulent  flow  occur  at  a  Reynolds  number  which 
varies  both  with  incidence  and  chordwlse  position  (Tables  V  and  VI).  Suction  (within 
that  available)  was  only  able  to  delay  tho  occurrence  of  these  wedges  by  a  linltcd 
amount,  as  is  instanced  for  8°  incidence  in  Figure  15c. 

The  flow  necessary  to  maintain  laminar  flow  outboard  of  0.5s  is  discussed  In  the 
next  section. 

Fourth  Regime,  a  >  12° 

Over  the  inboard  half  of  the  wing,  transition  without  suction  was  due  to  the  normal 
Instability  of  two-dimensional  flow.  A  small  Inflow  rate  is  consequently  able  to 
maintain  laminar  flow,  Figure  15(d),  (e),  and  this  rate  does  not  vary  significantly 
with  the  spanwisc  location. 

Further  outboard,  difficulty  was  experienced  in  using  hot  films  to  Indicate 
transition  where  this  was  due  to  secondary  flow  instability  as  it  was  initiated  hy 
the  appearance  of  high  frequency  turbulence  rather  than  by  a  largo  increase  in  the 
amplitude  of  tho  disturbance.  In  order  to  obtain  results,  hot  wires  were  used  Instead, 
as  they  had  a  better  high  frequency  responso.  It  was  found  that  the  application 
suction  only  over  the  narrow  compartments  outboard  of  0.5s  was  inoffective.  Extra 
suction  eliminated  turbulence  when  applied  uniformly  over  the  whole  surface,  and  yield 
tho  results  shewn  in  Figure  15(d)  and  (e).  Still  further  increase  eliminated 
altogether  any  signs  of  cros3-flow  vortices.  The  lack  of  results  at  high  Reynolds 
numbers  is  due  to  the  limitation  on  suction  flow  rather  than  any  fundamental  difficulty 
such  as  occurred  in  the  other  regimes. 

4.2  Pressure  Distribution 

The  available  inflow  was  even  more  inadequate  to  eliminate  secondary  separation,  to 
do  which  Ohordorffcr3  and  rfooro*  had  measured  inflow  rates  in  the  region  of 

(vc  /uo)/uox/i'  between  30  and  90  for  a  slender  delta  wing  with  a  thick  biconvex  cross- 

section  with  leading-edge  anglo  in  the  cross-flow  piano  of  88°.  By  dropping  the  wind 
speed,  suction  flow  rates  (vfl  Algl/t^x/v  up  to  1.9  were  obtained  on  the  present  wing. 
Transverse  pressure  distributions  are  shown  in  Figuro  17.  The  suction  flow  rates 
quoted  were  the  maximum  attainable  at  the  given  wind  speed  and  are  for  tho  centre  and 
middle  compartments.  Tho  flow  into  tho  innor  compartment  was  about  19%  lower,  and 
into  the  outer  compartment  about  37%  lower  than  tho  figures  quoted.  Judged  hy  tho 
movement  of  the  position  of  cessation  of  pressuro  rise,  tho  flow  rate  (v0A'0)vU0x/v 
of  1.9  used  at  tho  lowest  wind  speed  moved  laminar  separation  outboard  by  about  0.13 

somt-spau,  the  lower  rate  of  1.1  had  a  much  smaller  effect,  and  at  the  highest  wind 

speed  where  tho  flow  was  turbulent  without  suction,  the  available  suction  did  not 
prevent  transition  duo  to  secondary  flow  instability  and  had  no  beneficial  effect  on 
the  subsequent  turbulent  separation. 
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5.  DISCUSSION 


5.1  Present  Experimental  Results 

An  attempt  Is  made  In  Figure  18  to  summarise  schematically  the  results  discussed 
in  detail  in  the  preceding  two  sections.  The  variation  with  incidence  of'the  spanwi&e 
position  of  the  various  typos  of  flow  is  shown  and  mean  values  arc  listed  for  the  local 
Reynolds  numbers  UjX/V  for  the  onset  of  transition  in  each  portion  of  the  flow.  The 
unattached  numbers  arc  the  values  of  v0/U0  x  104  ,  the  suction  quantity  necessary  to 
maintain  laminar  flow  at  a  Reynolds  number  of  UqXA'  of  6  x  10a. 

Wedges  of  turbulent  flow  are  found  in  Regimes  II  and  III  which  are  not  prevented  by 
the  application  of  distributed  suction,  and  the  flow  outboard  of  secondary  separation 
is  always  turbulent.  It  is  desirable  to  find  out  whether  the  inboard  and  edge  wedges 
are  peculiar  to  the  present  sharp  edged  wing.  It  should  also  bo  es  ablished  whether 
by  eliminating  the  effective  camber  of  the  present  wing  the  edge  wedge  can  be 
eliminated  or  the  incidence  range  over  which  it  opeurs  can  be  reduced.  A  modification 
that  it  is  intended  to  Investigate  is  a  small  radius  rounding  of  the  leading  edge  to 
give  attached  flow  at  Incidence  near  zero,  but  this  would  introduce  the  likelihood  of 
spanwise  contamination  along  the  leading  edge  at  high  Reynolds  numbers  which  would 
require  further  arrangements  of  localised  slot  suction  for  control.  It  is  also 
desirable  to  confirm  whether  the  inboard  wedges  of  Regimes  I  and  III  are  associated 
with  the  flow  at  the  apex  as  is  thought  to  be  the  case,  and  hence  to  discover  whether 
they  can  be  eliminated  by  modification  of  the  apex,  such  as  apex  rounding,  distributed 
suction  at  the  apex,  or  by  suction  at  a  full-span  slit  just  aft  of  the  apex.  These 
turbulent  wedges  appear  over  such  a  large  incidence  range  of  the  present  slender  delta, 
covering  the  likely  range  of  cruising  lift  coefficients,  as  to  render  the  present 
slender  delta  design  unsuitable  for  laainarization  until  ways  of  eliminating  these 
wedges  have  been  found. 

The  maximum  test  Reynolds  number  of  8  x  10*  was  Insufficient  to  allow  scalo  effect 
on  suction  quantity  to  be  assessed  owing  to  the  considerable  run  of  natural  laminar 
boundary  layer  in  the  presence  of  favourable  pressure  gradients.  Suction  was  applied 
uniformly  from  the  apex,  and  all  the  curves  of  Figure  15  show  an  increaso  in  suction 
with  Reynolds  number  U0x/V  from  zero  at  U0x/V  equal  to  about  2  *  10*  .  If  constant 
values  of  R5,  tho  boundary  layer  Roynolds  number  were  to  be  found  far  enough 
downstream,  and  these  were  independent  of  Roynolds  number  and  of  tunnel  turbulence 
level,  constant  values  v0/U0  would  be  required.  The  only  signs  of  this  occurring  are 
in  the  regions  of  straight  forward  wedge-free  flow,  alon.’  tho  centre  line  at  negative 
incidences,  and  immediately  outboard  of  attachment  at  high  positive  incidences,  but 
asymptotic  values  of  v0/U0  cannot  bo  determined.  Any  further  experimental  work 
should  be  extended  to  higher  Reynolds  numbers,  and  it  would  also  be  desirable  to 
measure  drag.  It  is  encouraging  to  noto  that  at  a  chord  Roynolds  numbor  of  6  x  10* 
even  the  best  results  obtained  from  earlier  work  on  two-dimensional  and  30°  swept 
laminar  flow  aerofoil  experiments8  have  required  suction  quantities  ve/U0  x  104  as 
high  as  4.  Thus,  if  tho  rapid  rise  of  suction  quantity  with  increaso  of  Reynolds 
number,  which  is  requirod  to  prevent  tho  turbulent  wedges  from  occurring,  can  be 
avoided,  the  suction  demands  for  a  slender  dolta  wing  may  not  provo  excessive. 

Looking  further  ahoad,  two  practical  problems  particularly  require  investigation. 

Tho  conditions  at  a  wing-body  junction  when  tho  wing  has  separated  flow  oust  bo 


siainM.  AizC  iHt  iesipa  tad  geometry  hare  to  be  detcraiaed  for  practical  surfaces 
which  ««:}<!  be  effective  for  boBEdary-i-jer  flee  in  the  various  directions  which 
Bight  occur  over  t  sai table  incidence  range. 

5.£  LainHatiM  of  a  ?i>irwic  Slewt*er  Belt* 

The  Tar  ices  je*  cf  attached,  separated  and  mixed  floes  that  caa  be  fowsd  around 
k$*hlj  my*,  leei.ag  edges  ie  sapersoaie  flight  are  discussed  hr  St an  brook  mad  Squire*, 
•ho  give  enter. r  ter  the  oecwrrence  of  various  types  of  floe,  ftea  separated  floe 
occurs  at  the  leading  edge  the  Tories  lies  ferther  inboard  than  at  loe  speeds7.  7b  s 
suggests  that  it  would  be  sore  worthwhile  tc  seek  sufficiently  to  ami  stale  the  flo» 
laaiaar  against  cross-floe  testability  as  the  extent  of  floe  affected  scald  be  such 
larger  thaa  is  the  incompressible  case.  !t  is  act  clear,  hceerer.  shelter  it  woe Id 
be  easy  to  do  so.  as  the  wortex  is  closer  tc  the  upper  surface,  which  eight  possibly 
*t»it  la  boundary  layer  transition  dee  to  tirttlnee  ia  the  ezteraal  floe.  la  the 
presect  ei;  *rioer?l  I  acinar  floe  was  sot  eotaiaed  acts  I  shout  S3  iKidract.  bet  at  the 
*ower  incidences  it  is  thought  that  the  twrhaleat  boundary-layer  an-lcr  the  vortex  mas 
dee  to  context  cat  lea  free  upstream  arar  the  ages  rather  thmi  the  seesaaisa  jest 
sesgested.  The  necessity  far  tests  at  fail -scale  Sack,  amber  is  ohriocs. 

Another  possibility  La  attached  flow  ac  the  swept  leading  edge.  with  a  weak  oblique 
shock  ware  farther  aft  which  deflects  the  floor  iato  the  streaawise  di recti cr..  cf  if 
strung  enough,  causes  boundary- layer  separation  and  as  {aboard  relied -op  vortex  shut 
The  latter  flew  would  be  similar  it  principle  tc  that  investigation,  here,  but  the 
attached  flew  deflected  by  the  aback  would  develop  a  cress  flaw  sad  experimental 
research  is  required  to  see  wether  transition  could  he  prevented  by  boundary  layer 
control. 

Farther  complications  -nuld  arise  from  the  fixe  over  wises  with  curved  leading 
edges.  Separated  floe  could  oesar  oathomrd  of  attached  flam,  with  the  possibility,  as 
ia  the  present  tests,  of  txrtulest  cau»«ri nation  originating  at  the  start  of  the 
floe  region  which  of  itself  light  be  compatible  with  laaimr  flew  inboard  of  secondary 
separation  further  away  froa  the  apex.  Casrersely.  with  an  ogee  shape  is  which  the 
sweep  of  tie  leading  edge  is  related  outboard,  a  free  vortex  sight  leave  the  leading 
edge  tad  cross  the  wing,  with  at  outboard  region  of  attached  supersonic  flea. 


In  view  cf  these  nuaerou>  types  of  flee  which  might  occsr.  arch  acre  experimental  work 
is  required.  particularly  at  fall-scale  Bach  ember,  before  it  will  ier.Iear  whether  it  is 
possible  te  achieve  laamsr  floe  srpwrst-cically  oc  a  sleodei  della.  aircraft. 

5.5  !Wbi!«t  tetaiitaiiw 

The  problem  of  turbulent  cantaaiaatics  is  escoantered  oe  &  slender  delta  sing  in  a 
slightly  different  fora  frea  the  spanvise  leading  edge  oxloistCicc  problem  on  cirps 
of  lower  sweep  angle.  If  tie  leading  edge  were  rounded,  the  phenomenon  would  ccccr  as 
ca  a  *iag  cf  lower  sweep,  h;  this  would  aot  matter  if  the  flew  scbseqsKiIy  separatee 
close  to  its  initial  atticbxest.  Oc  the  other  band,  if  the  flew  regained  attached, 
then  the  wcasures  developed  for  swept  wings  would  again  be  required. 

Tie  tnr.sTerse  pressure  gradients  at  the  inboard  secondary  attachment  are  sc  small 
cocp-ared  vitr.  those  at  a  leading  eege  of  s»li  radius  of  curvature  that  the  stability 
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of  tfce  floir  aloes  sack  an  attachment  line  is  probably  not  greatly  different  fro*  that 
of  two-dimeadiooal  bcoadary- layer  floe,  and  stall  ascents  of  suction  inflow  should 
keep  the  flow  laalnar.  If  an  isolated  excrescence  were  present,  however,  the  resalts 
are  eqoally  cs  serioos  as  at  the  leading  edge  of  a  swept  wins.  For  at  incidences 
Acre  one  or  two  inboard  attachment  lines  occcr  on  the  upper  surface,  the  flow 
directions  are  such  that,  coupled  with  the  natural  spread  of  tarfenleace  perpendicular 
to  the  local  flow,  turbulence  fro*  an  isolated  excrescence  oc  or  sear  as  attachment 
line  eventually  spreads  to  the  secondary  reparation  position  on  both  sides  of  tee 
centre-line  of  the  wist.  This  is  illustrated  fay  PI  pure  19  which  shows  for  12° 
incidence,  considerable  areas  of  the  prese  it  wins  for  which  a  single  excrescence  would 
contaminate  oTer  50*  of  the  passible  iawin-xr  area  Por  the  sake  of  ?his  calculation 
it  has  been  assumed  that  distributed  swct.on  would  sain tax a  the  flow  laminar  as  far 
outboard  as  805  of  the  sesi-spas.  where  the  previous  tj rodent  separation  would  become 
a  laaiuar  separation. 

the  sitratioo  is  not  a  great  deal  better  at  zero  incidence  with  parallel  fin*  oter 
the  wing  surface,  dost  becasse  the  tin  is  of  low  aspect  ratio  with  leasing  edges 
diverging  from  the  apex  at  am  angle  less  than  half  as  much  again  as  the  spread  angle 
of  the  turbulent  wedge,  an  excrescence  at  the  apex  would  contaminate  just  over  70*  of 
the  laminar  area.  Cvtous  for  the  rest  of  the  wing  are  shown  ia  Figure  20. 

If  substantial  frag  reductions  are  to  be  guaranteed  an  a  slender  delta,  it  will 
there fere  be  necessary  *o  fit  a  washer  of  transverse  s.cts  over  sane  or  all  of  the 
span  in  the  wpper  surface,  ever  at  least  the  first  halt  of  the  chord.  These  slots 
will  have  to  be  able  to  reaeve  tw  whole  turbulent  beuafary  layer  if  cofctaartiatiog 
hax  occurred,  without  ntdae  duct  less,  and  sot  to  upset  I  acinar  flo-  if  so  suetioc 
is  required.  Alternatively,  a  scans  would  be  required  for  clean  leg  the  aircraft 
surface  ic  flight  so  as  to  be  able  to  mrwstee  the  absence  of  exereserxse. 


c.  cwctrsibss 

Had  trace}  tests  ft  lew  speeds  «s  a  slender  delta  wing  with  a  sharp  leading  edge 
mi  a  wholly  porous  upper  surface  have  revealed  that  distributed  suction  can  only 
maintain  I  miner  flow  at  zegmti*e  angles  of  incidence  aod  at  high  positive  angles 
of  incidence  where  the  secondary  attachment  lines  occur  inboard  of  25*  sent -spun.  Ie 
these  latter  cotsditxons  laaiaar  flow  obtained  from  the  centre  line  to  about  605  of 
the  semi-span  outboard  of  which  insufficient  section  was  availebli  to  avoid 
transition  die  tc  strong  cross-flow  which  preceded  secondary  separation.  At  other 
incidences,  eeages  cf  turbulent  flow  were  present  which  were  cot  eliminated  'ey  sectict. 
These  wedges  either  originated  on  the  leading  edge  at  the  point  where  attached  flow 
first  gave  way  to  a  babble  of  sepaie'.tva.  or  appeared  to  be  caused  by  disturbances 
dwe  to  tie  apex  actia*  as  a  rwgfeess.  Farther  tests  will  be  earned  cut  with  tic 
leading  edge  and  tie  apex  rounded  tc  establish  whether  ties--  troublesome  turbulent 
wedges  are  peculiar  tc  a  sharp-edged  aodel. 

To  establish  firaly  the  economy  cf  laaicarisatioc  cf  a  slender  delta  layout 
requited  farther  expensentai  work.  This  acsst  be  extended  ic  a  higher  Reynolds 
cumber  .'a  order  to  ascertain  tie  effects  oc  suction  qaantitj.  end  to  tie  full-scale 
bach  camber  is  order  to  ascertain  the  effects  of  compressibility  *  future  experiments 
must  also  Ensure  dr* g- 
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A  further  probles  concerns  the  serious  effects  of  turbulent  contamination  on  wings 
of  loe  Aspect  ratio.  Methods  ucst  be  found  for  ensuring  that  a  slender  delta  wins 
does  not  lose  a  substantial  proportion  o?  its  lasinar  no*  ovine  to  the  presence  of  a 
single  isolated  excrescence  oo  the  front  part  of  the  King. 
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Ceatre-l»e  tra&sitioo  at  incideaces.  -S°  <  a  <  -1 


First  bar  it : 

[  Folly 
\ 

turbulent 

0-67 

0.96 

•  0.67 

0.S6 

75-80 

65/10 

:  13C 

95 

2- 1-2. 2 

2.  '.-*-2. 94 

i 

;  3.6 

t 

4.0 
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Table  III 

Inboard  turbulent  wedges  at  incidences,  -5°  (  o  <  -l|° 


First  bursts 


— 

x/c 

0.67 

0.9S 

a? 

-5 

-3 

-2 

'll 

-5 

*3 

-2  -ij 

U0  ft/sec 

60 

60 

70 

70 

55 

55 

60 

%  *  10“ 

1.64 

1.66  1.96 

1.97 

2.3 

2.3 

2.6 

£fc>an:*ise  position.  J 

0.  50(?) 

0.50  0.50 

0.50 

0. 40 
-0. 75 

0.53 

-0.75 

0.33 

Fully  turbulent 


X/c 

0.67 

0.96 

c° 

-5 

-3  -2 

-H 

-5 

-3 

-2 

0,  ft/sec 

90 

S3  157 

108 

68 

72 

78 

%  *  10‘ 

2.5 

2.6  3.0 

3.3 

2.8. 

3.0 

3.3 

^MBSiae  position.  J 

0.58 

-0.75 

G.  50  0.50 

-0.67 

0.50 

0.58 

-0.75 

0.58 

0.41 

-1 

75 

3.6 


Table  IV 

Central  transition  at  incidences,  -1°  <  a  ^  0°  at  0.33  cncrd 


•4|f»  I  I 


Table  V 


Scale  effect  on  Inboard  vedges  at  8°  incidence 


First  bursts 

Fully  turbulent 

By  sub 1 

i*aticn 

U0  ft/sec 

60 

30-50 

45 

110 

85 

65 

80 

120 

Chordwise  origin.  | 

0.33 

0. 67 

0.96 

0.33 

0.67 

0.96 

0.55 

0.35 

HDH 

0.9-1.  5 

1.9 

1.6 

2.5 

2.74 

1.93 

1.85 

Table  VI 

Incidence  and  scale  effect  oa  inboard  vedges. 

Conditions  at  ahich  fully  turbulent  cadges  originate 
at  0.33  chord. 


Incidence 

6° 

8° 

10° 

00  ft/sec 

25-50 

85 

85-110 

120-145 

R,  x  10* 

0.  35-0. 7C 

1.2 

1. 2-1.6 

1. 6-2.1 

Tables  VII 


Transition  on  inner  half  of  aing  at  incidences,  a  >  12° 


Ihere  Uo  values  of  Uc,  x/c  or  Rjt  we  given,  the  left 
bind  value  indicate?  first  bursts  and  the  right  hand  value 
fully  turbulent  conditions. 


180-200(7)  0.33 
102-115  0.67 
68-85  0.96 


2  14-2.52(7) 
2.59-3.51 
2.43-3.52 
2.51- 

3. 03-3.64 
3.  07-3. 74 

2.85-3.17(7) 
3.16-3  55 
3.10-3.87 


100-120 

-85 

80 


0.67 

0.96 


0.89-1.0 


3  21-3.84 
-3.92 
3.06-3.84 


Table  VIII 


Change  in  type  of  secondary  separation 


U0  ft/sec  Technique 


S 
S 

s 
s 
s 
s 
0 

0  Port 
0  Stbd 


j  180 

14  60 
16  60 
18  80 


0  Stbd 


0.76 
0.72 
0.71 
0.6? 

0.  65 
0.60 

0.50-0.60 
0.  40-0.43 
38-0.43 


0.23-0.28 
0.65 
0.55 
0.3-0.  4 


0.4-0.50 


Rx  x  10* 


2.26 
2. 17 
2. 17 
2.12 
2. 12 
2.  63 

2.19-2.63 
2.64-2.83 
2.  50-2.83 
2.27-2.76 
2.06 
1.95  j 

1.48- 1.97 

1.48- 2.16 
1.97-2.46 


sublimation 
oil  flo» 


Fig. 1  General  arrangement  o£  porous  delta  wing 
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Fig.  3 


Oblique  view  of  upper  surface  showing  naphthalene  remaining  after  spraying 
and  sucking  air  through  porous  surface  at  a  mean  speed  of  0.  06  ft/sec  for 

half  an  hour,  tunnel  off. 


O'A 


Fig.  4  Centre-line  pressure  distribution  on  impermeable  wine 


Pie.  5  Transverse  pressure  distribution  on 


0-6 


0-6 


I- 


impermeable  wing  at  i  porous-surface 
d. 


ISO  ft  /see 


Pig.  6  Scale  effect  on  upper  surface  transverse  pressure  distribution  at  | 
porous-surface  chord  at  16°  incidence 


55: 


Fig. 7  Variation  with  incidence  and  Reynolds  number  of  the  spanwise  location  of  the 
commencement  of  pressure  fall,  pressure  minimum,  and  end  of  pressure  rise 

at  3  porous-surface  chord 
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Pig.  &  Transition  pattern  at  4°  incidence  and  60  ft/sec  windspeed  R,  ;  2.5  x  10 
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mini i  1  1  1  i 


+0-8 


Transition - i- 

Secondary  turbulent — v 
separation  \ 

Secondary  laminar  — _ 

separation 

Secondary  attachment 


Secondary  laminar, 
separation 


\-tVi  !  A  i/>7  i/N^/ 

-AiA\lA  kv.  AA- 


'6/KY 


MW 


Tertiary  separation 


Indicates  naphthalene 
remaining 

.  Hot  film  location 
|  Intermittently  turbulent 
T  Turbulent 

Fig.  10  Transition  pattern  at  8°  incidence  and  60  ft/sec  windspeed  Rc  =  2.5  10* 


Pig.  11  Transition  patttm  at  12°  incidence  and  60  ft/sec.  windspeed  R„  =  2.5  x  10 


Pig. 13  Surface  oi’-flow  rattern  at  12°  incidence  and  180  ft/sec  windspeed 

Rc  =  7.5  x  iO6 


Spanwisc  Chordwise 


Variation  of  inflow  velocity  ratio  to  maintain  laminar  flow  with  Reynolds 
number  (a)  -5°  incidence  (b)  -l|°  incidence 


Pig. 15  cont.  (c)  4  8°  incidence 


Span  wise  Chordwise 


incidence  (e)  +  16°  incidence 
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Til.  17  Effect  of  distributed  suction  on  upper  surface  transverse  pressure 
distribution  at  \  porous-surface  chord  and  16°  incidence 
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Porous-surface 

chord 


Turbulent  —wedge  area 
Porous -surface  area 


-Assumed  attachment 


^Assumed  laminar 
separation 


Incidence  12° 


Clean  wing  laminar-flow  area 
Porous- surface  area 


Pig. 19  Contours  showing  location  of  a  single  excrescence  on  the  upper  surface  of 
the  wing  at  12°  incidence  to  produce  a  given  ratio:-  area  of  turbulent 
flow  due  to  excrescence/porous-surface  area 


i 
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Fig  20  Contours  showing  locution  of  a  single  excrescence  on  the  upper  surface  of  the 
wing  at  effectively  zero  incidence  (giving  parallel  flow)  to  produce  a  given 
ratio:  arcu  of  turbulent  flow  due  to  cxcrescence/porous-surfnce  are.* 
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